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PREFACE 


This book is intended for students at pedagogical (teacher training) 
institutes majoring in mathematics or in mathematics and physics. It 
has been written in correspondence with the current syllabus *Solv- 
ing Problems". 

When preparing the text, we wanted to represent the main types 
of problems in geometry found at school. The book contains about 
1000 problems that should be solved independently. Alongside rather 
simple problems, there are problems whose solution requires pro- 
found meditation and sometimes even a nonstandard approach. The 
solution of most of the problems in this book will help the student 
form the professional habits important for a future teacher of mathe- 
matics, that is, to know how to solve the geometrical problems cov- 
ered by the mathematics syllabus for high schools and vocational 
schools. 

Various techniques and methods of solving geometrical problems 
are dealt with in the geometry courses at pedagogical institutes. How- 
ever, not enough time is dedicated to the traditional methods of 
solution. To bridge this gap was one of the aims of our study aid. 

We should like to emphasize that this book is not only a collection 
of problems, it is also a workbook in solving problems. This influ- 
ences the contents and structure of the book itself. 

Each section contains relevant theoretical material and detailed 
worked examples. We were éspecially careful when choosing the 
worked examples so that each solution will be helpful for the stu- 
dent, first from the methodological viewpoint, and so that the col- 
lection of these examples be ample and complete. Almost each of 
the sixteen sections has problems for the student to solve without 
assistance. They are grouped according to the sections and subsec- 
tions of school geometry and in order of increasing difficulty. Most 
of the problems for independent solution are supplied with answers 
at the end of the book, a considerable number of problems have 
hints for their solution. 

The present study aid consists of two chapters. Chapter 1 (Secs. 1-7) 
deals with planimetric problems, Sec. 1 being very important as it 
is, in a way, an introduction to the entire book. It discusses the 
methods for solving traditional geometrical problems, which will 
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later be frequently used. Pure geometrical, algebraic, and combined 
methods are considered together with special cases, the method of a 
reference element (including the method of areas) and the method 
of an auxiliary parameter. To make the use of the book more con- 
venient, this introductory section lists the important theorems of 
plane geometry, which should facilitate the solution of problems. 

Sections 2 to 4 contain many standard problems of average dif- 
ficulty, since experience shows that traditional planimetric problems 
are one of the weakest points in the preparation of future teachers of 
mathematics. 

The main aim of Secs. 5 and 6 is to supply the student with the 
necessary habits and “know-how” for solving geometrical problems 
using the method of geometrical transformations and the vector 
method. We should like to underline here that these sections con- 
tain, as a rule, traditional geometrical problems to be solved by the 
indicated methods, but not the special problems on transformations 
and vectors that are frequently encountered in collections of prob- 
lems in geometry. Since geometrical problems can be solved by diller- 
ent methods, the student will sometimes meet identical or similar 
problems in Secs. 2 to 4 and 5 to 6. 

Two sections (7 and 16) are dedicated to the geometrical problems 
on finding the greatest and least values. These problems are usually 
thought to be a part of mathematical analysis, but in the latter the 
main purpose of these problems is to demonstrate the application of 
differential calculus (that is, the accent is on solving a problem with- 
in the framework of a mathematical model and, to a lesser extent, 
on setting up a model and interpreting it). When we included in 
this book problems for finding the greatest and least values, we were 
concerned that each problem should be interesting first from the 
geometrical viewpoint (that is, the accent was on the construction 
of a mathematical model and its interpretation). 

Chapter 2 deals with stereometric problems. Questions on the 
construction of the representation of a given solid, and the deter- 
mination of the completeness of the representation and its metric 
determinacy are posed in a concise form. Consideration is given to 
geometrical construction in space, particular attention being paid to 
constructions on representations. Most of the problems in both chap- 
ters were specially devised for this Study aid. Among them, we 
should like to mention the determination of the angle between skew 
lines, the distance between them, the angle between a straight line 
and a plane, dihedral angles, and the construction of sections. In our 
opinion, solving these problems will help the student develop the 
ability of three-dimensional visualization. 

The structure and contents of the book, the ways of setting forth 
the material, and the choice and arrangement of the problems were 
done by the authors collectively. The material for Secs. 1-4, 7 and 
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16 was prepared by A. G. Mordkovich, for Secs. 5 and 6 by V. A. Gu- 
sev, and for Secs. 8-15 by V. N. Litvinenko. 

The authors are deeply greateful to the lecturers in algebra and 
geometry at the Ryazan State Pedagogical Institute, Assistant Pro- 
fessor M. M. Rassudovskaya, and G. A. Gal’perin, Cand. Sc. (Phys.- 
Math.), who read the manuscript attentively and made valuable 


suggestions that improved the book. 
The Authors 
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Chapter 1 
PLANE GEOMETRY 


SEC. 1. METHODS 
OF SOLVING GEOMETRICAL PROBLEMS 


When solving geometrical problems, three basic methods are usually 
used: geometrical (a required statement is deduced from a number of 
known theorems with the aid of logical arguments), algebraic (a state- 
ment is proved or desired quantities are found by direct calculation 
based on various relations among geometrical quantities with 
the aid of setting up an equation or a system of equations), and 
combined (on some steps the solution is carried out by a geometrical 
method, on others by an algebraic method). 

Whatever way of solution is chosen, its successful application de- 
pends on a knowledge of theorems and their use. Without citing here 
all the theorems of plane geometry (most of them are well known to 
the reader: such as tests for the congruence of arbitrary triangles, 
tests for the congruence of right triangles, basic properties of an 
isosceles triangle, parallelogram, rhombus, rectangle, the Thales 
theorem, the Pythagorean theorem, relationships between the sides 
and angles of a right triangle, tests for the similarity of triangles, 
theorem on the equality of arcs enclosed between parallel chords of a 
circle, etc.), we consider it necessary to recall the formulations of 
certain theorems often used when solving problems. Hereafter, ref- 
erences to these theorems will be made repeatedly. 


I. Triangles and Quadrilaterals 


1. Theorem on the equality of angles with mutually perpendicular 
sides: if ZABC and Z.DEF are both acute or both obtuse and 
AB | DE, BC | EF (Fig. 1), then / ABC = / DEF. 

2. Properties of the median (or midline) or a trapezoid: 

(a) the median is parallel to the bases of a trapezoid; 

(b) the median is equal to half the sum of the bases of a trape- 
zoid; 

(c) the median (and only this line) bisects any line 
closed between the bases of a trapezoid (Fig. 2). 

These theorems hold true for the midline of a triangle as well if 


the triangle is regarded as a confluent (or degenerate) trapezoid, 
one of whose bases has a length equal to zero. 


segment en- 
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Fig. 1 


3. Theorems on the points of intersection of the medians, bisec- 
tors, and altitudes (or heights) of a triangle: 

(a) the three medians of a triangle are concurrent, that is, they 
intersect at a point which is the centroid (or the centie of gravity) of 
the triangle (sometimes called the median point), this point being 
two-thirds of the distance from a vertex to the opposite side along a 
median; 

(b) the three bisectors of the angles of a triangle pass through a 
common point, which is equidistant from the sides of the triangle; 

(c) the three altitudes of a triangle pass through a common point, 
which is called the orthocentre of the tri- 
angle. 

4. Property of the median in a right trian- 
gle: in a right triangle, the median drawn 
to the hypotenuse is equal to half the hy- 
potenuse. The converse is also true: if in a Fig. 
triangle, one of the medians is equal to half 
the side it is drawn to, then this is a right / 
triangle. 

5. Property of the bisector of an inte- 
rior angle of a triangle: the bisector of an 
interior angle of a triangle divides the side 
to which it is drawn into parts proportional 
to the adjacent sides: += (Fig. 3). 

6. Metric relationships in a right tri- 
angle: if a and b are legs, c hypotenuse, h 
height. and a’ and b' projections of the b a 
legs on the hypotenuse (Fig. 4). then: 
(a) h? — a'b'; (b) à —ca'; (c) b = c; 


"x ms B. ENT 
(d) a? + b? = c*; (e) h ae Fig. 4 


to 
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Fig. 6 
a 

a 

Fig. 7 


Fig. 8 


Fig. 9 
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7. Law of cosines: a? = b? — c? — 
2be cos A (Fig. 5). 


8. Law of sines: 


sin4 ^ sinB  sinC 
2R, where R is the radius of the 
circle circumscribed about the triangle. 

9. Determining the kind of a triangle 
by its sides: let a, b, and c denote the 
sides of a triangle, c being the largest 
side, then: 

(a) if c? — a? + b?, then we have an 
acute triangle; 

(b) if c? = a? + b?, then we have a 
right triangle; 

(c) if c? > a? + b?, then we have an 
obtuse triangle. 

10. Ceva's theorem: if three concurrent 
straight lines pass through the vertices A, 
B, and C of a triangle and intersect the 
opposite sides, produced if necessary at 
D, E, and F, then the product of the 
lengths of three alternate segments is 
equal to the product of the other three. 

Let in the triangle ABC the points D, 
E, and F be taken on the sides AB, BC, 
and AC, respectively. For the lines AE, 
BF, and CD to be concurrent (Fig. 6), it 
is necessary and sufficient that the fol- 
lowing equality be fulfilled: 


11. Metric relationships in a paral- 
lelogram: the sum of the squares of the 
diagonals of a parallelogram is equal to 
the sum of the squares of all of its sides: 
di + di = 2a? + 2b? (Fig. 7). 


Il. Circles 


12. Properties of the lines tangent lo 
a circle: 

(a) the radius drawn to the point of 
tangency is perpendicular to the tangent 
(Fig. 8); 

(b) two tangents drawn to a circle 
from an external point are equal, an 
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make equal angles with the line joining 
that point to the centre (Fig. 9). 

13. Angle measurement: 

(a) a central angle equals in degrees its 
intercepted arc; 

(b) an inscribed angle equals in degrees 
half its intercepted arc; 

(c) an angle formed by a tangent and a 
chord equals in degrees half the intercept- 
ed arc. 

14. Theorems on circles and triangles: 

(a) a circle can be circumscribed about 
any triangle; the centre of the circumscribed 
circle lies at the point of intersection of the 
perpendiculars drawn to the sides through 
their midpoints; 

(b) a circle can be inscribed in any tri- 
angle; the centre of the inscribed circle is the 
point of intersection of the angle bisectors 
of the triangle. 

15. Theorems on circles and quadrilaterals: 

(a) in order for a circle to be circum- 
scribed about a quadrilateral, it is necessary 
and sufficient that the sum of its opposite 
angles be equal to 180° («+f = 180°, 
Fig. 10); 

(b) in order for a circle to be inscribed 
in a quadrilateral, it is necessary and suf- 
ficient that the sums of its opposite sides be 
equal (a+c = b-+d, Fig. 11). 

16. Metric relationships in a circle: 

(a) if two chords AB and CD intersect 
at the point M, then AM-BM = CM-DM 
(Fig. 12); 

(b) if two secants MAB and MCD are 
drawn to a circle from an external point 
M, then AM-BM = CM-DM (Fig. 13); 

(c) if a secant MAP and a tangent MC 
are drawn to a circle from an external point 
M, then AM-BM — CAT? (Fig. 14). 


III. Areas of Piane Figures 


17. The ratio of the areas of similar fig- 
ures is equal to the square of the ratio of 
Similitude. 
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18. If two triangles have equal bases, 
then their areas are to each other as their 
altitudes; if two triangles have equal al- 
titudes, then their areas are to each other 
as their bases. 

19. Formulas for computing the area 
of a triangle: 

(a) S=; W) S096: (o s= 


oe (d) S=pr, where ptt 
R is the radius of the circumscribed cir- 
cle, and r the radius of the inscribed 
circle. 

(e) S — Y p (p—a) (p—b) (p—e) 
(Hero's formula). 

20. Formulas for computing the area 
of a convex quadrilateral (Fig. 15) 

(a) S = Sage + Saco = Sagn + 

Bco = Saos + S poc+Scop + S son’ 

(b) S = L AC-BD.sin a; 


(c) S — pr (if a circle can be inscribed 
in a quadrilateral, and r is its radius). 

21. Formulas for computing the area 
of a parallelogram (Fig. 16): 

(a) S = ah; (b) S=ab sin C; (c) S= 
1 


22. Formula for the area of a trape- 
zoid (Fig. 17): S = Hèh. 


3 
23. Formula for the area of a sector 
of a circle (Fig. 18): S => me (a is a 


radian measure of the central angle). 
24. Formula for the area of a segment 


of acircle (Fig. 19): $= 3 R? (a—sina). 


When solving geometrical problems; 
we often have to ascertain the congruence 
of two line segments (or angles). List- 
ed below are three principal ways i" 
which we prove geometrically that two line 
segments are congruent (equal in length): 

(1) we regard the line segments as the 
Sides of two triangles and prove that 
these triangles are congruent; 
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Fig. 20 Fig. 21 Fig. 22 


(2) we regard the line segments as the sides of one triangle and 
prove that this triangle is isosceles; 

(3) we replace the line segment a by a congruent line segmenta’, 
and the line segment b by a congruent line segment b' and prove that 
the line segments a’ and b’ are congruent. 

When solving geometrical problems, we have to carry out auxili- 
ary constructions, such as: drawing a straight line which is parallel 
or perpendicular to one shown in the figure; doubling the length of a 
median of a triangle thus completing the triangle to a parallelogram; 
describing an auxiliary circle; drawing radii to the points of tangen- 
cy of a circle and a straight line or of two circles. 

Example 1. Two mutually perpendicular lines intersect the sides 
AB, BC, CD, and AD of the square ABCD at the points E, F, K, 
and L, respectively. Prove that EK = FL (Fig. 20). 

Solution. Using the first of the above ways, we draw FM parallel 
to CD and KP parallel to AD. Then the line segments EK and FL, 
we are interested in, will become sides of two right triangles EKP 
and FLM (Fig. 21), and, hence, it is sufficient to prove that these 
triangles are congruent. 

We have: PK = FM (as the altitudes of the given square), 
Z.LFM = Z EKP (as angles with mutually perpendicular sides, 
Theorem 1). Hence, the triangles EKP and FLM are congruent (as 
they have a respectively equal leg and an acute angle). The congru- 
ence of right triangles implies the congruence of their hypotenuses, 
that is, the line segments EK and FL. 

Example 2. The sides of a triangle are equal to a, b, and c. Com- 
pute the median m, drawn to the side c. 

Solution. Extend the median to double it and construct the 
parallelogram ACBP (Fig. 22). Applying Theorem 11 to this paral- 
lelogram, we get: CP?-- AB? —2AC?--2BC?, that is, (2m? 2- = 


Ia? 21-253 — cà 
2D?--2a?, whence we find that go QUEREMOS, 
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Fig. 23 


xample 3. Prove that the orthocentre of an acute triangle Som 
Nem the centre of the circle inscribed in the triangle formed 
4 et of the altitudes. R : " 5 ds 
i^ s. Since the centre of a circle inscribed in kic on pa 
at the point of intersection of the bisectors of the usd that DH, 
angle (Theorem 14b), the problem is reduced lo e DEK (Fig. 23). 
EH, and KH are bisectors of the angles of the aei i ^ HDK. 
For this purpose, it is sufficient to prove that e JAN = 90° and 
Consider the quadrilateral DHKC. We have: Z. th f am 
ZHKC = 90°. Hence, Z. HDC + z HKC = 180°, and, iin cina 
circle can be circumscribed about the quadrilateral DHKC ( 
rem 15a). " K 
io this circle (Fig. 24), we note that the one 
and HCK are congruent as inscribed angles subtended y E the 
the same arc HK. Analogously, circumscribing a circ Er j 
quadrilateral AEHD, we conclude that Z EAH = LE ^ angles 
Thus, LEAH = 7 EDH and ZHDK = Z HCK. But ae mes 
EAH and HCK are congruent as angles with mutually perpendic 


f " re- 
sides (Theorem 1), and. hence, Z EDH = ZHDK, which was 
quired to be proved. 


- 3 . — " of the 
To set up equations in geometrical problems, we make use 
Pythagorean tl 


heorem, metric relationships in a right triangle ae 
rem 6), relations between the sides and angles of a right gm ai 
proportionality of the sides, altitudes, and perimeters of sim 
triangles, th 


jangle 
e property of the bisector of the angles of a tmien 
(Theorem 5), metric relationships in a parallelogram (Theorer 
and a circle (Theorem 16) 


i ines 
„ law of sines (Theorem 8), law of cos 
(Theorem 7), and various formulas for computing areas. 


5 ; sel- 

The method of a reference element is the fundamental method ne 

ting up an equation in solving a geometrical problem. This metho 
consists in the following: on 


e and the same element is expressed (^ 
terms of known and unknown quantities) in two different ways, à is 
the expressions thus obtained are equated to each other. If ine y 
used as a reference element, then the problem is said to be solved ?" 
the method of areas. 
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€ € 
b a a 
A H B H * A c B 
Fig. 25 Fig. 26 


Example 4. The sides of a triangle are equal to a, b, and c. Com- 
pute the altitude 2, drawn to the side c. 

Solution. First Method. The altitude ke is a common leg of two 
right triangles ACH and CHB (Fig. 25). Taking advantage of the 
Pythagorean theorem, we express CH? from the triangles ACH and 
CHB (CH being a reference element). 

Let AH = z, then BH = c — z. If th» triangle ACB were ob- 
tuse, then it would be BH = c + 2 (Fig. 26). Here we confine our- 
selves to the case represented in Fig. 25. 

We find from the triangle ACH that CI? — b? — a?, and from the 
triangle BCH that CH? = a? — (c — z)*. We find from the equation 


2 2 2 2 3+ b2?—a? 
b? — ga? = a? — (c — 2)" that z = 


We obtain the following formula from the triangle ACH: 


cu - y »—( 


= 0 (=) 


= + V(e?—(—9) (0+ —@) 


sp cape a earn as 
- x yuo) (a-e—b) (0 4- c— à) (a+b+e). 


V. (a3-64- c) (a4- 5— c) (a-4- c —b) (b4- c— a) , 
2c 


Thus, k, = 
Second Method. Let us use the method of areas. On the one 


of areas. On the on 
hand, the area of the triangle ABC is equal to V p (p—aXp—b)Y(p—o. 
and, on the other hand, it is equal to = Cho Equating these ex- 
pressions, we get: 
eee 
.2Vpgp—00p—B9(o—9. 
h.— 2 


2-01286 
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C Substituting the expression for p in terms 
of sides, that is, pe ttt 
h V (abc) (abo) (a. c— 0) (bea) 
ees 2c j 


, we get: 


i D p , Example 5. Given the sides of a triangle 
(a, b, and c). Find the angle bisector le 
Fig. 27 drawn to the side c. 

Solution. First Method (algebraic). Let 
CD be an angle bisector of the triangle ABC (Fig. 27). The scheme of 
solution is the following: we find the lengths of the line segments AD 
and BD, and then, applying the law of cosines to the triangles ACD 
and BCD (bearing in mind that Z ACD = Z DCB), we find the 

angle bisector 1, = CD. 


Let AD = z and BD = y. Then z + y — c, and by the property 
of an angle bisector (Theorem 5), we have: s = 2 . We find from the 


t f S bc ac 
System of equations 2 b that z—-———, y=— - 
RES a+b a+) 


Applying the law of cosines (Theorem 7) to the triangle ACD: 
we get: 


at = b + P — 2bl cost (1) 


b oe of brevity, we have put here that l, = land ZACD = 
Applying the law of cosines to the triangle BCD, we get: 
y? = @ + I? — 2al cos t. (2) 


We multiply both sides of Equali ides of 

j quality (1) by a, and both sides € 

adsl AEN re, and add together the equalities thus obtained: 
Y = ab" — a®b + al? — bI?, whence we find: 


D xs a 

Pm (Pa— yb) + ab. (3) 

Substituting the values of z and ee ee Equal- 

ty G), voget mu (ee net (i E 

Betiraepiog T CHR up) bem eb (1 uem 
(a+b) . 


= 


Thus, 1, = MICE DETEN] 


Second 


a+b 
Meth wee 
ras eed ethod. In addition to tl 


us 
es he sought-for unknown J, let 
an auxiliary unknown quantity: we set z= ZACD x 


Sec. 1. Methods of Solving Geometrical Problems 19 


Z.DCB and use the method of areas. We have: Sanc = S465 


S pgcp. On theone hand, Sago = lab sin 2z. On the other hand, 


z 1 " 1 " 
since Sacp = zx Ol sin z and S gcp = al sin z, we have: 


ALC = 
fal sin x + E bl sin z. 
l(a+b)sinz 2ab cos x 

2 a+b 
To find cos x, let us apply the law of cosines to the triangle ABC 
for the side AB. We get: c? = a? 4- b? — 2ab cos 2z, whence we 


1 T 
Hence, = absin2z— ; whence l= 


— at+h?—c? . = 14-cos 2x 
find that cos2r = — - hen cosz = y ae = 
1 aH — 1 (a4-b 4- c) (a-- b — c) 
Vi (1+ 2ab ) 2 y ab t 
Thus, we get: 
__ .2ab cos z 2ab A (a+b c) (a4 - b — c) 
! a+b a+b 3 y ab 


__ V'ab(a2d-b4- e) (a4-6— c) 
a+b i 
When setting up equations in the process of solution of a geometri- 
cal problem, the progress in solution often depends on a successful 
introduction of unknowns. Let us clarify this by the following exam- 
ple. 
Example 6. In a right triangle, the hypotenuse is equal to c, 


7 
and the bisector of one of the acute angles equals ove. Find the 


legs (Fig. 28). 
Solution. First Method. We set AC—z, BC=y, and CD— 
Then, by the Pythagorean theorem, a?--y?—c? and g? z? 


e V3)? à š 
( 3 ) . Besides, by the property of an angle bisector (Theo- 
rem 5), we have: A eD y dd. Z TA x 


In the long run, we get the following system of three equa- 
tions in three variables: 


2 A 
P+ y= e, 
2 EA NS 
Peas, c 
cy’ 
whose solution involves considerable alge- © D B 
braic difficulties. Fig. 28 


Qe 
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Second Method. We put ZCAD = Z BAD = z. Let us set up an 
equation, using the line segment AC as a reference element. We 
find from the triangle ABC that AC — ccos2z, and from the tri- 


angle ACD that AC — oF cos x. Equating these expressions, we get 
evs 
the following trigonometric equation: c cos 2z = 3 cos T. 


Let us solve this equation: /3cos2z — cos z, V 3 (2 co? z— 1) = 


Rane E V3 = 
cosz, 2 V3 cos? z — cos z—)/ 3-0, whence cosz— —,orcosz— 


g^ Since, according to the sense of the problem, cos x 7 O, 
m 
we get: cosz 3. Hence, the angle BAD is equal to 30°, and 


the angle BAC to 60°. As a result, we find that AC = and BC = 
cV3 


9 

If in a problem it is required to find the ratio of certain quantities 
(of lengths or areas), in particular, if it is required to compute an 
angle (which is usually reduced to finding a certain trigonometric 
function of the angle, and, hence, to finding the ratio of the sides 0 
a right triangle), we usually proceed as follows: we assume one 0 
the linear elements to be known, express the desired quantities 1? 
terms of this element, and then form their ratio. The introduced lit” 
ear element is called an auxiliary parameter, and this method 0 
solving geometrical problems is called the method of introducing 4” 
auxiliary parameter. It is used in solving problems where the geo" 
metrical figures are defined to within similarity. 

Example 7. The altitude and a median are drawn from the right 
angle C e right triangle ABC. Tho angle œ between them is equ? 
to arccos a+ Find the ratio of the legs (Fig. 29). 

m ker us ne of all note that, by the hypothesis, cos ^ 
4i: Matis, gy =g We are going to solve the problem by the 


method of introducing an auxiliary parameter. 


Let us set CK=h. Then CM =i h and KM=Vcmr—CK*= 


9 " 
75 ^. Since the median is equal to half the hypotenuse in a right 


triangle (Theorem 4), we have: AM CM — MB — n, Then AK ^ 
40 "7 


AM—KM-É, 9, 4 Ter 
ji! — gh mh, KB=KM+BM= Pha ^7 


4n 
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C 
A KM B 
Fig. 29 
LE AC- VARTECR) = y Bieta t 
spy - CHCE = y wit+eM=-— Val, BG 
— SPEM n 
y BRECK = Bret he =4 y7, and a = 


Example 8. The angle C at the vertex of an isosceles triangle ABC 
is equal to 100°. Two rays are constructed: one—with the origin at 
the point A and at an angle of 30° to the ray AB, and the other— 
with the origin at the point B and at an angle of 20° to the ray BA. 
The rays intersect at the point M. Find the angles ACM and BCM 
(Fig. 30). 

Solution. We connect the points M and C, and denote the angle 
ACM by x. We then drop perpendiculars from the point M to the 
sides of the triangle: MC,LAB, MB, L AC, and MA, LBC. We 
introduce an auxiliary parameter by setting CM = a and compute 
MC, in two ways, that is, by using MC, as a reference element. 

We find from the triangle CWB, that MB, = MC sin z = a sin x. 
Since ZACB = 100°, and the triangle ABC is, by the hypothesis, 
isosceles, we have: Z CAB = Z ABC = 40°, and, hence, Z CAM = 
10°. We find from the triangle AMB, that AM = x = — : 
Finally, we obtain from the triangle AMC,: MC, = AM sin 30° = 
asinz 
2sin 10? * 

Consider the triangle CMA,. In it, zZ MCA, = 100° — z. Hence, 
MA, = CM sin (100° — 2)-asin (100° — zi) Sine ZMBC = 
40° — 20° = 20°, the triangles BMC, and BMA, are congruent, 
and, therefore, MC, = MA, = asin (100° — x).  Equating the 
expressions found for WC,, we get the trigonometric equation: 
mB a sin (100° — z). From this equation we find in succe: 
sion: sing = 2sin (100° —a)-sin 10°, sin x = cos (90° — z 
cos (110° — z), cos (110° — x) = 0, and, hence, x = 20°. 


945.8. Q. WU, W.B. aiBRARO 
wen... S]. 03. 
fem Bo 1 S_ 5 


ES 
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SEC. 2. TRIANGLES 
AND QUADRILATERALS 


Example 1. Given the bases a and b of a trapezoid. Find the length 
of the line segment joining the midpoints of the diagonals (Fig. 31). 

Solution. Since the point P is the midpoint of the diagonal AC, 
and the point K is the midpoint of the diagonal BD, the points P 
and K lie on the median EF of the trapezoid (Theorem 2c). Since 
EK is the midline of the triangle ABD, wehave: EK — 4 
s eye : . bo 
EP is the midline of the triangle ABC, we have: EP =z: Thus, 


we obtain: PK = EK — EP —2=2. 


, and since 


Example 2. Knowing the medians Ma, my, and me of a triangle 
ABC, find the side AC — b. , : 

Solution. According to Theorem 3a, the medians of a triangle in- 
tersect at a common point M. This point is two-thirds of the dist ance 
from a vertex to the opposite side along a median (Fig. 32). There- 


u 
iore, two sides are known in the triangle AMC, i.e. AM —- ne 


MC -im, and the median MD =F m. 
Consider the triangle AMC. Doubling in length its median MD 
(the line segment MP) and joining the point P to the points ^. 
and C, we obtain a parallelogram AMCP (Fig. 33). Then, by Theo 
rem 11, AC? +MP*=24M? + 2MC2, that is, b? imi i^ 
a 2 2 Sa 524 — mi. 
2.g mid É mi, whence we find that b — SV m + 2m — me. 
Example 3. Constructed on the sides AB and BC of a triangle 
ABC are s 


are squares ABDE and BCKM. Prove that the line segmen 
DM is twice th 


(Pis. a0 e length of the median BP of the triangle AB 


Solution. Since we 
9 double the len 
ABC into a parall 


have to prove that DM = 2BP, it is expedient 
gth of the median BP, to transform the triangle 
elogram ABCT, and then to prove that DM = 


B 


P 
Fig. 31 
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(Fig. 35). To prove the congruence 
of the line segments DM and BT, 
we have to consider these seg- 
ments as sides of two triangles 
and to prove that these triangles 
are congruent. According to this 
scheme, let us perform the solu- 
tion of the given problem. 

Laying off the line segment 
BP (whose length is equal to 
the length of the median BP) and 
joining the point 7 to the points 
A and C, we get a parallelogram 
ABCT. 

Consider the triangles DMB 
and BCT. We have: (a) BM —BC 
as sides of the square BMKC; 
(b DB = CT (in more detail: 
DB = AB as sides of the square 
BDEA, and AB — CT as the 


opposite sides of the parallelo- \ 
gram ABCT, and, hence, DB— \ 
€T; (c) ZDBM = Z BCT (as an- WV 
gles with mutually perpendicular T 


sides). Hence, ADBM = ABCT 
(by two sides and the included 
angle), and, therefore, DA —DT. 
Since BT = 2BP, from DM = BT it follows that DM = 2BP. 

Example 4. The altitude drawn to the hypotenuse of a right tri- 
angle divides it into two parts, 9 cm and 16 cm long. From the ver- 
tex of the larger acute angle of the triangle, a straight line is drawn 
passing through the midpoint of the altitude. Find the length of the 
segment of this line enclosed inside the given right triangle (Fig. 36). 

Solution. We have: CH? — AH-BH (Theorem 6a), and, hence, 
CH?—9.16, i.e. CH —12 cm. We find from AADH that AD— 
y 9:2-62— 3/13 cm. We draw HM || AK and set DK —z. Since 
DK is the midline of AHCM, we have: HM=2zx. Since the 
triangles HMB and AKB are similar, we conclude that A 
BH 2z [NE 24V 13 — 01/33 
Apt sare =" whence z — ——74—— and AK —3y13 + 
24 d. —705V13 mus, AK — ays - 

Example 5. A rectangle is inscribed in a triangle with sides equal 
to 10 cm, 17 cm, and 21 cm so that two of its vertices are situated on 
one side of the triangle, and two others on two other sides of the 
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A DH K c 


Fig. 36 Fig. 37 


triangle. Find the sides of the rectangle if it is known that its pe- 
rimeter equals 22.5 cm. " 

Solution. Let us first of all determine the kind of the given SIE 
angle. We have: 10? — 100, 17? — 289, and 21? — 441. Since 21? z 
10? + 172, the triangle is obtuse (Theorem 9), and, hence, a rec 
angle can be inscribed in it only in one way: by arranging two 9 
its vertices on the larger side (Fig. 37). —" 

We then find the altitude BH of the triangle ABC. Applying de 
method used in Example 4 from Sec. 1 (or using the formula de 
rived in this example), we find that BH = 8 cm. : „gf 

Setting ED = x, we get: EF = 11.25 — x (since the perimeter 0 
the rectangle DEFK is equal to 22.5 cm) and BP = 8 — <z. 


s F BP 4 
The triangles BEF and ABC are similar. Hence, Ef =H p 


Similar triangles the ratio of the corresponding altitudes is equal e 
the ratio of similitude), that is, un =i , whence we fn 
that z = 6, á 


Thus, the sides of the rectangle are 6 cm and 5.25 em. C 
Example 6. In a triangle ABC, the angle A is twice the angle d 
the side BC is 2 cm longer than the side AB, and AC = 5 cm. Fin 
AB and BC, i 
Solution. First Method. Drawing the bisector AD of the angle ^* 
we get: 2BAD = ZDAC = 7 ACR (Fig. 38). 1 
Ia a triangle ADC, the base angles are equal to each other, Y 
hence, this is an isosceles triangle: AD = DC. Setting AB = T 2” 
B AD = DC = y, we find that BC =2 + 
and BD =z 2 y, cad 
The triangles ABD and ABC are si® A 
D lar, since ZBAD=/BCA and ZB 2d 
common angle. From the similarity of th 
‘ AB BDz 
triangles we conclude that Ti ae 
d SM CNN Vu m A) 
Cc E i x 5 inod 
For finding z and y, we have obtain’ 
^ System of two equations in two v9 


bad 


Fig, 38 
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E. reu 
z+2 — 


z-2—y y 
CUm aT 
second equation from the first, we get: 5y— 10 — 2y and y= . Hence, 
z 2 s 
z437 75. Le s=4, 
Thus, AB —4 cm and BC=6 cm. 
Second Method. We set /C-t, then ZA=2t and Z B— 
180? — 3t. We also set AB —z, then BC— z--2. By the law of 
r zț2 _ $ 


5r— 2 
whence es Tyr 2y, Subtracting the 


ables: 5z + 10 — 5y —zy. 


sines (Theorem 8), we have: — : - 
( )» sint sin 2t sin (1809— 31) * 
Thus, we have obtained the following system of two equations 
a r--2 
A - sint — sin2t’ 
in two variables x and t: s 5 (here we have taken 
sint ^ sin3t 


advantage of the fact that sin (180? — 31) = sin 3t). 
Let us solve this system. We get from the second equation: 
Ssint — 5sint 5 7 a Re . 
sinat 3sm: 4sm t Fate: We obtain from the first 


in . 2 NAT 
equation: = ane S , le. 1+—=2cos t. Substituting instead 


of x its expression in terms of /, we get: jj, 85H" * 9.008 t. 
Setting in this trigonometric equation cost=z, we obtain: 
4+ $790 TD — 22, whence n-l and a=) that is, either 
1 
cosi — 4 or cost=z. 


co 
N 


If cost — 7, then from 1+—=2cost we find that z—4. 
a 


m 


= 2cosi we find that 1-4-— — 1, 


&|t 


If cos t= 7? then from 1-4 


which is impossible. 
Thus, AB—4 cm and BC —6 cm. 


Remark. The expression cos 7 = + means that ¢ = 60°, then we obtain that 
in the triangle ABC, ZC = 60° and ZA = 120°, which is impossible. 

Example 7. The point K is the midpoint of the side AD of the 
rectangle ABCD (Fig. 39). Find the angle between BK and the diago- 


nal AC if it is known that AD:AB = y 2. 

Solution. Let us use the method of an auxiliary parameter (see 
Example 7 from Sec. 1). Setting AB = a, we find that AD = ay 2. 
The solution scheme is the following: we first express all the sides 
of the triangle AMK in terms of a and then apply the law of cosines 
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De] AA 


Fig. 39 Fig. 40 


to the side AK. This will make it possible 
the sought-for angle AMK denoted by x. 


The line segments 4O and BK are medians of the triangle ABD- 


to compute the cosine of 


Hence, MK=+ BK and AM == AO (Theorem 3a). We have 


"ABRIR Pare 
ME y Bay VIPPA 4 V et (YEV tA and 


1 z 
Tee e n /3 

AM = $40—i4c - {V 4DF CD: -4V (a BET =. 
i . uy aV3 

In the triangle AMK we have: AK=——, AM ——3—' 


/8 ud 
and MK == T - By the law of cosines (Theorem 7), AR? 
AM? + MK*—2AM - MK -cos z, i.e. (==) =(v ) +% ) 
a v3 / 6 2 2 / 
2.73, LLL cosg, and, further, 2 gr. uoa. 
whence we find 


ute triangle, H the Wie 
i ircle, BD and AP altitudes; 
and L the midpoint ide cat d rese 2 
the sides (Fig. 40). of the sides, and OK and OL perpendicula 
The triangles ABH and KOL are similar (BH || OK, AH Il 0b 
AB || LK), and, hence, P i. The line segment LK is the mid" 


line of aR " 
in : AABC, and, hence, Lk = 2. But then oe = 2, whi 
quired to be proved, 
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Let ABC be an obtuse nonisos- 
celes triangle, the notation being 
the same as in the preceding case 
(Fig. 41). It follows from the simi- 
larity of the triangles ABH and 


à BH AB _ 5 
KOL that oR = IR => and, 


hence, BH = 20K. D 

Shown in Figs. 40 and 41 is 
Euler's line (drawn in broken 
line) (see Exercise 54). 

Example 9. A straight line is 
drawn through the centroid of a y 
regular triangle in the plane of 
this triangle. Prove that the sum 
of the squares of the distances Pig. 41 
from the vertices of the triangle 
to this line is independent of the choice of this line. 

Solution. Let the straight line under consideration form an angle 
a with the base AC of the triangle ABC (Fig. 42). We set AO = 
BO = CO = a, express the perpendiculars AD, BK, and CE to this 
line in terms of a and «, and then prove that the expression AD? + 
BK? + CE? is constant for any a. 

Since Z OAC= 30°, we have: Z MAO = 150°, then 7 DOA= 
180° — (a + 150°) =30°—a. We find from A DOA that AD= 
OAsin Z AOD = a sin (30°—a@). We obtain from AWMOP that 
Z. BOK = Z MOP =90°—a. We find from A BOK that BK= 
BOsin Z BOK =asin(90°—a)=acosa. Since Z POH=90°+a 
(as an exterior angle for A MOP) and 4 POC=60°, we have: 
Z COE = Z POE—Z POC = (90° +a)—60°=30°+a. We find 
from ACOE that CE=COsin Z COE =asin (30° +a). We have: 
AD? + BK? + CE? = a* sin? (30° — a) + a? cos? & + a? sin? (30° +a) 

a ( 1— cos (60° — 2a) + eos? a + ies n + 2a) ) 


2 
09-2 a) 
zd ( q — 608 (60 tanta (60°— 2a) Fa 


B 


os? a.) 


+. 2 

= a? (1— eos 60° cos 2 + 55829) 
1 a 3 x 
)=3 


=a (i z COS 200+ z +y cos 2c 


Thus, for any « we have: AD? + BK?+4-CE? = =a’. 


Example 10. Find the relationship between the sides a, b, and c 
of the triangle ABC if it is known that the median AM, the alti- 
tude BH, and the angle bisector CD intersect at a common point 
(Fig. 43). m 


Solution. By Ceva's theorem (Theorem 10), we have: en X 
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M E P € A H c 
Fig. 42 Fig, 43 
BM _ 1. 
ats 1. Since AM is a median, BAJ=CM and UA 
; A b = the 
Since CD is an angle hisector, aa? (Theorem 5). Thus, 
b CH " CH a 


given relationship takes the form: wap bó ie Spa. p 

We set CH —at and AH — bt. Then, on the one hand, at 4- bt , 

le. t= a . On the other hand, using BH as a reference ele 
a+ 


2 m A BHC 
ment, we find from A ABH that BH? = c? — 42 and from m 
that BH? = q2— 9242, Hence, c?—pt?=a?—q?t?, whence 


a?— c? 


api e 


à i we 
Substituting the value of ¿= 7 - into the last Mcd M 
b — 
get the desired relationship between the sides a, b, and c: Gp» 
ago . b2 
a?—b? ? 1.e. "SE 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 
I. Right Triangles 


" vos the 
1. Prove that in a right triangle, the bisector of the right angle halves t 
angle between the median and altitude drawn from the same vertex. 


t rte ight 
+ +he median drawn to the hypotenuse of a right triangle divides the rig? 
angle in the ratio 1:2 and is equal to m. Find the sides of the triangle. 


:distant 
3. A Point taken on the hypotenuse of a Tight triangle and al pe 
from its legs divides the hypotenuse into two Segments, 30 cm and 40 cm long 
Find the legs, 


: n 9 cm 

4. Find the bisectors of acute angles of a right triangle whose legs are 18 €! 
and 24 cm long, 1b 
5. Find the bisector of the right angle of a right triangle with legs a aicb 
Drawn from the right angle of a right triangle is an angle bisector wn 


divides the hypotenuse into line Segments, m and n. Find the altitude draw” 
to the hypotenuse, 


Ms Tn a right triangle, the medians 
and V73 cm, Find the hypotenuse. 


* 26 perimeter of a right trian 
to the hypotenuse to 12 c 


= em 
drawn to the legs are equal to y 52 € 


" rawn 
triangle is equal to 60 cm, and the altitude draw 
m. Find the sides of the triangle, 
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9. In a right triangle ABC, an angle bisector CK and a median CM are 
drawn from the vertex C of the right angle. Find the legs if CM = m and 
KM =n. 

10. In a right triangle, find the angle between the median and angle bisector 
drawn from the vertex of the acute angle equal to a. 

11. The bisectors of the acute angles AD and BK are drawn in a right tri- 
angle ABC. Find the angles of the triangle if it is known that AB? = AD-BK. 

12. Prove that if the altitude and median drawn from the same vertex of a 
nonisosceles triangle lie inside the triangle and form equal angles with its sides, 


then this is a right triangle. 


II. Isosceles Triangles 


13. Prove that if in a triangle, the ratio of the tangents of two angles is 
equal to the ratio of the squares of the sines of these angles, then the triangle 
is either an isosceles or a right one. 


14. Prove that if the relationship 


then the triangle is isosceles. 

15. The base of an isosceles triangle is equal to 4 )/2 cm, and the median 
drawn to a lateral side is 5 cm long. Find the side. 

16. The lateral side of an isosceles triangle is equal to 4 cm, and the median 
drawn to this side is equal to 3 cm. Find the base of the triangle, 

17. The base of an isosceles triangle is equal to 12 cm, and the lateral side 
to 1S cm, The altitudes are drawn to the lateral sides. Compute the length of the 
line segment for which the feet of the altitudes serve as end points, 

18. The base of an isosceles triangle is equal to 12 cm, and the lateral side 
to 18 cm. Angle bisectors are drawn to the lateral sides. Compute the length of 
the line segment for which the feet of the bisectors serve as end points. 

19. The sum of two unequal altitudes of an isosceles triangle is equal to 1, 
and the vertex angle is æ. Find the lateral side. 

20, A point M is taken on the altitude BH of an isosceles triangle 
ABC (AB = BC) so that the angles AMB, BMC, and A MC are congruent. In 
what ratio (reckoning from the vertex) does the point M divide the altitude if 
the base angle equals œ? E . 

21. The base angle of an isosceles triangle is equal to a. Find the ratio of 
the base to the median drawn to the lateral side. 

22. Find the angles of an isosceles triangle if it is known that the ortho- 
centre bisects the altitude drawn to the base of the triangle. 

23. Straight lines l, lą, and lą are parallel, 7, lying between J, and J; at a 
distance p and g from them, respectively. Find the side of the regular triangle 
whose vertices lie on the given lines (one on each line). 

24. A point D istaken on theside AB and a point E on theside BC of an 
isosceles triangle ABC (4B — BC) so that BD — CE. Prove that the set of 
midpoints of all the line segments, DE, coincides with the midline of the tri- 
angle ABC. 

25. In an isosceles triangle, the angle at the vertex is equal to 36°, and the 
base is equal to a. Find the lateral sides of the triangle. 

26. A point D is taken on the side BC of an isosceles triangle 
ABC (AB = BC) so that BD:DC = 1:4. Find BM:ME, where BE is the 
altitude of the triangle, and M the point of intersection of BE and AD. 

27. The base of an isosceles triangle is equal to a, and the angle at the vertex 
to 2%. Find the length of the angle bisector drawn to the lateral side, 

. 28, Drawn through a vertex of a regular triangle is a ray dividing the base 
in the ratio 2:1, What are the angles formed by this ray and the lateral sides of 
ihe triangle? 


a b 


ma eH is fulfilled in a triangle, 
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S esr 
29. The base angle of an isosceles triangle is equal to arctan Ž. Find the 


Fu 
i i ral side. 
tween a median and an angle bisector drawn to a lateral s = — 
us the angle at the vertex of an isosceles triangle if the median drawm 


to the lateral side forms an angle of arcsin i with the base. 


31. The angle B of an isosceles triangle ABC is equal to 110*, Inside the 


triangle, a point M is taken so that Z MAC = 30° and Z MCA = 25°, Find the 
angle BMC. 


Ill. Arbitrary Triangles 


32. Prove that if two sides and the altitude 
spectively equal to two sides and the altitude of 
such triangles are congruent (consider two cases), = 

33. Prove that if two sides and a median of one triangle are respectively 


equal to two sides and a median of the other triangle, then such triangles are 
congruent (consider two cases), 


34. Prove that in any triangle, 
median and altitude drawn from th 


of one acute triangle are re- 
another acute triangle, them 


an angle bisector either coincides with the 
€ same vertex or lies between them. 
35. Prove that in any triangle, 


perimeter, but less than the whole perimeter, oxi Tine 
36. Drawn th oid of a regular triangle ABC is a straight lin 
l intersecting the sides AB and B 
and C to 1 is equal to the distance from B to 1, 
37. The angle B of a triangle A BC is equal to 145°, D 
of the side AC is a perpendicular to AC to intersect the side BC at the point 
i ivides the angle A in the ratio 
and C oi the triangle ABC. m 0 
. e of a triangle divides the opposite side into n 
line segments, ? cm and 4 cm long, and the altitude drawn to the same side i 
es of the triangle and determine its kind. i 
39. Find the ratio of the sum of the squares of the medians of a triangle 
sides. 
40. Determine ihe kind of a triangle if it is known that its medians are 
related by the equality m2 -- më 


41. Two sides of a triangle are 
these sides are mutually i 


a js dra i i if it is 
that Ag = b, Em c, and AD — pp? SESAR NRO AEA twice 
. Ina trian e ABC, BC = = Ed 
the angle B, Find AB. C= 12cm, AC — 8 cm, and the angle A i 
. het The altitude of a trian of 
in the ratio 2:4 and the le i s he smaller 
which is equa] to 3 cm. Find the sides of t i.e 
45. The altitude ofat 


the base of the trian Tiangle divides the verte 


iat itudes AD 
a. Find AC re acute angle between the altitud 
a triangle is equal t 
e of the base angle: 


tween the median a ; 


nd base 5$ measures 15°, Find the acute angle be 
48, i h pe 
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(b) the bisectors of the angles of a triangle intersect at a common point; 

(c) the altitudes of a triangle intersect at a common point. 

49. The straight line D is parallel to the base AC of a triangle ABC, the 
point D lying on the side AB and the point E on the side BC. Prove that A E, 
CD, and the median BM intersect at a common point. 

90. Prove that if the lengths of the sides of a triangle form an arithmetic 
progression, then the centre of the circle inscribed in this triangle and the cen- 
troid of the triangle lie on a straight line parallel to the side having a medium 
length. 

51. In a triangle ABC, AD is the altitude, and the point H the orthocentre. 
Prove that DC-DB — AD-DH. 

52. In a triangle ABC, the angle A is equal to 30* and the angle B to 50°. 
Prove that the sides of the triangle are related as follows: c? = b (a + b). 

53. Prove that in any triangle, the difference between the sum of the squares 
of the lengths of any two of its sides and the product of the lengths of these 
sides multiplied by the included angle is a constant (for the given triangle). 

54. Prove that in any triangle, the orthocentre, the centroid, and the centre 
of the circumscribed circle lie on a common straight line (Euler's line). 

55. In triangles ABC and A'B'C', the angles B and B' are congruent and 
the sum of the angles A and A’ is equal to 180°. Prove that the sides of these 
triangles are connected by the relationship aa’ = bb’ + cc’. 

56. In a triangle ABC, the angles A, B, and C are in the ratios 4:2:1, 


Prove that the sides of tke triangle are related by the equality i + i 

57. The altitude, median, and angle bisector drawn from one and the same 
vertex of a triangle divide the angle at this vertex into four equal parts. Find 
the angles of the triangle. 

58. In a triangle ABC, CD is the altitude. Find the relationship between 
the angles A and B if it is known that CD? = AD-DB. 

59. In a triangle ABC, the angle A is equal to c, the angle B to f, and the 
median BD intersects the angle bisector CE at the point K. Find CK:KE. 


EA 
c 


IV, Parallelograms 


60. Prove that if in a quadrilateral, the diagonals serve as bisectors of its 
angles, then such a quadrilateral is a rhombus, 

64. In a parallelogram with sides a and b (a> b), the bisectors of the in- 
terior angles are drawn. Determine the kind of the uadrilateral formed by the 
intersection of the angle bisectors and find the lengths of its diagonals. 

62. The altitude of a rhombus divides its side into two line segments, m and 
n. Find the diagonals of the rhombus. 

63. The erpendicular dropped from a vertex of a parallelogram to a diago- 
nal divides this diagonal into two segments, 6 cm and 15 cm long. Find the sides 
and diagonals of the parallelogram if it is known that the difference between 
the sides is equal to 7 cm. 

64. Two altitudes of a parallelcgram drawn from tke vertex of an obtuse an- 
gle are equal to p and q, respectively, and the angle between them is equal to c; 
Find the larger diagonal of the parallelogram. 7 

65. The diagonal of a rectangle divides its angle in the ratio m:n. Find 
the ratio of the perimeter of the rectangle to its diagonal. 

" ds mhe acute angle a a paralelna is equal to œ, and the sides to a and 

x -ind the tangents of the acute angles formed by the lz iago: 

sides of the parallelogram. " FUHR UNS diagonal and he 
67. Find the acute angle of a rhombus ABCD if the straight line drawn 


through the vert ivi i io 1: ; 
S Ha eae pos A divides the angle BAD in the ratio 1:3, and the side BC 
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68. The ratio of the perimeter of a rhombus to the sum of its diagonals is 
equal to k. Find the angles of the rhombus. . . i 

69. The diagonals of a parallelogram are proportional to its nonparalle 
sides. Prove that the angles between the diagonals are equal to the angles of the 

ogram. 
aio rectangle ABCD, the base AD is divided into three equal parts by 
the points M and P. Prove that the sum of the angles AMB, APB, and ADB 
is equal to 90° if it is known that AD = 3AB. 

74. The sides of a parallelogram are equal to a and b (a < b). The smaller 
diagonal forms an obtuse angle with the smaller side, and an angle c with the 
larger side. Find the larger diagonal of the parallelogram. i 

72. The sides of a parallelogram are to each other as p:g, and the diagonals 
as min. Find the angles of the parallelogram. " 

73. The ratio of the perimeter of a parallelogram to its larger diagonal is 
equal to k. Find the angles of the parallelogram if it is known that the larger 
diagonal divides the angle of the parallelogram in the ratio 1:2. 


V. Trapezoids 


74. Prove that if the sides of one trapezoid are respectively equal to the 
sides of the other trapezoid, then the trapezoids are congruent. — " 

15. Prove the following theorems: in order for a trapezoid to be isosceles, it 
i or and sufficient that: (a) the base angles be equal; (b) the diagonals 

e equal. i 

76. Prove that the bisectors of the angles adjacent to the lateral side of a 
trapezoid intersect at right angles, and the point of their intersection lies on the 
median of the trapezoid. "- é 

77. The sum of the base angles of a trapezoid is equal to 90°. Prove that the 
line segment joining the midpoints of the bases is equal to the half-difference be- 
tween the bases. " 

18. The diagonals of a trapezoid are equal and mutually perpendicular, the 
altitude being equal to 15 cm. Find the length of the median of the trapezoid. 

79. One of the bases of a trapezoid is equal to 24 cm, and the distance be- 
tween the midpoints of the diagonals to 4 cm. Find the other base. p 

80. One of the angles of a trapezoid is equal to 30°, the lateral sides being 
mutually perpendicular. Find the smaller lateral side of the trapezoid if its me^ 
dian is equal to 10 cm, and one of the bases to 8 cm. 1 

81. In a right trapezoid, the bases and the smaller lateral side are equ? 
to a, b, and c. Find the distances from the point of intersection of the diagona'? 
to the bases and the smaller lateral side. f 

82. The point of intersection of the bisectors of obtuse angles at a base 0 
a trapezoid is found on the other base, their lengths being 13 cm and 15 cm. 
Find the sides of the trapezoid if its altitude is equal to 12 cm. 

, 83. The altitude of an isosceles trapezoid is ^, the acute angle between the 
diagonals is equal to 22.. Find the length of the median of the trapezoid. 

Ph Ina trapezoid ABCD, A and B are right angles, AB = 5cm, BC = 1 on 
and AD = 4 cm. A point M is taken on the side AB so that the angle AMD } 
twice the angle BMC. Find the ratio AM:MB. 

1 A The angle at the vertex A of a trapezoid ABCD is equal to @, and the 
a gids AB is twice the length of its smaller base BC. Find the angle d 
+ The larger base of a trapezoid is equal to a, the lateral sides are b a? 


S RSS pow the angles at the larger base are to each other as 2:1. Find 


.., 87. The diagonals AC and BD of 
intersect at the point O, the an: 
K, M, and P serving respectiv 
and CD are the ver 


an isosceles trapezoid ABCD (AD Il BC) 
gle AOD being equal to 60°. Prove that the pore 


z ely as the midpoints of i ts AO, PP" 
tices of a regular triangles PERRE RRRS 
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88. Prove that the sum of the squares of the diagonals of a trapezoid is equal 
to twice the product of its bases plus the sum of the squares of the lateral sides. 

89. Prove that the straight line passing through the point of intersection 
of the extended lateral sides of a trapezoid and the point of intersection of its 
diagonals bisects the bases of the trapezoid. 

90. In a trapezoid with the bases a and b, drawn through the point of in- 
tersection of the diagonals is a straight line parallel to the bases. Find the length 
of the segment of this line enclosed between the lateral sides of the trapezoid. 

91. In a trapezoid ABCD, each of the bases AD and BC is extended in both 
directions. The bisectors of the exterior angles A and B intersect at the point 
K, and the bisectors of the exterior angles C and D intersect at the point £. Find 
the perimeter of the trapezoid if KE = 20 cm. 

92. Through the point O of intersection of the diagonals of an isosceles trap- 
ezoid ABCD (AD || BC) having mutually perpendicular diagonals, a straight 
line MK is drawn perpendicular to the side CD (the point M lies on AB, and the 
point K on CD). Find MK if AD = 40 cm and BC = 30 cm. 


VI. Miscellaneous Problems 


93. In a quadrilateral ABCD, the points P, A, E, and M are the midpoints 
of the sides AB, BC, CD, and DA, respectively. Prove that a quadrilateral 
PKEM is a parallelogram. : , 

94. Constructed on the legs 4C and BC of a right triangle ABC are squares 
ADKC and CEMB. The perpendiculars DH and MP are dropped from the points 
D and M to the extension of the hypotenuse AB. Prove that DH + MP = AJ. 

95. Squares are constructed on the sides of a parallelogram (outside it). 
Their centres are joined in succession. Prove that the quadrilateral thus ob- 
tained is a square. . : 

96. Inscribed in a right triangle with legs a and b is a square having a com- 
mon right angle with the triangle. Find the perimeter of the square. 

97. In a right triangle, a rhombus is inscribed so that all of its vertices lie 
on the sides of the triangle, and the angle, equal to 60°, is a common angle for 
the triangle and rhombus. Find the sides of the triangle if the rhombus is 6 cm 
on a side. 

98. A rhombus is inscribed in a triangle so that they have one angle in com- 
mon, and the opposite vertex of the rhombus divides the side of the triangle 
into Lwo segments whose ratio is 2:3. Find the sides of the triangle including 
the common angle of the triangle and rhombus if the diagonals of the rhombus 
are equal to m and n. : 

99. In a triangle with lateral sides of 9 cm and 15 cm, a parallelogram is 
inscribed so that one of its sides, equal to 6 cm. lies on the base of the triangle, 
and the diagonals are parallel to the lateral sides of the triangle. Find the other 
sides of the parallelogram and the base of the iriangle. 

100. Inscribed in a square ABCD is an isosceles triangle A K M so that the 
point^& lies on the side BC, the point M on CD, and AM = AK. Find the angle 
MAD if it is known that tan ZAKM = 3. 

101. Inscribed in a regular triangle ABC is a regular triangle DEK so that 
the point D lies on the side BC, the point E on AC, and the point K on AB, 
Find AB:DE if it is known that Z DEC = «. 

102. Prove that the line segments joining the midpoints of the opposite sides 
of a convex quadrilateral and the line segment connecting the midpoints of its 
diagonals intersect at a common point and are bisected by this point. 

103. Prove that in a convex quadrilateral, the midpoints of its diagonals 
and the midpoints of the line segments joining the midpoints of its opposite 
sides lie on one straight line. : 

104. Prove that if in a quadrilateral, the sums of the squares of its opposite 
sides are equal, then its diagonals are mutually perpendicular. 


3—01286 
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105. Prove that if the line segment joining the midpoints of two opposite 
sides of a convex quadrilateral is equal to half the sum of two other sides. then. 
this quadrilateral is a trapezoid. | TOM f -— 

106. The bases of two regular triangles with sides a and 3a lie on one anc 
the same straight line. The triangles are situated on different sides of the line, 
and the distance between the nearest end points of their bases is equal to 2a. 
Find the distance between the vertices of the triangles not lying on the given 
line. 

107. In a quadrilateral ABCD, ZA = ZD = 60°, AB = V3, BC = 4 
and CD = 2 1/3. Find the angles B and C. ] 

108. The diagonals of a convex quadrilateral 4 BCD intersect at the point 0 
at right angles so that AO = 8 cm, BO = CO = 1 cm, and DO = 7 em. When 
extended, the sides AB and CD intersect at the point W. Find the angle AMD. 

109. In a quadrilateral ABCD, B is a right angle, and AB:BD = 2:4 V 2 


2:4 


When extended, the sides BC and AD intersect at the point M. Find the angle 
DMC it ZABD = 45°. 


110. Inscribed in a rectangle ABCD is a triangle AEK so that the point E 


lies on the side BC, and the point K on CD. Find the angle tan ZEAK if EU 
BE CK 


SEC. 3. CIRCLES 


Example 1. Prove that if a and b are the legs. c the hypotenuse of 
a rigli triangle, and r is the radius of the inscribed circle, then r = 
a--b—c 
9 


Solution. Let us carry out all necessary auxiliary constructions: 
from the centre O of the inscribed circle we draw the radii OD, DE. 
and OF to the points of tangency. Then OD L BC, OE L AC, ane 
OF | AB (Fig. 44). Since ODCE is a square (all the angles are right 
ones, and OF = OD), we have: CE = CD =r, BD =a — r, and 


AE — b — r. But BD=BF and AE=AF (Theorem 12b), hence: 
BF — a —r and AF = b — r. Since AB = BF + AF, that P 
c = (a — r)--(b — r), we find that r = GEHE ` 


Remark. The formula thus obtained i , " ing problem? 

dealing with right enl ained is frequently used for solving p 
h Example 2. A tangent is drawn to a circle inscribed in a triangl? 
E a perimeter of 18cm, the tangent being parallel to the DaS? 
ne triangle. The length of the line segment of the tangent 


closed between the lateral si i 2 cm 
: ral sides of the tr i al to = € 
Find the base of the triangle. ee 


Solution. Let M P, and N de i Pig, 40) 

AM — AN pint ^ denote the points of tangency (Fig. 55 

Then anm x5 ‘+: F CP, and BP = BM (Theorem 12b). p^ 
meto Te ry Duy re = D = = z. Then 

erimet ; =y, and BI BM =z. ze 

im er Ar the triangle ABC is equal to 2r- 2y- 2z, and, the! 
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We draw the tangent DE parallel to AC. Then the triangles ABC 
and DBE are similar, and, therefore, the ratio of their sides is equal 


x 4 «. DE _ Pope : 
to that of their perimeters: AC = Page? that is, 
2 _ Pose 
ry 18 C (1) 


where Ppge = BD4+ BE-- DE = BD+ BE+ (DK+ KE) = BD+ 
BE+(DM--EP). (Here we have taken advantage of the fact that 
DM = DK and KE = EP.) Hence, P55z = (BD + DM) + (BE 4- EP) = 
BM + BP —2z, and then Equality (1) can be rewritten as follows: 


2. 


ETUR Thus, we have obtained the system of equations: 
z+y+z=9, . b--:-—9, 

2 z Setting z--y-b, we get: " whence we 
"ED 3 bz — 18, 


find that either b=3 cm or b=6 cm. 

Example 3. Drawn through the point A of a common chord AB 
of two circles is a straight line intersecting the first circle at the 
point C, and the second circle at the M 
point D. The tangent to the first 
circle at the point C and the tan- 
gent to the second circle at the 
point D intersect at the point M. 

Prove that the points M, C, B, and 


D lie on one and the same circle 
(Fig. 46). 

Solution. It is sufficient to prove Kall\ 

that Z CMD + Z CBD = 180° (Theo- 

rem 15a). Ther ZCBA= E UAC 

(as an inscribed angle). In the B 

same way Z MCA = à U AC (as an 


angle between a tangent and a chord, Fig. 46 
Be 
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B 
A C 
K 
Fig. 47 
B [1 


K 


Fig. 48 


R 


Fig. 49 


Example 6. Giv 
radius with centre 


the sector into two 
smaller of these tri 


circle and the se 


0; 


ctor. 


Theorem 13). Hence, Z CDA = Z MCA. 
It is proved in a similar way that 
ZABD = Z ADM. We conclude from 
the triangle WCD that ZCMD- 
ZMCD+ZMDC=180°. But Z CD + 
MDC = ZCBA + Z ABD = ZCBD. 
Hence. ZCMD + ZCBD = 180°, 
which was required to be proved. 
Example 4. Inscribed ina circle is an 
isosceles triangle ABC whose base AC=0 
and the base angle is æ. A second circle 
touches the first circle and the base of the 
triangle at its midpoint D, and issituated 
outside the triangle. Find the radius of 
the second circle (Fig. 47). 
Solution. Let us take advantage of the 
fact that AD-DC— BD-DK (Theorem162). 


Sine AD — DC—L, BD — $n 


T b? b 9r 
and DK ==2r, we get: = =F tan o 2r, 


b 
whence r — 4 cot a. 


Example 5. A circle of radius R passes 
through two adjacent vertices of a square: 
A tangent to the circle drawn from a third 
vertex of the square is twice the lengU? 
of the side of the square. Find the side 
of the square. 

Solution. Let us denote AB = x and 
BM = 2x (Fig. 48). We extend the line 
segment AB to intersect the circle â 
the point K. Then BK-AB = BAL? (Theo 
rem 16c) that is, BK-x = 4z?. whence 
we find that BK = 4r, and. hence 
AK = 3x. The angle KAD is equal t° 
90°. and, consequently. KD is a diame 
ter. From a right triangle ADK we fin! 
that AD? + AK? = KD?, that is, 27 T 
9r? = 4 RY 10 ] 


2 


R?, whence zr = 


en a right sector of a circle. A circle of the same 
at the end point of the arc of the sector separa 
curvilinear triangles. A circle is inscribed in 
angles. Find the ratio of the radii of the inscribe 
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Solution. We carry out all necessary auxiliary constructions which 
are usually made when dealing with two circles, internally or exter- 
nally tangent to each other, or with a straight line tangent to a cir- 
cle: 0,0, is the line of centres, B the point of tangency, 0,0; the 
line of centres, A the point of tangency, O4C is perpendicular to 
O,C, and C the point of tangency (Fig. 49). Let us denote 0,0, = R 
(an auxiliary parameter) and express the radius r of the inscribed 
circle in terms of R. 

Consider the triangle 0,0,03. We have: 0,0, = R, 0,0, = R — r, 
and 0,0, = R--r. Draw the altitude O5/T. Then 0,H = O4C =r 
and O,H = R — r. We use OH as a reference element. We get 
from the triangle 0,0,H: O,H? = 0,0; — O,H? = (R — r} — r’. 
We obtain from the triangle O;HO,: O;,H? = 0,0; — O,H* = 
(R--ry — (R — ry. 

Thus, (R — r} — r? = (R + r} — (R — r}, whence we find 


-——- S ld 
that 7 ms Hence, RE: 


Example 7. Two circles of radii r and R touch each other external- 
ly, AB and CD being their common external tangents. Prove that a 
circle can be inscribed in the quadrilateral ABCD and find the radius 
of this circle (Fig. 50). 

Solution. We carry out all necessary auxiliary constructions. Ex- 
tend the tangents to intersect each other at the point O, draw the 
line of centres OO,0,, draw the radii O,D and O,C to the points of 
tangency: O,D L CD and O,C L CD. 

Since the line of centres is the axis of symmetry of a figure, the 
points A and D are symmetric about OO;, and the points B and C 
are symmetric about OO,. This means that ABCD is an isosceles 
trapezoid. 

In order for a circle to be inscribed in the trapezoid ABCD, it is 


necessary and sufficient that the equality AD-- BC = AB +CD 
(Theorem 16b) or, since AB — CD, the equality AB py SE 
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be fulfilled. Hence, it suffices to prove that the line segment AB is 
equal to the median of the trapezoid. 

We draw an internal common tangent KP. Then AK = KM, 
BK = KM, DP = PM, and CP = PM (Theorem 12b). which 
means that KP is the median of the trapezoid ABCD and KP = AB. 
Thus, a circle can be inscribed in the trapezoid, EF being its diame- 
ter. We set O,E =z and O,F — y. Then from the equality MF = 
ME (the median KP bisects the line segment EF) we conclude that 
R—y F r+. We get from the similarity of triangles O,DE and 
OsCF: Fa SE tise is, XII 


OsF Oc’ ES We find from the sys- 
R—y-r-z, ; 
tem of equations 12 » that j= CHR , and then ihe 
LM. n R—r 
y R 
radius of the inscribed circle is equal to R—y- E e 


Rar 

Example 8. An acute angle of a right triangle equals «. Find the 

hypotenuse of this triangle if the radius of the circle touching the 
hypotenuse and the extended legs is equal to R (Fig. 51). 

Solution. Since AB = AK + BK, the problem is reduced to com- 

puting the line segments AK (from AAOK) and BK (from AOBK). 

Consider the triangle AOK. Since ZKOF = Z BAC = « (as angles 


with mutually perpendicular sides), we have: Z KOA = E (AKOA = 


AAOF). Hence, AK = OK tan $ =R tan €. 


Consider the triangle BOK. We have: Z BOK = 1 2 DOK = 
1 " » B e 
y (90 —4 KOF) =45— 5. (Here we have taken advantage of 


the fact that in the ri s 
act quadrilateral ODCF three angles (D, C, a! 
F) are right, and, hence, the fourth angle, that is, the angle DOF 


is also right) Then BK—OK tan 7 BOK = R tan (4—4) ' 


ch a 
ar " sin a 
AB — AK + BE — Rtan$+ R tan (45° a E Led 


—3)-R &) 


a ze 
cos 5 cos (45 em) 


Ry 3. 
2 cos % a j (Here we have used the formula tan at 
2 cos- cos (450 
tan f = Sin (a+) 
COS & Cos P ) 


Exampl i 
ABR enr ZA an acute triangle ABC with angles ZA = ^ 
1 di (Fig. 52). In what ratio is the altitude dr" 
ion. We Pium HAT by the orthocentre? à 
its radius by [pes a circle about the triangle ABC rj 
Y R (an auxiliary parameter). We then draW 0 
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perpendicular to BC and take advantage of the 
fact that AH=20P (see Example 8, Sec. 2), 
where H is the orthocentre. 


A 

Consider the triangle OPB. Since the angle 

KOB is measured by the arc BA, UBA = 

4 UBC, and the angle CAB is measured by half c M T 
K 


the arc BC, we have: Z KOB = ZCAB — a. 
Then OP = R cosg, and, therefore, AH = 


x A 
2R cos æ. By the law of sines, E e 2R 


(Theorem 8), hence, AC = 2R sin p, and then 
we find from AACD that AD—ACsin ZACB= 
2R sin þ sin y. Then AH = 2R cos and HD = AD — AH = 
2R sin D sin y — 2R cos « =2R (sin B sin y — cos (180°— (B + y))) = 

2R (sin f sin y + cos (B +y))=2R (sin f sin y X cos B cos y — sin p x 

sin y) = 2R cos f cos y. 

Thus AH 2R cos a _ Cosa 
^ HD 2R cos B cos Y cos B cos y ^ 

Example 10. Prove that if the altitude and median drawn from 
one and the same vertex of a nonisosceles triangle lie inside the 
triangle and form equal angles with its lateral sides, then this is a 
right triangle. 

Solution. We circumscribe a circle about the given triangle ABC 
and extend the altitude BD and the median BM to intersect the 
circle at the points Æ and K, respectively (Fig. 53). Since ZABE = 
ZKBC, we have: UAE = UKC, and, therefore, the chords AC and 
EK enclosing the equal arcs AZ and KC are parallel to each other. 
But ZBDM = 90°, hence, Z BEK = 90°, and then BK is a diameter 
of the circle. 

Since the centre of the circumscribed circle lies, on the one hand, 
on the diameter BK, and, on the other hand, on the perpendicular 
to AC erected [rom the point M, this centre is the point AM itself. 
Hence, AC is a diameter of the circle, and, therefore, Z ABC = 90°. 

Example 11. In an acute triangle ABC, AD and CM are its alti- 
tudes, the perimeter of the triangle ABC is equal to 15 cm, the perim- 


Fig. 52 
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eter of the triangle MBD is equal to 9cm. and the radius of the 
circle circumscribed about the triangle MBD is equal to 1.8 cm. 
Find the length of AC (Fig. 54). 

Solution. First of all let us prove that the triangles ABC and MBD 
are similar. Indeed, the right triangles ABD and WBC, ovine a 
common acute angle B, are similar, and. therefore, a 
But then, in the triangles ABC and MBD with a common angle B, 
the sides including this angle are proportional, that is, the triangles 
are similar. 

Let us take advantage of the fact that in similar triangles, the 
ratio of the perimeters and the ratio of the radii of the circumscribed 
circles are equal to the ratio of similitude. By the hypothesis; 
Parc = 15 cm and Pargp = 9 em. Hence, the ratio of similitude 


is equal tos. Since the radius of the circle circumscribed about the 
triangle WBD is equal to 1.8 cm, we get that the radius of the circle 
"1 P: 5 D 

circumscribed about the triangle ABC is equal lo 1.8- 3 =3 cm. 


Let O be the centre of the circle circumscribed about the triangle 
ABC, and OP perpendicular to A C. Then BH = 20P (see Example 9; 
Sec. 2). But BH is a diameter of the circle circumscribed about the 
triangle MBD (since the angle BDH based on it is equal to 90°), 
hence, BH = 3.6 cm, and, therefore, OP = 1.8 cm. r 

Now, in the right triangle AOP, two sides are known, that 15: 
AO — 3 em (the radius of the circumscribed circle) and OP = 


1.8 cm. Then AP =y s—(2) m — "1 consequently: 
AC = 4.8 em. i 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 
I. Circles 


111. Two circles touch each i ing theif 
other externally at a point A, BC being t 
common external tangent. Prov Z dol d 
„112. Two circles ERTA a ie ae 


Parallel, /, passing through tupac aaga B Straight lines } and fs 


i t A and intersecting the circles at points g 
M and P - POOR through the point B E int 


i “the 
; Tespectively. Prove that: (a) the perimeter y 
: he choice of the point C; (b) the angle 
oice of the point C. «ce ait 
:3:5:6. Find th divide a circle into four parts whose ratios e 
points A, B, C, un angles between the tangents to the circle drawn at t 


Sec. 3. Circles 41 


116. Two equal circles touch externally each other and the third circle 
whose radius is equal to 8 cm. The line segment joining the points of tangency 
of two equal circles and the third circle is equal to 12 cm. Find the radius of 
the equal circles. 

117. A common chord of two intersecting circles is equal to a and serves as 
a side of a regular hexagon inscribed in one circle and as a side of a square in- 
scribed in the other circle. Find the distance between the centres of the circles. 

118. Two circles of radii r and R touch each other externally. Find the length 
of their common external tangent. 

119. Two circles of radii r and R touch each other externally. A traight 
line / intersects the circles at points A, B, C, and D so that AB = BC = CD. 
Find AD. 

120. Two circles whose radii are in the ratio 1:3 are tangent to each other 
externally, the length of their common external tangent being 6 3 cm. Find 
the perimeter of the figure formed by the external tangents and external arcs of 


the circles. i R 
121. Drawn from an external point to a circle are a secant whose length is 


2 
48 cm and a tangent whose length is 3 of the internal segment of the secant. 


Find the radius of the circle if it is known that the secant is 24 cm distant from 
its centre. 

122. A common external tangent to two externally touching circles forms 
an angle « with the line of centres. Find the ratio of the radii. 

123. Drawn from the point A situated outside a circle with centre O are 
two secants ABC and A MK, B and M being the nearest to A points of the circle 
lying on the secants. Find BC if it is known that AC =a, Z.CAO = a, 
ZCOK = p, and the secant A MK passes through the centre of the circle. 

124. Two circles intersect at points A and B. Drawn through the point A 
are line segments AC and AD each of which, being a chord of one circle, touches 
the other circle. Prove that AC?-BD = AD*-BC. 

125. In a circle of radius R, AB and CD are mutually perpendicular in- 
tersecting chords. Prove that AC? -+ BD? = 4R?, 

126. Prove that the sum of the squares of the distances from a point M 
taken on a diameter of a circle to the end points of any chord parallel to this 
diameter is constant for the given circle. 

127. Two circles touch each other externally at a point C, AB being their 
common external tangent. Find their radii if AC — 8 cm and BC — 6 cm. 


128. Two circles of radii R and E: touch each other externally. From the 


centre of the smaller circle, a line segment of length 2R is drawn at an angle 
of 30° to the line of centres. Find the lengths of the parts of the line segment 


lying outside the circles. . 
129. Two circles of radii a and b touch each other internally (a < b), the 


centre of the larger circle lying outside the smaller circle. A chord AB of the 
larger circle touches the smaller circle and forms an angle « with the common 
tangent to the circles. Find AB. 


II. Inscribed and Cireumscribed Triangles 


130. Taken on the sides AB and AC of a regular triangle ABC are points M 
and K such that AM:MB = 2:1 and AK:KC = 1:2. Prove that the 
line segment KM is equal to the radius of the circle circumscribed about the 
triangle ABC. z 4 : 

131. A circle is circumscribed about a triangle ABC (AB = BC). When 
extended, the bisectors of the angles A and C intersect the circle at points K 
in P, and each other at a point £. Prove that the quadrilateral B K EP is a rhom- 

us, 
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i les. The circle 
iangle ABC, AD and CE are bisectors of the ang d 
diner eter. E triangle BDE passes through the centre of the circle in 
ibed i iangle ABC. Prove that ZABC = 0°. E 
w poa centre of the circle oy her in a triangle lies inside the 
i e y the midlines of the given triangle. : egies 
Wo juod line l touches the circle circumscribed about a axes 
ABC ata point C. Prove that the square of the altitude CH of the tinge s L 
is equal to the product of the distances of the points A and B from | F oe ie 
135. Find the angles of a triangle if it is known that the centrene. Es e 
scribed and circumscribed circles are symmetric about one of the sides 
triangle. 


i h. 
136. The base of an isosceles triangle is equal to 2a, and the altitude to h 


E ^ 2 F n H i t is paral- 
A tangent is drawn to the circle inscribed in the triangle. The tangen Aart 
lel to ‘the base. Find the eet of the segment of this tangent enclosed betwe 
the lateral sides of the triangle. : . : es ivides 
137. In a right triangle, the point of tangency of the inscribed ciele givi 
the hypotenuse into two segments, 24 cm and 36 cm long. Find the CBS ol 
138. In a right triangle, one leg is equal to 48 cm, and the projec of the 
the other leg on the hypotenuse equals 3.92 em. Find the circumference 
inscribed circle. . istance 
139. In a right triangle with legs of 18 cm and 24 cm find the dist 
between the centres of the inscribed and circumscribed circles. - vo-thirds of 
140. In an isosceles triangle, the altitude drawn to the base is two 
the radius of the circumscribed circle. Find the base angle. 


, A : : : riangle with sides 
141. Find the radius of the circle circumscribed about the triangle with s 
4 and b and an angle y between them. 


ase i being 
142. In an isosceles triangle, the base is equal to b, the base angle b 
equal to æ. A tangent is dr 


| Phe tan- 
‘awn to the circle inscribed in the triangle. ae ae 
gent is parallel to the base. Find the length of the segment of this tange 
closed between the lateral sides of the triangle. inseribed and cir 
143. In an isosceles triangle, the ratio of the radii of the inscribed a 
cumseribed circles is equal to k. Find the angles of the triangle. , triangle: 
144. Prove that the following inequality holds true for any right tr 
O4< T < 0.5, where 


alti- 
r is the radius of the inscribed circle, and % the 
tude drawn to the hypotenuse, 
_ 145. Prove that the 
circle passing through two of its vertices and the orthocentre. an arbi- 
146. A regular triangle ABC is inscribed in a circle. On the arc Bo T that 
trary point M is taken and chords AM, BM, and CM are drawn. Pro 
AM — BM + CM. 

AAT. Prove that the su 


d x e r " al to the 
circle circumscribed about a triangle is equal 


i on 
148, An isosceles triangle ABC (AB = BC) is inscribed in a circle. of 
- = ti P 
the arc AB, an arbitrary point K is taken and joined by chords to the nnl 
the triangle, Prove that AK. KC = AB? — KR? 
149. Inan acute tri | 


angle, having sides a, b 
e circumscribed circle 
Perpendiculars are equal to m, n 


opped 
; and c, perpendiculars are drones? 
to the sides. The lengths 0 


m, abe 
» and p, respectively, Prove that arg e 
mnp 


abe 


150. Prove that t 


fa 
. he feet of th i the sides 9 od 
triangle or to their extensi, © perpendiculars dropped to 1 scrib 

B 3 ons fr i 7 poi i reum: 
about the triangle lie in one straight fimo, Tay painta tA een QE 
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151. Prove that if a and b are sides of a triangle, I the bisector of the included 
angle, and a’, b’ segments into which the bisector divides the third side, then 
C = ab — a'b’. 

152. Prove that a radius of the circle circumscribed about a triangle drawn 
to one of the vertices of the triangle is perpendicular to the straight line joining 
the feet of the altitudes drawn from two other vertices of the triangle. 

153. A circle is circumscribed about a triangle ABC. A tangent is drawn to 
the circle through the point B to intersect the extension of the side CA beyond 
the point A at the point D. Find the perimeter of the triangle ABC if AB + 
AD = AC, CD = 3, and Z BAC = 60°. 

154. A regular triangle ABC is inscribed in a circle of radius R. A chord BD 
intersects AC at the point E so that AE:CE = 2:3. Find CD. 

155. In a trapezoid ABCD, the bisector of the angle A intersects the base BC 
(or its extension) at the point Æ. Inscribed in the triangle ABE is a circle touch- 
ing the side AB at the point M and the side BE at the point P. Find the angle 
BAD il it is known that AB: MP = 2. 

156. The hypotenuse of a right triangle is divided by the point of tangency 
of the inscribed circle into two segments whose ratio is equal tok (k > 1). Find 
the angles of the triangle. 

157. Find the angle at the base of an isosceles triangle if it is known that 
its orthocentre lies on the inscribed circle. 


III. A Circle and a Triangle Arranged Arbitrarily 


158. The line segments AD, BM, and CP are medians of a triangle ABC. 
The circle circumscribed about a triangle DMC passes through the centroid 
of the triangle ABC. Prove that ZABM = “PCB and Z BAD = Z PCA. 

159. A semicircle is inscribed in a right triangle so that its diameter lies on 
the hypotenuse, and the centre divides the hypotenuse into two segments of 15 cm 
and 20 cm. Find the radius of the semicircle. 

160. A circle passes through the vertex A of a right triangle ABC, touches 
the leg BC, its centre lying on the hypotenuse AZ. Find its radius if AB — c 
and BC =a. 

161. Constructed on the leg BC of a right triangle ABC as on the diameter 
is a circle intersecting the hypotenuse AB at the point D so that AD:DB = 
3:1. Find the sides of the triangle ABC if the altitude drawn to the hypote- 
nuse is equal to 3 cm. 

162. Two sides of a triangle are equal to a and b, the angle between them 
being equal to 120°. Find the radius of the circle passing through two vertices 
(end Points) of the third side and the centre of the circle inscribed in the given 
triangle. 

163. A circle passes through the vertices A and B of a triangle ABC and 
touches the side BC at the point B. The side AC is divided by the circle into 
two parts, AM and MC, so that AM = MC + BC. Find BC if AC = 4 cm. 

164. Constructed on the side AB of a triangle ABC as on the diameter is 
a circle intersecting the side BC at the point D. Find AC if it is known that 
CD = 2 cm and AB = BC = 6 cm. . i . 

165. Constructed on the side AB of a triangle ABC as on the diameter is a 
circle intersecting AC at the point D and BC at the point £. Find 4C and BC 
if it is known that AB = 3 cm, AD:DC = 1:1, and BE:EC — 7:2. —— 

166. The line segment BD is the altitude of a triangle ABC, and DE is a 
median of a triangle BCD. Inscribed in a triangle BDE is a circle touching the 
side BE at the point K and the side DE at the point M. Find the angles of the 
triangle ABC if AB = BC — 8 cm and KM — 2 cm. : i 

167. Drawn in a triangle ABC are the altitude AD and a circle of radius A D 
with centre at the point A. Find the arc length of this circle lying inside the 


triangle if BC = a, ZB = f, and £C = y. 
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R he 
i i ching the hypotenuse and t 
dns. M "e "m pug d prp Sum of the lengths of the 
«tensi PRS OL a Tit ye be e in the angio 
ges cepe p radius of the circle inscribed in the DAMES act at the 
TS The angle bisectors 4D and of a PIS ABc im AENT 
i ) CD = 1 em. Find the angles anc two other s es a the 
Ds LN m that the point B lies on the circle circumscribed about 
ri DO. " E as its cen- 
mages FON touches the sides 4C and BC ofa triangle A BC AE ise and 
tre on AB. Find the radius of the circle if AC = 48 cm. BC = 14 
= 148 cm. A . X eat : t BC. 
"n "Th a triangle ABC, D is the midpoint of AC, E is the igirur i 
The circle circumscribed about a triangle CDE pa ^s through the cen 
triangle ABC. Find the length of the median CK if AB = c. a Aofanzin 
172. Find the relationship between the sides a, b, and c of a iD at the sides 
if it is known that the vertex C, the een tepid M, and the midpoints ¢ i 
AC and BC lie in one and the same circle, . o 120 
173. Inscribed in an isosceles triangle ABC with the angle B equal 25 the 
is a semicircle of radius (3 Y 8-- Y21) em with centre on AC. pyres 
semicircle is a tangent intersecting the lateral sides AB and BC a 
and E, respectively. Find BD and BE if DE=2 Vi cm. BC = 39 cm 
174. In a triangle ABC, three sides are known. Le. AB Matadia of the 
AC — 30 em, and the altitudes AD and BE are drawn. Find — 8 
circle passing through the points D and E and touching the side E nof is cite 
79. In a triangle ABC, the altitude CD and AE are HIE M lying inside 
cumscribed about a triangle BDE. Find the are length of this circ N 
the triangle ABC if AC =b and ZABC = p. 


IV. A Circle and a Quadrilateral 

, 3 z N “hed circle for 4 
176. Prove that if there are an inscribed and a circumscribed ca petween 

trapezoid, then the altitude of the lrapezoid is the geometric mea 

its bases, 


177. The bases of 


an isosceles tr 
the altitude to & 


d 
a m, an 
apezoid are equal to 21 cm and 9 cm, 
cm. Find the radi 


us of the circumscribed circle. gle 
` s i e ar 
178. The bases of an isosceles trapezoid are a and b, and the acut 

is &. Find the radius of the circumscribed circle, 


sona 
Two vertices of a square lie on a circle of radius R, and two others J 
tangent to this circle, Find the side of the square. zind the rati? 

180. The acute angle A of a rhombus ABCD is equal to «. Find ! scribed 
of the radius of the circle inscribed in the rhombus to that of the circle in. 
in the triangle ABC, "ind its angles 
wp 81. An isosceles trapezoid is circumscribed about a circle. Find is malle? 
if it is known that the ratio of the lateral side of the trapezoid to its $ 
base is equal to k. 

2. Cireumseribed b ircle is 

Find th u about a circle is 


; ; ; a and P 
a trapezoid with acute angles & 
circle, 


l ce of the 
trapezoid to the circumference 0 t 
ha 
Prove Ptolemy's theorem: luct 
drilateral be inscribable j P als; | 
her VO pairs of opposite Sides be equal to tho product of the diagonto are 
other words, if the Opposite sides of 4 quadrilateral inscribed in a cir ; 
» € and m, and the di f Problem 146. 
Y's theorem, prove the statement of Pro jang 
and their pier the a of the products of the altitudes of an acute tria 
S nis fro C 
of ear m the orthocen 
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185. Constructed on the hypotenuse of a right triangle as on a side is a square 
(outside the triangle). The centre of the square is joined to the vertex of the right 
angle of the triangle. Into what segments is the hypotenuse divided if the legs are 
equal to 21 em and 28 em? 

186. A circle touches two adjacent sides of a square and divides each of the 
two other of its sides into two segments of 2 cm and 23 cm. Find the radius of 
the circle. 

187. Inscribed in a rhombus ABCD 4 cm on a side and the angle BAD equal 
to 60° is a circle. Drawn to this circle is a tangent intersecting AB at the point 
M and AD at the point P. Find MB and PD if MP = 2 cm. 

188. The ratio of the radius of the circle circumscribed about a trapezoid to 
the radius of the inscribed circle is equal to k. Find the acute angle of the 
trapezoid. 

189. Inscribed in a circle is a quadrilateral ABCD whose diagonals are 
mutually perpendicular and intersect at the point Æ. The straight line passin 
through the point £ perpendicular to AB intersects CD at the point M. Fin 
EM il AD = 8 cm, AB = 4 cm, and ZCDB = a. 

190. Inscribed in a circle is a quadrilateral ABCD whose diagonals are 
mutually perpendicular and intersect at the point Æ. The straight line passing 
through the point Æ and the midpoint of the side CD intersects AB at the point 
H. Find HB if ED = 6 cm, BE = 5 cm, and Z ADB = a. 


191. In a convex quadrilateral ABCD, the side AB is equal to 


25 
C4 
25 


BC to 12 a , the side CD to 6 E . It is known that the angle DAB is acute, the 
4 + 


. the side 


angle ADC is obtuse, sin ZDAB = 3, and cos ZABC = — oe A circle 


E i 
with centre at O touches the sides BC, CD. and AD. Find the length of the line 
segment OC. 


V. Miscellaneous Problems 


192. Drawn from the point C to a circle are two tangents CA and CB forming 
an angle of 60?. A circle is inscribed in the curvilinear triangle formed by these 
tangents and the minor arc AB. Prove that the length of this arc is equal to the 
circumference of the inscribed circle. i . 

193. Arectangle. having sides 36 cm and 48 cm, is separated into two trian- 
gles by the diagonal. A circle is inscribed in each of these triangles. Find the 
distance between their centres. 

194. Two circles of radii 16 cm and 9 cm touch each other externally. Com- 
pute the radius of the circle inscribed in the curvilinear triangle enclosed be- 
tween the circles and their common external tangent. 

195. A chord, 6 cm long, separates a circle into two segments. A square of 
2 cm on a side is inscribed in the smaller segment. Find the radius of the circle. 

196. Two circles of radius R are arranged so that the distance between their 
centres is equal to R. A square is inscribed in the intersection of the circles. Find 
the side of the square. ; A 

197. A circle is inscribed in a sector of a circle having an angle of 2a. Find 
the ratio of the radii of the inscribed circle and the sector. _ 

E 198. Inscribed in the sector AOB of a circle of radius R with a central angle 
^t is a regular triangle one of whose vertices lies at the middle of the are AB, and 
two others on the radii OA and OB. Find the side of the triangle. 

7 


199. An are of a circle of radius R subtends a central angle 2% (s = ES 3 


21 


The chord of this arc divides the circle into two segments. Inscribed in the 
smaller segment is a square. Find the side of the square. 
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a 
200. An are of a circle of radius R subtends a central angle 2% (a = i 


The chord of this arc divides the circle into two segments. Inscribed in e gi 
er segment is a regular triangle so that one of its vertices coincides Lg aS 
midpoint of the arc, and two other vertices lie on the chord of the segment. Fin 
the side of the triangle. 


E 
201. An arc ofa circle of radius R subtends a central angle 24 (a = i) 


The chord of this arc divides the circle into two segments, Inscribed in the larger 
segment is a regular triangle so that one of its vertices coincides with the mid- 
point of the chord, and two others lie on the arc. Find the side of the triangle. 
202. A circle of radius a is inscribed in an isosceles triangle. A circle of radius 
b touches the lateral sides of the triangle and the inscribed circle. Find the base 
of the triangle. . 
" 203. A point B is taken on the line segment AC whose length is equal to 12 cm 
so that AB = 4 cm. Circles are constructed on AC and AB as on diameters. 
Find the radius of the circl 
ment AC. . 
204. The base of an isosceles triangle is b, and the base angle is a. A ofrell 
is inscribed in the triangle. A second circle touches the first circle and the latera 
sides of the triangle. Find the radius of the second circle, 
205. Two radii (O4 and OB) are drawn in a circle of radius R with centre 


at O so that Z AOB = 4u (5 «a « a) 


e touching the two constructed circles and the seg- 


. Find the radius of the circle touch- 


ing the arc AB of the sector OAB, the chord AB, and the bisector of the angle 
AOB. 


206. Two equal circles of radit 


is a are arranged so that the distance between 
their centres is equal to a. The in 


tersection of the circles is divided by the line 
of centres into two curvilinear triangles, a circle being inscribed in one of them. 


Find the length of the line segment Joining the points of tangency of the in- 
scribed circle and the two given circles, 


207. A tangent AK is drawn from 
with centre at point O. The line 
M and forms an angle of 60° 
scribed in the curvilinear triangle MKA. 


i l h inscribed in the curvilinear triangle MKA, where : 
is the point of intersectio; 


irclos 25 respective sides AB, BC and EE 
Į circles circu i i edi 
BDK, and CK M intersect at a pong d ee 


n f 

r f BC are drawn fi h i to the circle 9 

radius of 12 em with centre at point O. Inscribed te "i ranis ABC isa circle 

Ee centre at O, touching the sides AC and BC at Points X and H. Find u^ 
quis 40B if the distance from the point O, to the straight line KH is equal 
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214. Drawn from the centre O of a circle of radius R are two radii OA and OB 
so that Z40B = a (a < a). Inscribed in the smaller segment of the circle 
cut off by the chord AB is a regular triangle one of the sides of which is perpen- 
dicular to the chord AB. Find the side of the triangle. 

215. A diameter AB and a chord AC are drawn in a circle of radius r. A 
Gres ds inscribed in the curvilinear triangle thus formed. Find its radius if 
zc. =a, 

216. A radius OM and a chord KP intersect at the point A in a circle with 


centre O, and Z MAK =a (a< I . A circle is inscribed in the curvilinear 


triangle thus formed, Find its radius if OM — r and OA — a. 

217. Drawn from the point A of a circle of radius r are a diameter AD and two 
chords AB and AC. Find the radius of the circle touching the arc BC and the 
chords AB and AC if AB = b, ZBAC = c, and AB > AC. 

218. Given on one side of an angle æ are two points, the distances of which 
from the other side of the angle are equal to b and c. (b < c). Find the radius 
of the circle passing through these two points and touching the other side of 


the angle. : 
219. The angle AOB is equal to «. A circle touches the side AO at a point C 
and intersects the side OB at points D and E. Find DE and the radius of the 


circle if it is known that OC = a and OD = b (b> a). 


SEC. 4. AREAS OF PLANE FIGURES 


Example 1. The point H is the orthocentre of the triangle ABC. 
A point K is taken on the straight line CH such that ABK is a right 
triangle. Prove that the area of the triangle ABK is the geometric 
mean between the areas of the triangles ABC and ABH (Fig. 55). 

Solution. We introduce the following notation: S45; = S, 


Sasco = S, and Sasu = S, Then S = 1 AB-KD, S, — 5 AB-CD, 
and Sy = 1 AB.HD. We have to prove that 


S-YS,8,, (1) 
i.e. that l AB.KD— y £ AB-CD- 5 AB-HD or that 
KD?—CD-HD. (2) 


But ABK is a right triangle, and, therefore, KD? = BD-AD (Theo- 
rem 6a). Thus, Equality (2) will be ascertained if we prove that 
BD-AD = CD-DH, or that 27 = 45. c 

The last equality obviously follows from 

the similarity of the right triangles BCD 

and HDA (in these triangles the angles E 

BCD and HAD are equal as angles with 
mutually perpendicular sides since AE is 
the altitude of the triangle). Hence, Equal- 
ity (2) as well as Equality (1) have been 
proved. Fig. 55 
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Example 2. Given the medians Blas ys 

^ and m, of a triangle, compute its drea. 
Solution. First of all note that Saare = 

D 3 Sanc (Fig. 56). Indeed, these mape 

: have a common base AC, and, hence. iei 
areas are to each other as the altitudes Ms 

and BH (Theorem 18). But from the simi 


CE c larity of the triangles MKE and BHE we 
"s hag ME -ME wä ME:BE= 
Fig. 56 conclude that "BE = pet 1 we 
M 1:3 (Theorem 3b). Thus. the sought ar 
S is equal to 3S 4 arc. NP vp 
; es Consider the triangle AMC (Fig. 57). e 
A e | we € of its sides, AM = gia, MC = > me, an 
i 
b. di the median ME = i my are known (we use 
ai > off EP 
Fig. 57 Theorem 3 once again). We lay off E 


equal to ME and Join P to A and C to 
get a parallelogram MCPA. ,We obtain: 


i.e, 2 = i = re known in the 
xSamcp- Three sides, i.e. 3 Marz my, and qme are k 


À c . M 
triangle MCP. Hence, the area of the triangle MCP can be found b) 
ero's formula (Theorem 19e). 
Thus, 


S= 98, uc = 98 scp 


S axo m Sep 


1 1 -m,—m 
=3 ve (m, + m, + m,) F (Ma Hm, — m.) z (Mat m v) 
p 4 


x V xQmn— m) = V (m, + m, 3-m,) (Ma my — m.) 


< Vim F m,— my) (m; + LP) 
area of a triangle with angles o, f. ee 
knowing that the distances from an arbitrary point AM taken insi 
the triangle to its Sides are equal to m, n, and k (Fig. 58). — (he 
Solution. The area S of the triangle ABC can be found by d 
formula S=1 AC. BC.gin Y, for which purpose we have to fn 


] : 0- 
AC and BC. Let us set BC =z. Then, by the law of sines (The 


Example 3. Find the 


E a 
rem B), we have; AC A T ; Whence we find that AC 
zsinB Sin p sing siny 


sing and Ap-.Tsiny 


Thus, the probl 


sing * 
h em is reduced to 
We are going to 
area S of the tri 


` ion: 
finding z. To set up an agua the 
method of areas (see Sec. 1), taking 

as à reference element. 


apply the 
angle ABC 


, 
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B 
A € 
Fig. 58 
On the one hand, we have: S=} AC-BC.siny=4. 250b .. 
, á á sing 


On the other hand, S—S4un T Spuet 


1 3 1 1 1 csiny 1 
Suse = 3 AB-k 4 ; BC-n + ; 4C-m Z' na ^3 sin + 
1 sinf m — E (Esin y--n sin a-m sin p) 
2" sing 2sing M 
x? sin B sin y T(ksin y--n sin «-1- m sin 
Hence, P3inBsiny _ c (ksiny+nsin a+ B), whence we get: 


2sina 2sina 
ksin y-- nsin &-4-msin f 

sin D sin y . 
Substituting this value of x into the first of the above formu- 


las for the area of the triangle ABC, we obtain: S = 2 Sin P sin y pen. 


e 


(k sin y+ n sin @+-m sin B)? 
2sin «sin f sin y . 

Example 4. Taken on the sides AB and BC of the triangle ABC 
are points K and P such that AK:BK = 1:2 and CP:BP — Boi. 
The straight lines AP and CK intersect at. the point Æ. Find the 
area of the triangle ABC if it is known that the area of the triangle 
BEC is equal to 4 em? (Fig. 59). 

Solution. We set AK = z, BK = 2x2, BP = y, CP = 2y and 


ni 
draw PAT || KC. By the Thales theorem, EM = BP =i. Hence, 


MK C 


5 
BM =F and KM =, 


Purther, the triangles AKE and AMP are similar, therefore, 


K 


ro NS: 7; NN KE T 3 s Bo3; 
AP. ie. Np AT and, hence, KE = 7 MP. 
WI qr 
On the i MP PP 1 gy app nde 
other hand, "XO po 35 be P= 3 KC. 


Thus, we get: KE -1 KC, and, therefore, EC - 5 rc. 


i Consider the triangles BEC and BKC. They have a common alti- 
"de (the one drawn from the vertex B), and, hence, their areas are 
4-019286 
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to each other as the bases XC and EC (Theo- 

is, Saxe Zae But 
rem 18), that is, o Tow» 
4 


sec = 4 cnr, and, consequently, Spre” 
4 


Finally, consider the triangles BAC and 
ABC. They have a common altitude (the 
one drawn from the vertex C), and, hence; 
the ratio of their areas is equal to the ratio 


Fi : E à 3 
Pus 8 of their bases: Sasc _ AB _ NEM 
SBkc BK i 2x ae 
B Thus, we get: S Bc — = Sexe =F x 
| cm* 
7 = k 


Example 5. The angle A of the triangle 
ABC (AD = BC) is equal to arctan f 

. z i -hes 

- (Fig. 60). A circle of radius of Lem touche 

RE e XC (he sides AB and BC and intersects the 
Fig. 61 base AC at points £ and K (E lying between 
A and K), M is the point of contact of the 


circle and the straight line BA, and AM = 2 cm. Compute the 
area of the triangle AMK. 


Solution. First of all, we have to carry oul computations which 
will enable us to find out where the centre of the circle lies (for th 
time being it is clear only that this centre lies on the altitude - 
of the isosceles triangle ABC, since BA and BC are tangents to ! 
circle, and, therefore, the centre of the circle lies on the bisector ° 
the angle between the lines) (Theorem 12h). e 

~et us denote the angle BAC by a. We draw a radius OM in Ls 
point of tangency, then the angle BOM is also equal to g. By th 


hypothesis, tan g = Š. Taking advantage of the formula 1 + 


M 


2 1 8, 
tan? g = costa : We find that cos g — 15 then sin &=tan g cosa = T 
; Uh 17 
We find from the triangle BOM that BO.—.0M _ 1 og 
cos & 45 
1 
8 
and BM — OM tan s. Further, AB- AM + Bal - Dg 
289 
ix d BH = AB sing 289 8 4; 
" This means that BH y 17 15 1# 
E ste a = > and, refore. { 1 O and 
Coincide, and for the further alition tafone, fig Legion x 


aa solution of the problem we have 


xe a new (correct) drawing (Fig. 61). 
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B 
Cc 
A 
D D 
Fig. 62 Fig. 63 


We shall determine the area of the triangle AJK with the aid of 
the formula S =14AM-AK.sina. It is known that AM — D$ em 


8 
and sina = $. Thus, the problem has been reduced to finding the 
line segment AK. 

Let us take advantage of the fact that AM?=AE.AK (Theo- 
rem 16e). We set AE — z, then 4K —2--z, and we get the equa- 

: 9 
tion: wart2+2), whence «= $* 

Then AK — 5. 2 and, consequently, — S4 — 
ZAM-AK sina= 4.8.28 _ 38 cm?, 

Example 6. Drawn through the midpoint of the diagonal BD in 
the quadrilateral ABCD is a straight line parallel to the diagonal 
AC. This line intersects the side AD at the point E. Prove that the 
line CE divides the quadrilateral ABCD into two equivalent parts 
(Fig. 62). 

Solution. We have to prove that the area of the quadrilateral ABCE 
is equal to half the area of the quadrilateral ABCD. This will just 
mean that the areas of two figures ABCE and CED are equal, that is, 
that the figures are equivalent. . 

Note that the quadrilateral ABCE is equivalent to the quadri- 
lateral ABCM, where M is any point on the line EP: indeed, the trian- 
gles ACE and ACM have a common base and equal altitudes since 


A* 
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the points £ and J lie in a straight line parallel to the base AC. 
This fact prompts the idea of replacing the quadrilateral ABCE by ws 
equivalent quadrilateral ABCK, where K is a specially chosen pom 
on EP. Let us choose the middle of the diagonal BD as K (Fig. 62). 


We have: Saper —1AC.BK.sin a, Where z is an angle between 
TT ; TE. 
the diagonals (Theorem 20b). By the hypothesis, BA => BD. 
Thus, Saser = iac. + BD-sin a= + (3 AC-BD-sin a) = 
LT which was required to be proved. 


Example 7. The area of a convex quadrilateral ABCD is equal p 
2 cm?. Its sides are extended: the side AB beyond the point B so tha 


BL= 1 AB, the side BC beyond the point C so that CP = i BC, the 
side CD beyond the point D so that DE = Lap, and the side D4 


beyond the point A so that 4 = lap. Find the area of the quadri 
lateral MLPE (Fig. 64). 7 

Solution. Introduce the notation: AB — a, BC — b, Cad a 
and DA = m. Consider the triangle AML. In it, AM = ym and 


AL = a. Then its area S, is equal to £ S d m asina, where 
«= Z MAL. Comp 

E t 
ABD: 8,55 = SAB. A Destin (180° — a) = 1 am sing. Note tha 
$, =35 


: , ak e jangle 
are this expression with the area of the triang 


ABD: 
e 
Analogously, the area S of the triangle CPE is related to th 
4 
area of the triangle BCD by the 


formula S, = Â S nop. Hence, 51 
Ss = is 


: 3 E — ame 
ABD Tr Sep) => Sapen = 3, -2 = 1.5 cm*. In the s8 
M L 


" : = p 
Way, if we set S, = Sy,5 and S = SP 
LK we obtain: Sa + §, — 1.5 cm*. S, + 
Hente, Sape = S apeo + Si + ?? 
Sy + 32:9 +15 4.5 =5 om. 


i5 
Example 8. A circle with centre > with 


circumscribed about the triangle 47 rms 

an obtuse angle A. The radius AC Torte 

p èn angle of 30° with the altitude AM. ter- 

extension of the angle bisector A pe 

Secls the circle at the point L, and E 

E radius AO intersects BC at the poms yl 
Fig. 64 (Fig. 6 


E 4]ater 
5). Compute the area of the quadrilat 
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FEOL if it is known that AL = 4y2 cm and AZ — Vay3 2V3 cm. 

Solution. In Example 6, we determined the area of a quadrilate- 
ral using Theorem 20b, and in Example 7, as the sum of the areas 
of component parts. In the present case, it is advisable to consider 
the quadrilateral in question as the difference of the triangles AOL 
and AFE. Hence, Srgor = Saor — Sarg Therefore, the further 
solution of the problem will be mainly reduced to computing var- 
ious elements (sides, angles) of the triangles AOL and AFE. 

We are going to prove that OL is parallel to AH. To this end, note 
that ZCAL = ZLAB (by the hypothesis), and, therefore, UCL = 
UBL. But then the chords CL and BL are also equal, that is, CBL 
is an isosceles triangle (Fig. 66). But the centre O of the circle cir- 
cumscribed about the isosceles triangle CBZ lies on its altitude KL. 
It is obvious that KL || AH, pu X E OL || AH. But then 


ZHAF = ZALO —Z LAO = l7HAO = :30* = 15% 


And so, let us sum up, as a preliminary: we know that AOL is an 
isosceles triangle with angles 15°, 15°, and 150° and side AL equal 


to 4/2 cm. This is sufficient to compute its area. 
By the law of cosines (Theorem 7), we have: AL? = AO?-+- 
OL?—24A0-OL.cos 150°, whence, setting AO=OL=R, we get: 
5 2 va 32 i 3 
2 -R?--.2gR? x HP = 32 (2 3). 
(4/2) — Re4 Re OR seve O-V8). 
ema we have: x s do AO OL sin 1509 = Rt. i-i x 


— V3) =8 (2 — V3) em*. 


u an compute the areg: of the triangle AFE. We have: HE = 
AH tan30° — Y 3y 8- = HF = AH tan 15° e=V2V3 (2—V3) , 
FE=HE—HF =V2V3 (¥3_24Y8) = V2v5 6-13, and 


Shay sh PEA et VOY zeyd ys V3 —2 (23— V3) em? 
A A 


Y 
L 


B 


Fig. 65 Fig. 66 
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Hence, Srror=Saor — Sare = 8 (2 — y3) — 2 (2 — y 3)— 
6 (2 — V3) cm?. E 

Example 9. In the pentagon ABCDE, AB=//2, BC = CD, 
ZABE = 45°, and ZDBE = 30° (Fig. 67). Compute the area of 
the pentagon if a circle of radius of 1 cm can be circumscribed about 
this pentagon. 

Solution. We are going to compute the area of the given pentagon 
as the sum of the areas of the triangles ABE, BDE, and BCD. By 


the law of sines, applied to the triangle ABE, we find that EDA = 


in 45° 
2R, that is, AE = Y 2. Hence, ABE is a right isosceles triangle i 
which AB = AE = V2, and, therefore, BE =2 and 
4 AB-AE = 1, 


Since BE = 2, BE is a diameter of the circle. Hence, BDE isa 
right triangle, wherefrom we find that DE — 1, BD= pa and 


? 
Srp «m BD-DE —- 53. 


2 


3 


d € 
Sane es 


Finally, consider the triangle BCD, where BD = V3. By the law 
; BD 73 
of sines, "inzBop = 2R, that is, sin Z BCD =. Hence we 
obtain: BCD = 120° and Z CBD = LCDB =30°. Since -2S5 = 
2R, we get: BC = CD = 1 and Spey = L BC.CD.sin Z BCD = 
1 V3 v3 H 
pigs . 
m = . = 
Thus, $,— ap edt c V3 = 4+3V3 
2 "' à 4 is 
Example 10. The centres of four circles are situated at the vertices 
of a square with side a, each radius being equal to a. Compute the 
area of the intersection of the circles (Fig. 68). 
Solution. For symmetry reasons, it follows that the quadrilateral 
EKMP is a square. Hence, the desired figure is a combination of a 


B 
B 


SX, 
EN 
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e 
oO 


square and four equal segments. To com- c 
pute the area of a segment, we have, first 
of all, to find the corresponding central an- 
gle. Since the triangle AKD is equilateral, 
ZKAD = 60°, and, hence Z7 BAK = 
30. Similarly, we get: ZMAD = 30°, 
and, therefore, Z KAM = 30°. Applying 
Theorem 24, we find the area of the seg- `A O B 
ment: Sseem = la (5 —5) " Fig. 69 


To find the side of the square EK AP, we apply the law of cosines 
to the triangle AKM: KM? = AR? + AM? — 2AK-AM-cos 30°, 
iü KP d Ba—X6--d4(-—yS. 


Finally, we get: S = S,quare + 4Ssegm = a(2— V3)+ 

2 T » T a 
20 (= s)=@ (14+ V3). 

Example 11. A circle touches the sides AC and BC of the triangle 
ABC at points D and £, respectively, and has its centre on the side 
AB. Find the area of the sector DOE if BC = 13 cm, AB = 14 cm, 
and AC = 15 cm (Fig. 69). 

Solution. To find the radius of the sector, we are going to apply the 
method of areas (see Sec. 1). On the one hand, the area S of the tri- 
angle ABC can be found by Hero's formula (Theorem 19e): S = 


84 cm?. On the other hand, S = S4oc + Szoc — 1 AC-DO E 


4 BC-OE — 3 (154-13) r = 14r. 

Hence, 14r = 84 and r = 6 cm. 

To find the area of a sector, it is necessary to know its central 
angle, that is, the angle DOE. From the quadrilateral ODCE we con- 
clude that ZDOE = a — y, where y = ZACB. By the law of co- 
sines, AB? = AC? + BC? — 2AC-BC-cosy. Hence, 144 = 13? + 
152 — 2-13-15-cos y, whence we find that cos y=, and, there- 
fore, y — arccos me Hence it follows that the central angle of the 


i It i cos 
sector is equal to x — arccos jgz ° 


E 1.2 . 00 y — 
By Theorem 23, we get: Ssector = 2 T (a arccos is) 


18 (a—arecos dus) s 

Example 12. A point M is taken inside the triangle ABC with 
sides a, b, and c so that the sides of the triangle are seen at equal 
angles from this point. Find AM + BM + CM (Fig. 70). 
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B Solution. As distinct from the previous 
problems, this problem does not deal with 
the computation of the area of a plane 

ë a figure. Nevertheless. as we shall see. the 
area of a triangle will turn out to be à 


means for solution. 
Let us set AM — z, BM =y, and 


CM =z. By the hypothesis, ZAMB = 
Fig. 70 ZBMC = ZAMC = 120°. Applying the 
E law of cosines to each of the triangles 

AMB, BMC, and AMC, we get the system of equations: 


aii y?+ yz, 
P= 2+ 221 az, 
C= a+ y?4+ ay. 
Further, we have: S = Sapo = Saye + Sauce + Sana = 
3 , F 3 
Laz sin 120° + : yz sin 120° Gy sin 120: — -! 


x g (12 + yz + ty). 

Hence, zy--zz--yz— F where S— Y p(p—a) (p—b)(p—°) 
a+bte ` 

(P= ). 


It is necessary to find the value of the sum: z--y+t-z. We have: 

(+y +2)? =r 4 y+ 2+ Qry+ 2r 2yz. Adding the three equa- 
" " 244p? 2 

tions of the system, we get 2 + y+? = K kiari iair et 


i (zy + 22 4- yz). 


2) p21 pe 2A pitict 
Hence, (x+ y+ z)= pt = +S (ayaz ya St re + 
Py St os V3, and, consequently, z--y + z= 


^ 22-.p 2 = 
y St +esys. 


Example 13. In the triangle ABC, AC:BC = 2:1 and ZC = 


arceos 7. Taken on the side AC is a point D such that CD:AD — 1:2- 
Find the ratio of the radi 
triangle A BC to the radi 

Solution. We introd 
Then AD — 3a, AC — 

In order to find the ra 
triangle ABC, we are g 
cosines, and then use 


us of the circle circumscribed about the 
us of the circle inscribed in the triangle ABD. 
uce an auxiliary parameter, i.e. CD = 4- 
4a, and BC = 2a (Fig. 71). 

dius R of the circle circumscribed about the 
oing to compute the side AB by the law of 
the law of sines. We have: AB? = AC? + 
BC? — 2AC-BC-cos C, that is, AB? = 16a? 


+ 4a? — 2.4a-2a- i' 
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whence we find: AB = 2ay 2. By the hypothe- A 
sis, cosC =F , and, hence, sin C = / 1— cos? C = 
YT ` AB 
— By the law of sines, mae 2R, and, 3a 
hence, =2R, whence we find: 
lay 2 D 

R s EF 

. V7 , ] . . a 

The radius r of thecircle inscribed in the trian- 
gle ABD is found by the formula r= S where Sc 2a B 
is the area, and p the semiperimeter of the triangle Fig. 71 


ABD. It is already known that AD = 3a and AB = 
2ay 2. The side BD is found from the triangle BCD by the law of 


à - a a 3 = 
cosines: BD? = a? + 4a* — 2-a-2a- 7“ whence BD = aV2. Hence, 


--2aV 3--aV 2 _ 3a , 3aV2 
p an SE era a = 3+ ay . The area S of the triangle 


ABD is computed by Hero's formula: 
S — V p(p—AD) (p—AB) (p— BD) 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 
I. Area of Triangles 
5 . 
220. Prove that the arca of a triangle is equal to 5 "ano sin g, where mj 
- my are medians, and œ is an angle between them. 


221. In a tri BC, AC — 3 cm, ZA = 30°, and the radius of the 
t rcumscribed dui eru Cem: Prove that the area of the triangle ABC is less 
an 3 emè, 


222. Prove that S < Micro , where b and c are sides of a triangle, and S 


is j 4 
Ard 1 66 cm, Find t} 
579. The sides of a triangle are equal to 55 cm, 55 cm, and 66 cm. Find the 
inne the triangle whose e are the feet of the angle bisectors of the given 
gle 


AB = 13 cm, BC = 15 cm, and AC = 14 cm. 


224. 2 " 
8 tà, triangle ABC, bisector BD, and the median 


Mer 
awn in the triangle are the altitude BH, the angle 
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BM. Find: (a) the area of the triangle BHD; (b) the area of the triangle BMD; 
(c) the area of the triangle BH M. t k . ES ` 

225. Taken on each median of a triangle is a point dividing the median 
in the ratio 5:1, reckoning from the vertex. Find the area of the triangle with 
vertices at these points if the area of the original triangle is equal to 64 cnr. 

226. A square is inscribed in a triangle with base a. Find the area of the 
triangle if it is known that the side of the square is larger than half the base of 
the triangle, and the area of the square is one-fourth of the area of the triangle. 

227. Circumscribed about a triangle ABC with the angle B = 60° is a circle 
Whose radius is 4 cm. The diameter of the circle perpendicular to the side BC 
intersects AB at a point M such that AM:BM = 2:3. Find the area of the 
triangle. S 

228. Find the area of a right triangle with hypotenuse c if it is known that 
the sum of the sines of its acute angles is equal to q. 

229. Find the area of a right triangle with an acute angle « if it is known 
that the distance from the vertex of the other acute angle to the centre of the 
inscribed circle is equal to m. 

230. In an acute triangle ABC, AB — c, the median BD — m, and 
ZBDA =f (f < 90°). Find the area of the triangle ABC. 

231. A straight line is drawn through the vertex of the angle œ at the base 
of an isosceles triangle at an angle f to the base (B < o). This line divides the 
triangle into two parts. Find the ratio of the areas of these parts. 

, 232. A straight line is drawn through the midpoint of a side of a regular 
triangle. The line forms an acute angle œ with this side. Find the ratio of the 
areas of the parts into which this line divides the triangle. 

233. In a triangle ABC, ZA =a and ZC = y. Drawn in it are the angle 
bisector BD, the altitude BH, and the median BM. Find: (a) the ratio of the 
area of the triangle BD M to the area of the triangle ABC; (b) the ratio of the 
area of the triangle BHM to the area of the triangle ABC; (c) the ratio of the 
area of the triangle BHD to the area of the triangle ABC. 

S = the area of a triangle given its sides a and b, and the angle bi- 
sector 1, = l, 

235. The median AD of a triangle ABC intersects the circle circumscribed 
about the triangle at the point Æ. Find the area of the triangle A BC if it is known 
that ZBAD = 60°, AB + AD = DE, and AE — 6. 


236. Prove that S < E z/?, where S is the area of a triangle, and R the 


radius of the circle circumscribed about it. 


237. One of the angles of a triangle is equal to 60°. 
the inscribed circle di 


area of the triangle, 

238. Drawn from the point M situated on the side AB of a triangle ABC 
are lines MQ || AC and MP || BC. Find the area of the triangle ABC if it is known 
that the area of the triangle BMQ is equal to Sı, and the area of the triangle 
AMP to S,. 

239. Lines are drawn through a point taken inside a triangle. These lines 
are parallel to its Sides and divide the triangle into six parts anion which there 
three triangles with areas Sı, S2, and Ss, Find the area of the original trian- 


1 4 The point of tangency of 
vides the opposite side into two segments a and b. Find the 


d in a triangle with sides 1 34 cm. 
area of the triangle whose verti ichs d M RH ALS 


gle ABC. 


242. The perpendiculars MD, ME and MF ar int M sit- 
> Ti e , ME, a " are dropped tM sl 
uated inside a triangle ABC to the sides AB, BC, and um Find 
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the ratio of the areas of the triangles ABC and DEF if it is known that AB = c, 
BC a, AC b, ME k, MF m, and MD =n. 

243. The altitudes AD, BE, and CF are drawn in a triangle ABC. Find the 
ratio of the areas of the triangles DEF and ABC if the angles of the triangle ABC 
are œ, p, and y. 

244. The chord AB subtends an arc of a circle whose length is one-third of the 
circumference of the circle. A point C is taken on this arc, and a point D on the 
chord AB. Find the area of the triangle ABC if it is known that AD = 2 cm, 
BD = 1 cm, and CD = V? cm. 

245. In a triangle ABC, the angle C is equal to 60^ and the radius of the 
circumscribed circle is equal to 21/3 cm. Taken on AB is a point D such that 


AD:DB = 2:1, and CD — 2V'2 cm. Find the area of the triangle ABC. 
246. The angle A of an isosceles triangle ABC (AB = BC) is equal to 


arcsin 5 . A circle whose centre is E: em distant from the vertex B touches the 
lateral sides AB at the point K and BC at the point P, and cuts off a line segment 
EF on the base AC. Find the area of the triangle EPC if it is known that PC — 


6 
T cm. 

247. A circle is circumscribed about a triangle ABC. A tangent to the circle 
at the point B intersects the straight line AC at the point D (the point C lies be- 
tween the points A and D). Find the area of the triangle BCD if it is known that 


94 
ZBDC = arccos zd BD = 29 cm, and the distance from the centre of the cir- 
cle to AC is equal to 10 cm. 


39° 


II. Area of Quadrilaterals 


248. Straight lines are drawn through the vertices of a quadrilateral par- 
allel to its diagonals. Prove that the area of the parallelogram thus obtained is 
twice the area of the given quadrilateral. 

249. The sides of a parallelogram are a and b, and the angle between them 
is æ. Find the area of the quadrilateral formed by the bisectors of the interior 
angles of the parallelogram. i ^ 

250. The median of an isosceles trapezoid is equal to a, and the diagonals 
are mutually perpendicular. Find the area of the trapezoid. f 

251. The perimeter of a trapezoid is 52 cm, and the smaller base is 1 cm. 
Find the area of the trapezoid if it is known that its diagonals are the bi- 
sectors of the obtuse angles. T . 

252. Two circles of radii of 4 cm and 8 cm with centres at points O, and Os 
intersect at points C and D, AB being their common external tangent. Find the 
area of the quadrilateral 0,A BO% if it is known that the tangents drawn to the 
circles at C are mutually perpendicular. d 

253. Two equal circles of radius A with centres at points O, and O, touch each 
other externally. A straight line 7 intersects these circles at points A, B. C, and 
D so that AB — BC — CD. Find the area of the quadrilateral 0,4 DO;. 

254. The sides of a triangle are equal to 20 cm, 34 cm, and 42 cm. The al- 
titude lying inside the triangle is divided in the ratio 3:1, as measured from the 
vertex, and a straight line is boe through the p cs pus perpendicular to 
this altitude. Find the area of the trapezoid thus obtained. s 

253. e ps of a triangle are equal to 20 cm, 34 cm, and 42 cm. Find the 
area of the inscribed rectangle if it is known that its perimeter 1s equal to 45 em. 

256. The bases of a trapezoid are ez om n i E the nonparallel sides 

i 5 a . Find the area of the trapezoid. — Å 
Ms The dune dba ieapeatiid are 30 cm and 12 cm, the diagonals being 20 cm 


and 34 cm. Find the area of the trapezoid. 
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258. One of the bases of a trapezoid is 7 cm. The circle inscribed in the trap- 
ezoid divides one of the Jatera] sides into line segments, 4 cm and 9 cm long. 
i a of the trapezoid. x : 
ee y or ABCD. K is the midpoint of the base AD, M is the mid- 
point of the base BC, BK is the bisector of the angle ABC, and DM is the bi- 
sector of the angle ADC. Find the area of the trapezoid ABCD if its perimeter 

is equal to 30 cm and ZBAD = 60°. s $ ; " 

260. In a convex quadrilateral ABCD, points E, F, P, and K are the mid- 
points of the sides AB. BC, CD. and AD, respectively. It is known that EP == 
EF. Find the area of the quadrilateral ABCD if AC = 15 cm and BD = 
20 cm. 

261. Find the area of a parallelogram given its sides a and b (a — b) and 
the angle œ between its diagonals. ae 

262. Find the area of a trapezoid with an acute angle « at the base if it is 
known that one of the bases of the trapezoid is a diameter of the circle of ra- 
dius R circumscribed about the trapezoid. A 

263. A circle is inscribed in a trapezoid with acute angles œ and f. Find 
the ratio of the area of the trapezoid to the area of the circle. 

264. In a triangle ABC, ŻA = c. B = B, ZC = y, and the altitude 
BD = H. Constructed on BD as on the diameter is a circle intersecting the 
sides AB and BC at points E and F, respectively. Find the area of the quadri- 
lateral BFDE. A 

265. A straight line 1, parallel to the base AC of a triangle ABC, cuts oll a 
triangle BED from this triangle. An arbitrary point M is taken on the side AC. 
Prove that the area of the quadrilateral BEMD is the geometric mean between 
the area of the triangle ABC and the area of the triangle BED. 

266. The diagonals of a trapezoid ABCD (AD || BC) intersect at the point 
O. Find the area of the trapezoid if it is known that the area of the triangle AOD 
is equal to a?, and the area of the triangle BOC to b?. 

267. Inarhombus ABCD, M, N, P, and Q are the mid 
BC, CD, and AD, respectively. Find the area of 
the straight lines A.V, BP. DM, and CQ if the 
100 cm?. 


268. Two circles of radii a and b touch each other externally. Common ex- 
ternal tangents are drawn to them. Find the area of the quadrilateral whose 
vertices are the points of tangency. 

269. The diagonals of a quadrilateral ABCD intersect at 
the area of the quadrilateral if it is known that the areas of the triangles AOB, 
BOC, and COD are equal to 12 cm2, 1 2 2. A 

270. A circle touches the sides AB and AD of a rectangle ABCD, passes 
through the vertex C, and intersects the side DC at the point K. Find the area 
8 cm. 

; 271. A point M is taken inside a rectangle ABCD so that AM = V2, BM = 


Free A = 6. Penn the area of the Tectangle ABCD if it is known that 


points of the sides AB, 
the quadrilateral bounded by 
area of the rhombus is equal to 


HI. Area of Polygons 


272. Constructed externally on the le k 
2. Co ; A } gs AC and BC and on the hypotenuse 
AB of a right triangle ABC are Squares CMPA, BEFC, and ADKB? Find the 
area a me ragon D KEFMP if AB = c and SAABC = S 
273. onstructed on the sides AC, BC, and AB ofa triang le ABC are squares 
CMPA, BEFC, and ADKB. Find the area of the hexagon DKEFMP iE Ut is 
known »u AB = 13 cm, AC = 14 em, and BC = 15 cm 
274. A given square With side a is cut ff at t s lar 
octagon is obtained. Find the area of the Pce Spomine an TO og 
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275. Given a square with side a. Constructed externally on each side of 
the square is a trapezoid so that the upper bases of the trapezoids and their later- 
al sides form a regular dodecagon. Find the area of the dodecagon. 

276. A circle is divided into eight parts by the points 4, B. C. D, E. F. P, 
and K. It is known that VAB =UCD = UEF =UPK and UBC =UDE = 
UFP =UKA;_ besides, UAB = 2UBC. Find the area of the octagon 
ABCDEFPK if the area of the circle is equal to 2892 cm?. 

. Inscribed in a circle of radius R are a regular triangle and a square 
having a common vertex. Find the area of their intersection. 

278. Each side of a triangle is divided into three parts in the ratios 3:2:3. 
Find the ratio of the area of a hexagon, whose vertices are the division points, 
to the area of the triangle. 

279. The area of a quadrilateral ABCD is equal to 12 cm?. Taken on the 
sides AB, BC, CD, and DA are points F, K, M. and P, respectively, such that 
AF:FB = 2:1, BK:KC = 1:3, CM:MD = 1:1, and DP:PA = 1:5. Find the 
area of the hexagon AFACMP. 


IV. Area of Combined Figures 


280. The sides of a triangle are 20 cm, 34 cm, and 42 cm. Find the ratio 
of the areas of the inscribed and circumscribed circles. 

281. The side of a regular triangle is equal to a. Constructed on the side as 
on the diameter is a circle. Find the area of the part of the triangle lying outside 
the circle. 

282. A circle is inscribed in a regular triangle. Another circle is described 
from one of the vertices of the triangle as centre, the radius of the second circle 
being equal to half the side of the triangle. The area of the intersection of the 
circles is what part of the area of the triangle? 

283. Two circles of radii a and b (a> b) touch each other externally. 
A common external tangent is drawn to them. Find: (a) the area of the curvi- 
linear triangle thus obtained; (b) the area of the circle inscribed in this triangle. 

284. The side of a regular triangle is equal to a. The centroid of the triangle 
serves as the centre of the circle of radius $T Find the area of the part of the 


triangle lying outside the circle. 

285. Semicircles are constructed on each side as on the diameter inside a 
square with side a. Find the area of the rosette thus obtained. 1 

286. Each of n equal circles touches two neighbouring ones. Find the area 
of the figure bounded by the nearest to each other arcs ol these circles if it is 
known that the radius of the circle with which all the given circles have an in- 
ternal contact is equal to R and that: (a) n = 3; (b) n = 4; (c) n = 6. : 

287. Two equal chords are drawn from a point taken on a circle of radius 
R, the angle between the chords being equal to «. Find the area of the portion of 
the circle enclosed between these chords. y , 3 

288. Let ABCDEK denote a regular hexagon with side a, and O its centre. 
Three circles are drawn: the first with centre at A passes through the points C 
and E, the second with centre at B passes through the points O and C, and the 
third with centre at A passes through the points O and E. Find the area of the 
figure bounded by these three circles and lying inside the hexagon. 

289. Two circles of radii R and 2R are arranged so that the distance be- 
equal to 2R y 3. Drawn to them are common 


tangents intersecting at some point of the line segment 0,0,. Find the area of 
the figure bounded by the segments of the tangents and the major ares of the 
circles joining the points of tangency. 1 t I 
2907 The ase of a triangle is equal to a, the base angles being 15° and 45°, 
A circle is constructed with centre at the vertex of the triangle opposite to its 


tween their centres 0, and O, is 
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base and of radius equal to the altitude drawn from this vertex. Find the area 
of the portion of the circle lying inside the triangle. . 

291. Two circles of the same radius are arranged so that the distance 
between their centres is equal to the radius. Find the ratio of the area of the inter- 
section of the circles to the area of the square inscribed in this intersection. 

292. Given a semicircle with diameter AB, C being an arbitrary point be- 
longing to the diameter AB. At the point C, a perpendicular CD is erected to 
the diameter to intersect the semicircle at the point D. On AC and CB as on 
diameters, two semicircles are constructed inside the given one. Prove that 
the area of the figure bounded by the three semicircles is equal to the area of 
the circle constructed on CD as on the diameter. P 

293. In a triangle ABC, ZA = «4, ^p = P, and AC = b. The altitudes 
AD and BE intersect at the point H. A circle is circumscribed about the triangle 
HDE. Find the area of the intersection of the circle and triangle. 

294. Arranged inside a regular n-gon with side a are n equal circles so that 
each touches two others and a side of the n-gon. Find the area of the "star 
formed at the centre of the n-gon. 

295. Arranged inside a regular n-gon with side a are n equal circles so that 
each touches two adjacent sides of the n-gon and two other circles. Find the area 
of the "star" formed inside the n-gon. 


V. Miscellaneous Problems 


296. The area of a triangle is equal to 16 cm?, the medians m, and m; are 
equal to 6 cm and 4 cm, respectively. Prove that these medians are mutually 
perpendicular. 

297. An arbitrary point is taken inside a regular n-gon. Perpendiculars are 
dropped from this point to the sides or to their extensions. Prove that the sum 
of these perpendiculars is a constant quantity. 

298. A straight line is drawn through the centroid of a regular triangle 
ABC parallel to the side AB. Taken on this line inside the triangle is an arbi- 
trary point W, and from this point the perpendiculars MD. ME, and MF are 
dropped to the sides AB, AC, and BC, respectively. Prove that WD = 


1 (we + ur). 


a 4 " 

299. Prove that AUS EQUO p" =» where Ay, ho, and hs are the altitudes 
of a triangle, and r is the radius of the inscribed circle. 

300. Let D be an interior point of the side AC of a triangle ABC, r; and rg 
the radii of the circles inscribed in the triangles ABD and BDC, respectively, 
and r the radius of the circle inscribed in the triangle ABC. Prove that r «rn sr 

301. The area of a convex quadrilateral ABCD is equal to 3024 cm?, and 
the diagonals to 144 cm and 42 cm. Find the length of the line segment joining 
the midpoints of the sides AB and CD. 

302. The area of an isosceles triangle is equal to S, and the angle between 


i a. Find the base of the triangle. 
303. The sides of a trian le are a and b, th n being y. 
Find: (a) the angle bisector ja (b) the altitude poem “emesen themi INERS 4 


304. The base of a trian leisequalt i i of 
the lateral sides if it is lagen that the M CU eg d 
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306. Known in a triangle are two sides a and b (a> b) and the area S. Find 
the angle between the altitude and median drawn from the common vertex of 
the two given sides. 

307. Knowing the area 5 and the angles c, B. and y of a triangle, find the 
length of the altitude drawn from the vertex of the angle a. 

308. Inscribed in a triangle ABC is a circle touching the side AB at the point 
M. and the side AC at the point N. Find the angle BAC and the radius of the 
inscribed circle if AM = 1 cm, BM = 6 cm, and CN = 7 cm. 

309. The area of a rectangle ABCD is equal to 48 cm?, and the diagonal to 
10 cm. The point O is 13 cm distant from the vertices B and D. Find the distance 
from the point O to the most remote vertex of the rectangle. 

310. The sides a, b, and c of a triangle form an increasing arithmetic pro- 
gression, Prove that ac = 6Rr, where R and r are the respective radii of the 
circumscribed and inscribed circles. 

311. The bases of a trapezoid are a and b. Find the length of the line segment 
which divides the trapezoid into two equal parts, is parallel to the bases and 
enclosed between the lateral sides. 

312. In a trapezoid ABCD, the base AD = BC = 12cm. A point M is taken 
on the extension of BC beyond the point C so that the area of the triangle cut 
oil by the straight line A M from the trapezoid ABCD is equal to one-third of 
the area of the trapezoid. Find the length of the line segment cM. 

313. The altitudes AD and CE of an acute triangle ABC are dropped from 
the vertices A and C. It is known that the area of the triangle ABC is equal to 
18 em?, and the area of the triangle BDE is equal to 2 cm®, the length of the 
line segment DE being equal to 2 Y 2 em. Compute the radius of the circle cir- 
cumscribed about the triangle ABC. 

314. The altitudes AD and CE of an acute triangle ABC are dropped from 
the vertices A and C. It is known that the area of the triangle ABC is equal to 
64 cm?, and the area of the triangle BDE is equal to 16 em?. Find the length of 
the line segment DE if the radius of the circle circumscribed about the tri- 


angle ABC is equal to 16)/ 3 cm. 
315. Taken on the sides AB and AC of the trian, le ABC whose area is equal 


to 6 cm? are respectively points K and M such that AR:BK = 2:3 and 

AM:CM = 5:3. The straight lines CK and BM intersect at the point P. 

Find AB if the distance from the point P to the line AB is equal to 1.5 cm. 
316. The angle bisector AD of an isosceles triangle ABC (AB = BC) is 


lrawn. Find AC if Sa; = S, and Saapc = Ss. 
PEAN iuri ^A BC, H is the orthocentre. Find the line segment AH 


317. In a triangle ABC 
if AB = 13 cm, BC = 14 cm, and AC = 15 cm. NEN . 

318. The centre of the circle inscribed in a triangle is joined to the vertices 
of the triangle. As a result, three triangles are obtained whose areas are 4 cm?, 
13 em?, and 15 cm?. Find the sides of the original triangle. 

319. In a triangle ABC it is known that BC:AC—3 and ZC-—y. Taken 
on AB are points D and K such that Z ACD— ZDCK — Z.K CB. Find the ratio 


CD:CK : : l 

800. The median BD of a triangle ABC is drawn. Find the ratio of the radius 

of the circle circumscribed about the triangle ABD to the radius of the circle 
inscribed in the triangle ABC if AB — 2. AC = 6, and ZBAC = 60°. 

321. In a triangle ABC itis known that AC:BC = 1:8 and ZACB = 

/5 Taken on the side AC is a point D such that AC = CD. Find the 


arctan K3, 
f the circle circumscribed about the triangle ACD to the area 
in the triangle ABD. 


ratio of the area 0! 
of the circle inscribed 
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SEC. 5. GEOMETRICAL TRANSFORMATIONS 


Let us consider the notions of central symmetry and also a com- 
position of central symmetries by way of examples. 

Example 1. Through a point lying inside a circle draw a chord to 
be bisected by the given point. : 

Solution. We construct a circle symmetric to the given circle. about 
the given point. The desired chord will be a common chord of these 
circles. A k 

Example 2. Construct a pentagon given the midpoints of its sides. 

Solution. Let us denote the midpoints of the sides of the pentagon 
to be constructed by M, N, P, Q, and K. We take an arbitrary point 
A and consider the composition of central symmetries Z o Zoe 
ZpoZyo Zm. What is done by this composition with the point A? 
If the composition is denoted by 6, then ô (A) = A (Fig. 72). Let 
Zpe Zy o Zw (4)= Zs (A), then Zgo Zo o Zs (A) =A, Construct 
the parallelograms MN PS and SQKA, and the further construction 
of the desired pentagon becomes obvious. 


Let us consider a couple of examples of application of azial sym- 
metry. 1 
Example 3. Given two circles ©, and o, and a straight line l. 


Construct an equilateral triangle such that two of its vertices belong 
to the given circles, the third vertex bel 


onging to the given straight 
line (Fig. 73). 

Solution. Suppose that AABC is the desired triangle. Since the 
altitude AD of the equilateral triangle ABC belongs to the line J, 


the points B and C are symmetric about this line and lie on the given 
circles o, and o,. 


Since the point C belong: 
point B belonging to the c 
belongs to the image of th 
h Consequently, C is a co 
of the circle o, in the Sy 


s to the circle o, and is symmetric to the 
ircle o, about the line Z, the point C also 
e circle o, in the symmetry about the line 
mmon point of the circle o, and the image 
"mmetry S;. Thus, having constructed the 
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circle o; symmetric to the circle o, about N, 
the line /, we find the point C. N 


We then construct the point B as the AU Mi 
aN 
47 


image of the point C in the symmetry Sz, 
and further the point A. 

The constructions to be carried out when 
solving this problem are fulfilled in the 
following order: (1) construct the image of 
the circle o, in the symmetry Sı; (2) find 
the points of intersection of the circles œj 
and o,; (3) on the circle œ, find the pre- 
images of the points of intersection of the 
circles o; and œx; (4) construct the equilateral triangle ABC whose 
vertex A belongs to the line l. 

If the circles o; and œ intersect, then the problem has four solu- 
tions. If the circles o; and @, touch each other, then the problem 
has two solutions. If the circle o; coincides with the circle œp, then 
the problem has infinitely many solutions. If the circles o; and ©, 
have no common points, then the problem has no solution. — 

Example 4. Given on the diameter AB of a semicircle is a point P, 
and on its semicircumference, points M, M, and N, N, such that 
ZMPA = Z M,PB and ZNPA = ZN,PB. Prove that the point Q 
of intersection of the chords MN, and M,N belongs to the perpendic- 
ular drawn to the diameter AB through the point P (Fig. 74). 

Solution. We construct the points M’ and N’ symmetric to the 
points M and N about the straight line AB. Then it is given that 
the points M’, P, and M, lie in the same straight line, and, analog- 
ously, the points V^, P, and N, belong to one straight line. A circle 
can be described about the quadrilateral PQN M, and, consequently, 
ZQPN, = ZN,M,Q (or their sum is equal to 180°). We then consid- 
er the quadrilateral PQNM possessing the same property: LNPO = 
ZNMQ. From the congruence of the angles NMQ and N,M,Q it 
follows that Z NPQ = Z.N,PQ and PQ L AB. NA li 

The following two examples illustrate how rotation is appi ied. 

Example 5. Construct an equilateral triangle one vertex o which 
coincides with a given point A, and two others belong to two given 
circles, ^ 

S i nstruct the image of one of the circles when rotat- 
ing posee ange of 60° with centre of rotation at the point a 

he point of intersection of the second of the two given oir es an 
the constructed circle is the second vertex of the riang a Pe 

Example 6. Constructed on the sides AP and BC of t ae 
ABC as on bases are the equally oriented squares ABMN p i e 
Let us denote their centres by 0, and Oz, the midpoint o 3s E si le 
AC by K, and the midpoint of the line segment MP by L. Prove 


that the quadrilateral O,LO,K is a square. 


5—01286 
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N M 
K 
Q 
P 
(5) 
Fig. 75 


Similarly, RZ) o Ro). = R18, therefore O,0,L is also a right and 
isosceles triangle (Z.L = 90°). Consequently, O,LO,K is a square 
(Fig. 75a). 

In the case when the squares are arranged internally, the problem 
is solved in a similar way (Fig. 75b). 

Let us consider a number of examples in which translation is 
applied. ; 

Example 7. Two parallel lines p and q are intersected by a third 
line s. Construct an equilateral triangle with a given side so that its 
vertices belong to the lines p, q, and s (Fig. 76). 

Solution. From an arbitrary point A, of the line q with radius equal 
to the length of the given segment we describe a circle and find 
the point C, at which it intersects the line p; we construct an equi- 


Fig: 76 Fig. 77 


Sec. 5. Geometrical Transformations 67 


lateral triangle 4,5,C,. Through the point B, we draw a straight line 
h parallel to p and denote the point of intersection of the lines k 
and s by B. We then carry out the translation v of the triangle 


A,B,C,, where v = B,B. The problem can have two solutions, one 
solution, and no solution. 

Example 8. Given two circles o, and c, and a straight line Z. 
Draw a straight line parallel to the line 7 on which the circles œ, 
and o, cut equal chords (Fig. 77). 

Solution. Let the line l’ cut equal chords AB and A’B’ on the 
given circles. In this case, the points A and A’, B and 5' may be re- 


M 

garded as corresponding in the translation T_,, where 0,0; is a 
0,0; 

vector whose initial point is O,, that is, the centre of the circle 9, 

then O; is the centre of the circle œj. 

Since the point A’ is the image of the point A belonging to the 
circle o, the point A’ belongs to the image of the circle @;. Conse- 
quently, the point A’ is a common point of the circles o, and o; 
in the translation 7... 

0,0, 

On constructing the point A’, we find its preimage on the circle 
©, then AA’ is just the desired line V’. 

If the circle o; coincides with the circle @,, the problem has in- 
finitely many solutions. In all other cases, the problem has no more 
than one solution. 

How homothetic transformation is applied is clear from the fol- 
lowing examples. 

Example 9. Drawn in the trapezoid ABCD are the diagonals AC 
and BD intersecting at the point M (AB and CD being the bases of 
the trapezoid). Prove that the areas of the triangles ABM and CDM, 
respectively equal to S, and S}, and the area S of the trapezoid are 
related as follows: VS; + YS, = VS (Fig. 78). 

Solution. Let N be the point of intersection of the line AB and 
the straight line passing through the point C parallel to DB. The 
area of the triangle ACN is equal to the area S of the given trape- 
zoid. Draw BF parallel to AC. The area of the triangle BFN is 
equal to the area S, of the triangle DMC. The triangles AMB and 
BEN are homothetic to the triangle ACN with the ratios of simili- 

fe Fs 
tude k; and ky, where kı + ky = 1. But k, = ve and ky = ve 
consequently, V $, + Y 5, = ys. 

Example 10. Inscribed in the triangle ABC is a circle touching the 
line AB at the point M. Let the point M, lie diametrically opposite 
to the point M on the inscribed circle. Prove that the line CM, in- 
tersects the line AB at a point C, such that AC + AC, = BC + 
BC, (Fig. 79). 


5* 


, 
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Fig. 78 


Solution. We construct a tangent to the circle at the point M, 
intersecting AC at the point A, and BC at the point B,. Then it is 
clear that CA, + A,M, = CB, + B,M,. Further, we take advantage 
of the fact that the triangles ABC and A,B,C, are homothetic since 
the lines AB and A,B, are perpendicular to the diameter MM, and, 
therefore, AB || A,B. 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 
I. Symmetry with Respect to a Point 


322. Given a straight line, a line segment, and a point O. Construct a line 
segment so that its end points belong to the given line and line segment, the 
point O being its middle. 

323. Drawn in a triangle ABC are three medians, i.e. AA}, BB,, and CC,, 
intersecting at a common point M. Points P, Q, and R are the midpoints of 
the line segments AM, BM, and CM. Prove that AA,B,C, = APQR. 

324. Construct a triangle given two sides and a median drawn to the third 
side. Within what limits can the length of the median vary if the lengths of 
the sides of the triangle are equal to a and b? 

325. Points M, N, and K are the midpoints of the line segments whose one 
end is a vertex of a triangle ABC, and the other is the point of intersection of 
its medians (or the median point). Prove that the triangle whose vertices are 
the points of intersection of the lines, parallel to the corresponding sides of the 
trangle ABC and containing the points M, N, and K, is congruent to the triangle 
ABC. 

326. Given two circles and a point P. Construct a parallelogram so that 
its vertices belong to the given circles, and the point P is the intersection © 
the diagonals of the parallelogram. 

327. A straight line containing the point of intersection of the diagonals of 
a parallelogram ABCD cuts off line segments BE and DF on its sides. Prove 
that these segments are congruent. 

328. Divide a parallelogram into two equivalent parts. 

329. Two equal chords BA and CD are drawn from the ends of the diameter 
BC of a circle with centre O so that BA and CD do not intersect and lie 02 
Ps aides from BC. Prove that OA and OD belong to one line and that 

330. Circumscribed about a circle is a hexagon with parallel opposite sides. 
Prove that the opposite sides of this hexagon are equal. 

331. The opposite sides of a convex hexagon ABCDEF are pairwise parallel 
and equal. The area of the triangle ACE is what part of the area of the hexagon? 
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332. Given points A and B on a circle and a point M on a straight line 1. 
On the circle find a point X such that the lines AX and BX intersect the line 7 
at the points equidistant irom the point M. 

333. Through the point M not belonging to the sides of an angle ABC draw 
a secant such that a triangle of the least area is obtained. 

334. Circumscribed about a circle is an octagon whose opposite sides are 
Puts parallel. Prove that the opposite sides of the octagon are pairwise 
equal. 

335. Given a triangle ABC and a point X. Construct the parallelogram 
BXCY, and then another parallelogram Y X AZ. Prove that there isa homothet- 
ic transformation carrying the point X into the point Z and find its ratio of 
similitude and centre. 

336. In a given quadrilateral inscribe a parallelogram, provided that two 
vertices of the parallelogram are fixed and belong to: (a) the opposite sides; 
(b) the adjacent sides of the quadrilateral. 

337. The median CM of a triangle ABC forms angles « and p with the sides 
AC and BC, respectively. Which of these angles is larger if AC — Bc? 


II. Symmetry About a Straight Line 


338. Construct a pentagon having: (a) one axis of symmetry; (b) more than 
one axis of symmetry. 

339. Through a given point draw a straight line intersecting two given lines 
at equal angles. 

340. Construct a triangle given a side, the difference between two other 
sides, and the angle included between the first side and the larger of the two 
other sides. 

341. Construct a triangle given two sides and the difference between the 
opposite angles. 

342. A point M is given inside an acute angle. Construct the triangle MAB 
having the least perimeter, its vertices A and B lying on the sides of the angle. 

343. Construct a convex quadrilateral ABCD having only one axis of sym- 
metry—the line BD. : f 

344. Is it possible to construct a pentagon such that its diagonal lies on 
its axis of symmetry. Give grounds for your answer. 

345. Prove that in a convex polygon with an odd number of vertices and hav- 
ing axes of symmetry, none of its diagonals can lie on an axis of symmetry. 

346. Construct a triangle given an angle, an adjacent side, and the difference 
between two other sides. . 

347. Construct a triangle given a nonzero difference between two of its 
angles and the lengths of the opposite sides. , 

348. Given two concentric circles. Construct a rhombus, different from 
a square, in which: (a) two vertices belong to one circle, and two others to the 
other circle; (b) three vertices belong to one circle, and one vertex to the other 


circle. 
349. Construct a triangle ABC given three middle perpendiculars p, q, 


and r to its sides. j : ^ 
350. In a given circle inscribe a triangle whose sides are parallel to three 
given lines. y A 4 : " : 
351. Circumscribed about a triangle ABC is a circle intersecting the bisec- 
tor of the angle C at a point M. A perpendicular HD is dropped from the ortho- 
centre H of the triangle to the angle bisector so that the point D belongs to lc. 


Prove that CD:CM — cos C. ^ MU : 
352. In a circle with centre O, a quadrilateral ABCD is inscribed and the 


rays OM, ON, OP, and OQ are constructed, where M, N, P, and Q are the 
midpoints of the chords AB, BC, CD, and DA. Prove that 2 WON + ZCOD = 
180°, or 4. MON = ZPOQ. 
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353. A quadrilateral ABCD is circumscribed about a circle with centre 0. 
Prove that ZAOB — ZCOD = 180°. : 

354. In a given circle inscribe a pentagon whose sides are parallel to five 
given lines. " Sam 

355. A ball lies on a billiard table of rectangular shape. In what direction 
is it necessary to hit the ball so that, on having been reflected from all the cu- 
Shions, it rolls through its initial position? uw 

356. Prove that the point of intersection of the straight lines containing 
the lateral sides of an isosceles trapezoid. the point of intersection of its diago- 
nals, and the midpoints of the bases of the trapezoid belong to the same 
straight line. 

357. Prove that a straight line containing the midpoints of two parallel 
chords of a circle passes through its centre. 

358. A circle F, intersects two concentric circles F, and F, at points A, B 
and C, D, respectively. Prove that the chords AB and CD are parallel. 

359. Three equal circles have a common point. Prove that the circle drawn 
through the second points of intersection of the given three circles is equal to 
the given circles. P 

360. Given in a plane are four equal circles passing through a common point 
and intersecting for the second time at six points. Prove that four circles pass- 
ing through each three of these Six points, one taken on each of the given 
circles, intersect at a common point. r 
_ 961. Given in a plane are a straight line and a point not belonging to this 
line. Find the locus of the centre of regular triangles, one vertex of which is 
situated at the given point, and the other on the given line. i 

362. Given in a plane are a straight line and a point not belonging to this 
line. Find the locus of the third vertices of regular triangles, one vertex of which 
is found at the given point, and the other on the given line. 


II. Rotation 


363. Construct the square ABCD given its centre O and two points M and N 
which belong respectively to the lines AB and BC, OM + ON. . 2. 

364. Construct an equilateral triangle such that one of its vertices coincides 
with a given point O, and two others belong to two given circles. 

365. Through a point given inside a circle draw a chord of a given length. 

366. Given on the sides BC, CA , and AB of an equilateral triangle ABC are 
points M. N, and P, respectively. It is known that BM:MC = CN:NA = 
= AP:PB = k. (a) Prove that MNP is an equilateral triangle. (b) Compute 
MN if BC = a and k = 2. g 

367. Given on the sides BC, CD, DA, and AB of a square ABCD are points 
P, Q, R, and S, respectively. It is known that BP:PC = CQ:QD = DR: 
RA = AS:SB — h. (a) Prove that PQRS is a square. (b) Compute PQ if 
AB = a and h=3. 

368. Constructed on the sides AB and BC of a triangle ABC as on bases are 
equally oriented squares AB MN and BCOP. Let us denote their centres by 1 
and O;, the midpoint of the side AC by K, the midpoint of the line segment M 
by L. Prove that the quadrilateral O,LO,K is a square. 

69. Equilateral triangles ACB, and BCA, are constructed externally on 
the sides AC and BC of a triangle ABC. Fin 
where M is the midpoint of the side AB, and Oi 


n ; : gh the centre of this square are 
two mutually perpendicular lines, different from the lines AC and BD. Prove 
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that the figures which are the intersections of these lines and the square are 
congruent. 

372. Two straight lines, forming an angle of 60° between them, are drawn 
through the centre O of a regular triangle ABC. Prove that the segments of these 
lines enclosed inside the triangle are equal. 

373. Construct an equilateral triangle such that one of its vertices is the 
point P, the other belongs to the line a, and the third to the line 5. 

374. Constructed externally on the sides AB and AC of a triangle ABC 
are squares ABNM and ACQP. Prove that MC is perpendicular to BP. 

375. Given two equally oriented squares MPOR and MUVW. Prove that 
the line segments PU and RW are equal and mutually perpendicular. 

376. Constructed on the sides AB and BC of a triangle ABC are squares with 
centres D and E such that the points C and D are situated on one side from AB, 
while the points A and Æ on different sides from BC. Prove that the angle be- 
tween the lines AC and DE is equal to 45°. 

377. Construct the square ABCD given its centre O and two points M and 
N belonging to the lines BC and CD, OM + ON. 


IV. Translation 


378. Given four distinct points 4, B, C, and D. Draw four parallel lines 
a, b, c, and d, respectively, through them so that the width of the strip between 
the lines a and 5 is equal to the width of the strip between the lines c and d. 

379. Construct a trapezoid given its diagonals, the angle between them, 
and one of its sides. 

380. Prove that if a straight line passing through the midpoints of the 
s of a trapezoid forms equal angles with the lines containing its lateral 
then the trapezoid is isosceles. 

381. Two equal circles touch each other externally at the point K. A secant 
parallel to the line of centres intersects the circles at points A, B, C, and D. 
Prove that the size of the angle A KC is independent of the choice of the secant. 

382. Determine the area of a trapezoid all sides of which are known. 

383. Given on a circle with centre O are points A, B, and C such that 
ZAOB = ZBOC = 60°. Prove that the distance from the point B to an arbi- 
trary diameter of the circle is equal to either the sum or the absolute value of 
the difference of the distances from the points A and C to this diameter. — 

384. Through the point M, lying outside the circle o, draw a straight line m 
intersecting @ at two points A and B such that AB = BM. . 

385. Four equal circles @,, Op, 05, and c, pass through the point M and, 
for the second time, intersect at six points: Aj» iS the point of intersection of c, 
and Ws, 455—054 and Og, ..- A,5—0, and wz. Prove that the segments 
AisAas Aagi and A154 2; have a common midpoint. . 

"386. The straight lines containing the lateral sides of a trapezoid are mutu- 
ally perpendicular. Prove that the length of the line segment whose end points 
are represented by the midpoints of the bases of the trapezoid is equal to half 
the difference between the lengths of the bases. ni 

387. The sum of the lengths of the bases of a trapezoid is equal to 21 cm, 
and the lengths of the diagonals are equal to 13 cm and 20 cm. Compute the 


ea of the trapezoid. 
i 388. The distance between the centres of two A/ XE N 
intersecting circles of equal radii equals d. A D 
A straight line, parallel to the line of centres, [| 
intersects the first circle at points A and B, the V 
second at points C and D. Find the length of the 
segment AC (Fig. 80). d 

389. Construct the quadrilateral ABCD given Fig. 80 
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the length of its sides and the length of the segment JMV joining the mid- 
points of the sides AB and DC. | 

390. The diagonals of a trapezoid whose bases are a and b are mutually 
perpendicular. What values can the altitude of the trapezoid take on? 


V. Homothetie Transformation 


391. Prove that in an arbitrary triangle ABC, the point M of intersection 
of medians, the point H of intersection of altitudes, and the centre O of the 


circumscribed circle belong to one and the same line (Euler's line) and OM = A . 

392. Given an angle ABC and a point M inside this angle. Draw a straight 
line through the point M so that its segment enclosed inside the angle ABC 
is divided by the point M in the ratio 1:2. 

393. Drawn through the point M of contact of the circles R and S are the 
secants k and / intersecting the circle R at points A and B (in addition to the 
point M), and the circle S at points C and D. Prove that the lines AB and CD 
are parallel, 

394. Prove that if an arbitrary straight line is drawn through the point of 
tangency of two circles, then it will intersect the circles for the second time at 
points such that the radii drawn to these points will be parallel. 

395. Given three parallel, pairwise not equal line segments MN, PQ, and 
RS, the rays MN, PQ, and RS being in the same direction. Prove that three 
points of intersection of three pairs of lines, i.e. MP and NQ, MR and NS, 
PR and QS, belong to one straight line; that three points of intersection of 
three pairs of lines, i.e. MQ and NP, QR and PS, MR and NS, also belong to 
one straight line (Fig. 81). i 

396. Two circles touch each other internally at a point A. A secant a inter- 
sects the circles at points M, N, P, and Q situated in consecutive order 
(Fig. 82). Prove that ZMAN = ZPAQ. " 

_3897. The lengths of the line segments one end point of which is a common 
point and the other a point of the line are divided in the same ratio. Prove 
that the division points belong to one and the same line. 


Fig. 81 
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SEC. 6. VECTORS 


Addition of Vectors. The sum of the vectors a and b with coordi- 
nates d, @ and b,, b, is defined as the vector e with coordinates 
Qj + dy, a, + ba, that is, a (aq, a5)-- b (by, ba) = € (a + by, 
a> + ba). 

For any vectors a (a, as), b (by, bs), € (cy. Cə) the equalities a + 
b =b +a, a + (b + ¢) = (a +b) + c are fulfilled. 


Triangle Rule. For any three points A, B, and C, the equality 
— — — 
AB -- BC — AC holds true. 
Parallelogram Rule. If ABCD is a parallelogram, then AB + 
> 


AD = AC. 

Multiplication of a Vector by a Number. The product of a vector 
(a, as) by a number X is defined as the vector (Aa, Aas), ie 
(aj, as) A = (Aaj, Aao). By definition, (aj, a2) A = A (ay, ag). 

For any vector a and numbers À and u, (A + u)a = ħa + pa. 

For any vectors a and b and a number A, A (a + b) = ha + Ab; 
Jaa] = lA] fal. 

The direction of the vector Aa for a 0 coincides with that of 
the vector a if A — 0, and is opposite to the direction of the vector 
a if 4 — 0. 

Two nonzero vectors are said to be collinear if they lie on one line 
or on parallel lines. 

a 


If a (a, a5) || b (bi, b2), then m PI The converse is also true. 


A unit veclor is a vector of unit length. Unit vectors having direc- 
tions of the positive coordinate semi-axes are called basis 
veclors and denoted as e, (1, 0) on the z-axis and as e; (0, 1) on the 
y-axis. 

d Any vector a (d,, a5) is representable in the form a = ae; + 4;es. 

Sealar Product of Two Vectors. The scalar product of a vector 
a (a), a5) by a vector b (by, bo) is defined as the number a,b, + abo. 

ava = a?, a? = |a F. 

For any three vectors a (a,, a5), b (b,, ba), and e (c. Co), (a + b)e— 
ae + be. 

—- a 

The angle between two nonzero vectors AB and AC is defined as the 
angle BAC. The angle between two vectors a and b is defined as the 
angle between the vectors equal to them and having a common ori- 
gin. The angle between two vectors in the same direction is regarded 
to be equal to zero. 

The scalar product of two vectors is equal to the product of their 
absolute values by the cosine of the angle between them. 

If a | b, thena-b = 0, andifa-b = 0, where a 0 and b Æ 0, 
then a L b. 
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Required to be proved 
(using geometrical language) 


Sufficient to prove 
(using vector language) 


(1) «| b 


— —- m 

AB — kCD, where the line segments AB and CD 
belong to the lines a and b, respectively, and k 
is a number. Depending on the choice of 4B and 
CD, various vector relationships occur, of which 
suitable ones are chosen. 


2 
ad 


& 
a 


The points A, B, 
C belong to the line 


(3) The point C belongs 
to the line segment AB, 


where AC:AB=m:n 
(division of a line seg- 


ment in a given ratio) 


(a) ascertain the validity of one of the follow- 
> —- —- — — 
ing equalities: AB=kBC or AC —KkBC or AC= 
> 
kAB; 
— — — 
(b) prove the equality QC — pQA--qQB, where 
p-+q=1, and Q is an arbitrary point; 
—- —- — " 
(c) prove the equality «04-- BOB-- y AC =", 
where «-+-B-++-y=0, and Q is an arbitrary point. 


-— m —- — n —- m == 
Aer a CO th QU = ian o qi 


for a certain point Q. 


(4)aLb 


> — 
AB-CD=0, where the points A and B belong 
to the line a, and the points C and D to the line b. 


(5) Compute the length 
of a line segment 


(a) choose two noncollinear basis vectors (or 
three noncoplanar) whose lengths and the angle 
between them are known; 

(b) decompose along them the vector whose 
length is being computed; , 

(c) find the scalar square of this vector, using 
the formula a?— |a [?. 


(6) Compute 
of an angle 


the size 


(a) choose two noncollinear basis vectors fOr 
which the ratio of their lengths and the angle 
between them are known; 

(b) choose the vectors specifying the desired angle 
and decompose them along the basis vectors; 

-b 
c) compute cos Z (a, b=- 22 —., 
(c) p (a, b) Tal Tb] 
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A body of vector algebra made it possible to create a specific 
method of solving various geometrical problems. However, it should 
be borne in mind that this method is not universal, it may turn out 
to be inapplicable for solving certain problems or not successful. 
The following table gives examples of use of the vector language for 
formulating and proving certain geometrical statements or comput- 
ing geometrical quantities. 

The reader may see concrete applications in the first three cases 
when considering affine problems, and in the last three cases when 


considering metric problems. 
I. Affine Problems 


Let us single out several types of affine problems which are appro- 
priately solved by using vectors. (We mean only such problems 
whose formulation contains no concepts of vector algebra.) 

The first type comprises problems involving the proof of the paral- 
lelism of certain line segments and straight lines. To solve problems 
of this type, it is necessary to prove the collinearity of vectors rep- 
resented by given line segments, that is, to prove that a = kb, 
where À is a number. Consider a couple of examples to see how prob- 
lems of the first type are solved. 

Example 1. Given in the plane are a quadrilateral ABCD and a 
point M. Prove that the points, symmetric to the point 7 with re- 
spect to the midpoints of the sides of this quadrilateral. arethe ver- 
tices of a parallelogram. 

Solution. Let ABCD denote the given quadrilateral (Fig. 83), and 
let V, P, Q, and R be the points symmetric to the point M with re- 
spect to the midpoints of the line segments AB, BC, CD, and DA. 


— —- V Tu 

By the parallelogram rule, we have: WV = MA + MB, MP = 
— — — — —- —- —- 
MB + MC, MQ = MC + MD, and MR = MD + MA. 


M 


C-—" 
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By the definition of the difference between vectors, VR = MR — 
— = = 
MN and PO = MỌ — MP. 
> —- —- o —- —- g € 
Since VR — PQ = (VR — MN) — (MQ — MP), using the ini- 
— —- — 
tial equalities, we make sure that VR — PQ = 0, that is, NR = 
Pa. Similarly, it is proved that VP = RQ. Consequently, VR = PQ 
and NP = RQ, and this means that the quadrilateral NPQR is a 
parallelogram. 
Example 2. Given a quadrilateral ABCD. The straight line drawn 
through the vertex A parallel to the side BC intersects the diagonal 
BD at the point M, and the straight line drawn through the vertex 


B parallel to the side AD intersects the diagonal AC at the point JV. 
Prove that MN || DC (Fig. 84). 


Solution. To solve the problem, it issufficient to prove that the vectors 


-— 


DC and MN are collinear, that is, we have to prove that DC = 
kMN, where k is some number. To make sure that the vectors DC 
and MN are collinear, let us express each of them in terms of other 
vectors. Thus, the vector DC is expressed in terms of the vectors 0C 


— —- — 
and OD, and the vector V in terms of the vectors OM and ON, 
where O is the point of intersection of the straight lines AC and BD. 


Further, the vectors OC and ON can be expressed in terms of the 
vector AO, while the vectors 77 and OM in terms of the vector 
BO. Suppose that 

40:0C = p:q and BO:0D = m:n. (4) 


— > = 
Then we can express the vector DC in terms of AO and BO: 
DC =0C — OD = AO — BÓ = (mgAO — npBO). 


m mp 


On the other hand, from the parallelism of the line segments BE 
and AD it follows that 


A0:0N = DO:0B = nm. (3) 


Then, from the figure and Equalities (2) it follows that ON — 


= 40. Analogously, from the parallelism of the line segments AM 


and BC it follows that BO:OM = CO:AO = q:p and OM = 7 BO. 
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Then we can express the vector MN in terms of AO and BO: 
— -— > - 4 — => 
MIN =ON —OM : BO 4 = AO ET npBO — mqAO). Whence 


EG — B sus : n 5 " 
DC= as MN, which geometrically just means that the line segments 


MN and DC are parallel. 

The second type comprises problems involving the proof that a giv- 
en point divides a line segment in a definite ratio (in particular, 
serves as its midpoint). 

In order to prove that the point C divides the line segment AB 
in a certain ratio AC:CB = m:n, it is sufficient: (a) to prove the 

H by m mr H Am n zt 1 
equality AC — = CB or (b) to prove the equality QC = 1,094 = 

m Ao e E 
forem QB, where Q is an arbitrary point. 

The proof of the sufficiency of the condition of Item (b) is rather 
4 1X. QC 1 QA T 

n ) m j 


mc 


" nn B 5j m Ap 
easy. Let QC= —— QA + -fy QB, then ( 
1 


+ GB. + (96 — 04) =+ (98— 00) 
n "m UCM tm 
means that AC:CB = m:n. 

Note also that, carrying out the proof in the reverse order, we can 
make sure that the condition (b) is necessary for dividing the line 
segment AB by the point C in the ratio m:n. 

Let us solve several problems of the second type. 

Example 3. In an arbitrary quadrilateral, the line segment join- 
ing the midpoints of the diagonals passes through the point of 
intersection of the midlines. Prove that this segment is bisected by 
this point. 

Solution. The fact that the point O (Fig. 85) is the midpoint of 
the line segment EF can be proved by various methods. 

For instance: 


—- 4 m 
AC- = CB, and this just 


(1) prove that EP = QF, which means that EPFQ isa parallelo- 
gram, and since EF is its diagonal, it passes through the point O 
and is bisected by this point; 


(2) prove that EO =OF; 
> Lo — = d mE E 
(3) prove that QO — 5-(QE-- QF) or NO — 5 (NE-- NF); 


= > — — 1 — — 
(4) prove that CÓ — 4-(CE -- CF) or DO— 3 (DE + DF). 


Consider the first method of proof which is the simplest in this 
case. 
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N 


A K a D A M Cc 


Fig. &j Fig, 86 Fig. 87 


In the triangle ABC, the line segment EP is a midline, whence 
_ 4 -— M 7 
EP = 4 AB. In the triangle ABD, the line segment QF is a midline, 


whence OF = 1 AB. This means that EP = OF. The problem has 
been proved. 


Example 4. The side AD of the parallelogram ABCD is divided 
into z equal parts and the first division point (point K) is joined to 
the vertex B (Fig. 86). Find the parts into which the diagonal AC 
is divided by the half-line BK. 


Solution. Let DC = p, DA =a, and AP = «AC. We express 
the vector AP in terms of the vectors a and b in two ways: (1) AP = 
— —- —- — 4 
«AC = a (b—a)=ob—aa; (2) AP—-AK KP =—+at 


«KB = —ia +a (£a +b) =the + ab (KP = aKB, since 
AAPK ~ ABPC). 

Since only one representation of a vector in terms of two noncol- 
linear vectors is possible, we have: at = —&, whence ¢ = 
This means that AP = 
AP:PC = iin. l 

Example 5. Taken on the side AC of the triangle ABC is a point 
M such that AM = 146, and on the extension of the side BC à 
point N such that BN — CB. Find the ratio in which the point P 
of intersection of the line segments AB and MXN divides each 0 
these segments (Fig. 87). 

Solution. Let us assume that 


NP:PM=a:8, AP:PB-—:0. (4) 


n+1 


AC, and then, as it is easy to see. 
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Thus, we have to find a:f and y:6. For this purpose, let us set up 
several equations containing «, D, y, and ô. 

We may write two such equations using the theorem that a line 
segment is divided in a given ratio. 

Let Q be an arbitrary point in the plane; then for the line seg- 
ments AB and MN we have: 


QP = Py N+ OM, 2) 
=> ô ES Y — 
QP-Vis A+ vs OB. (3) 


Equalities (2) and (3) contain five distinct vectors. We reduce their 
number by replacing them by other vectors and use once again the 
theorem that a line segment is divided in a given ratio. For the line 


segments VC and AC we then have: QB EX + QC), 
map S 


Qi — 5-04 - 4 GC. (4) 


Substituting the values of QB and QM obtained from Equality (4) 
into Equalities (2) and (3), we get: 


QP =a pg 0A rop + aaa 0^ 0 
0b Verr 0A d LEON +5 e 0C. 6 
7 $G48 urBpeU ter (6) 
Whence we have: 
| AENEA: 
(y+B) e+p?’ 
6 2a 


2 

y+6- 3a+B " 
os  — 
2(y+6)  3(e—-B^ 


( 
| 
lE 
| 
| 


a. 


e| = 


Solving this system of equations, we get: y — ô and p = 
Thus, AP — BP and NP:PM — 3:1. 

Consider problems of the third type. This type comprises such 
problems in which it is required to prove that three points belong 
to one straight line. These problems could be regarded as a par- 
ticularcaseof the second type. However, their solution has certain 
specific properties in connection with the use of the condition that 
three points belong to one straight line. 
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Example 6. Given on the side AB of the 
triangle ABC is a point P through which 
straight lines are drawn parallel to its 
medians AM, and BM, and intersecting 
P M the sides of the triangle at points A, and 

1 B,. Prove that the point E is the midpoint 
of the line segment 4,7,, and that the 
point P and the point G of intersection of 
the medians of the given triangle lie on 
one straight line (Fig. 88). 

Fig. 88 Solution. Let us change the concluding 
part of the problem so that vectors are 
applicable to its solution. This can be done in the following ways: 


(1) ascertain that EP = kGP (other vectors may also be taken); 


—- -— ee 
(2) for a certain point Q establish that QE = kQP + (1 — k) QC 
(the condition that three points belong to one straight line). 
The first way of solution is already known from the above exam- 
ples of solving problems of the first type. 
Consider the second way. To this end, we first deduce the condi- 
tion that three points belong to one line. 
For the points A, B, and C to belong to one straight line, it is 
necessary and sufficient that for a certain point Q the equality 


QC = pA + qQB be fulfilled, where p + q = 1. 
Proof. Let the points A, B, and C belong to one line. Then we 
may write that AC:CB — m:n. This means the validity ofthe follow- 
— — — 
ing equalities: AC:CB = m:n, whence QC = —" QA br UE 


A e an m--n 
QC = pQA + qQB. p+q=1. 

The above considerations prove both the necessity and sufficiency 
of the condition. 


The solution of the present problem is thus reduced to finding an 


—- — —- " 
expression relating the vectors QP, QE, and QG. If the point Q is 
chosen arbitrarily, then the solution of the problem will turn out to 
be very complicated. It is best to take it as coinciding with the 
point C. In this case, the vectors CP, CE, and CG are readily ex- 


pressed in terms of CA and CB. Indeed, let 
AP:PB = min. (1) 


A B, M; G 


Then 

AB,:B,C = m:(m + n + n) = m: (2n + m) (2) 
(since M, is the midpoint of AC) and 

BA,:A,C = n:(m + m + n) = n:(2m + n) (3) 
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(since M, is the midpoint of BC). From the property of the centre 
za ae ae. 
++ (CA+CB)=-+ (CA+CB). 


of gravity Git follows that CG= 


3 
2n--m 


PICE CA,, and 


=% 
From (2) and (3) we may write that CB, = 


2m--n 
2(m--n) 


of the line segment A,B, we may write that CE=+ (€B,+CA,) = 


—- —- 
CA,— CB,. Then from the property of the midpoint Æ 


1 ( 2n--m CA , ond 2m cB) 
A+ PB). 


4 \ m+n m--n 
By the theorem on dividing a line segment in a given ratio, 
— =e a 
n m 
we have: CP =—"— CA+-———-CB. 
m--n m--n 


x Ne — 
'To relate the vectors CG, CE, and CP, let us transform the vector 
= cM d ( m--2n >  9m--n vl 


CA T CB) =t (CA CB4- CA 


nn 


m--n m--n 


m [a IS PT ESSE e mm Sud 
uu CB) =z 3C6-4 CP) - FCG - CP, that is, CE — 7 CG4 


LC, and since i-i-1 the points E, G, and P belong to 


one and the same line, and EG:PE- 1:3. The problem has been 
solved. 

The considered types of affine problems in the plane by far do not 
exhaust the entire variety of such problems. But they form most 
numerous groups of problems which justifies their special conside- 


ration. 


II. Metrie Problems 


When solving metric problems, we use the scalar product of vec- 
tors. Without classifying these problems by types, let us consider 


several examples. : 
Example 7. A point P is given on the base AB of the isosceles 


triangle ABC. (a) Prove that PC? = AC? — AP-BP. (b) Find out 
how this formula will change if the point P is situated on the exten- 


sion of the base AB (Fig. 89). . . 
Solution. (a) Let us write the given equality in vector form. 


Taking into account the directions of the vectors AP and PB, we 
get: PC2—= AC — AP-BP. Let us prove this equality. We trans- 
form its right-hand side in the following way: AC2— AP- BP = 
AC?— (AC + CP) (PO + CB) = AC?— AC. PC — AC. CB CP CD x 


6—01286 
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CB — (ACt— AC. PC) — (AC-CB + CP.CB) + CP? — AC (aC PC) 

xd - > > => x x = 
CB-(AC + CP) + CP? = (AC + CP).(AC—CB) + CP? = Ab (a6 
CB) + CP. 


—- — — —s > = — Bb 
If now the vector CB’= AC, then AC—CB— CB —CB= , 


> > - —- EI 

A AB'B is a right triangle, and, thus, AP (AC—CB) = AP. BB' = 
— — — — 
0. Consequently, AC?— AP.pB—CP2, 


(b If the point P belongs to the line segment AB, then, 
when passing from a vector 


equality to a scalar equality, 

we have: PC?=| PC e= pce, AC =| AC )P=AC?, AP.PB = 

| AP |-| PB|-cosz (4B, PB) = AP.PB.cos0^ = AP-PB, that is, 
PC? = AC? — AP. pp. 

And if the point P does not be 

nio Sef 

then the vectors AP and PB 


— a. -— -— 
AP-PB=| AP |-| PB |.cos 180 


— 


long to the line segment AB, 
are in opposite directions, and 


= — AP. PB. Thus, in this case, 
ihe desired equality has the form: PC = AC? - AP. pp, 

Example 8. Find the sum of the squares of the medians ofa triangle 
given its sides a, b, and c. 


Solution. Let in the triangle ABC, Py BC — a, and CA= 
b (Fig. 90) Then, by the defin 
— 


ition of the sum of vectors. 
S a b puc re 

AD=e+>, BE=a+2, and CFP=h+ 5, 

Using the property of a sc 
= p dd. v : : 2 E a, p, 
CP (e+5) +(a+3) +(b+$) He +e-a+ tab Z+ 
a+ B+ c?) (e.a-E a.b b.e) 
+b+e=0, we have: (a + b + 
b* -- 4 2 (cat a.b 


alar square, we get: AD? BE?+ 


i e)? = O0. Thus, a? T 
1 a sb €) = 0, Le a? + gs 2— 2(ea + 
a-b + b.c) ; xii: ae X 
G 
B 
P 
È LA 
: Des 
B A Q C 
Fig. 89 
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Hence, ¢c-a+a-b+-b-c= 


Substituting the obtained value of the expression ¢-a--a-b-+ 
b.e, we get: AD?+ BE? -- CF? — 5 (a+ b?-+-c*), since, according 


— — 
to the property of a scalar square, 4D?— AD?, BE? — BE?, and 


CF =CF°. 

Example 9. Prove that the altitudes of an arbitrary triangle are 
concurrent (that is, intersect at a common point). 

Solution. Let AP, BQ, and CL be the altitudes of the triangle 
AEC ma O the point of intersection of the altitudes AP and BQ 
(Fig. 91). 


Let us set for brevity: Oå =a, OB — b, and OC =c. 


= 
By the definition of the difference between vectors, AB=b—a, 


—- — — -> 
BC =e—b, and CA=a—ce. Since, further, OA 1 BC, we have: 
a(e—b)=0, that is, 

a-e = a-b. (1) 


— — 
Similarly, since OB .1. CA, we have: b (a — e) = 0, whence 
a-b = b-c. (2) 
By transitivity, it follows from Equalities (1) and (2) that a-e = 
b.e, or e(a — b) = 0. This means that OC |. AB, or CO Av AB. 
Since a unique straight line perpendicular to the given line passes 
through the given point, it follows that CL coincides with CO from 
the fact that CO L AB and CL | AB. Thus, the three altitudes of 
the triangle intersect at a common point. 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 


I. Addition and Subtraction of Vectors. 
Multiplication of a Vector by a Number 


398. For a quadrilateral ABCD to be a parallelogram, it is necessary and 


sufficient that for any point Q the equality QA + QC = QB = QD be fulfilled. 
Prove this. E s i 

399. In a quadrilateral ABCD, M, N, P, and Q are the respective mid- 
points of the consecutive sides. Prove that the quadrilateral MAN PQ is a paral- 
lelogram. 

400. Constructed on the side AB of a quadrilateral ABCD is a parallelo- 
gram ABCC’, and a point O is taken which is the midpoint of the line segment 
C’D. Prove that if M and N are the respective midpoints of the sides AB and 
CD, then the line segment AQ is equal and parallel to the line segment MN. 

401. In a quadrilateral ABCD, M and N are the respective midpoints of 
the sides AD and BC. Prove that 2MN < AB + CD. 


6^ 
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i ing the midpoints of 
re th of the line segment connecting Sec id 
402. Rooke ys enhn) is equal to half the difference e UE phon 
| uoo Y. the line segment Joining the mop gente A Thot 
i i vex quadrilateral is equal to half the sum of d Hors 
"rae ped a trapezoid or a Wu ae ius we 1B and CD 
Boi s M and V are the respective mi points ^s M sti 
i Me PO. ABCD. Prove that the midpoints of the diagonals mus tli 
duis A MND and BM NC are the vertices of a parallelogram (or 
traight line). x " ‘ E 
TS. For the point Q to be the centre of gravity of a triangle ABC 
s P at On An Sote this 
essary and sufficient that QA + QB + QC = 0. Prove Aen rendu 
Bee. Drawn from the point M, lying inside a triangle s E TS line 
lars to the sides BC. AC, AB, and laid ofi on these perpendicu ae onele 
segments MA,, MB,, and MC, equal to the respective sides E i id ee 
Prove that the point Jf is the centre of gravity of the triangle E Joining 
407. Prove that in an arbitrary quadrilateral, the line segm 
the midpoints of 


s E Qs f the 
the diagonals Passes through the point of intersection o 
midlines and is bisected by this point. 


SPEM S 
408. Given a triangle ABC and an arbitrary point Q. Prove that ieta e 
lelograms QBB,C and QAA,B, are constructed, then the n e Du 
parallelogram Q4 A,B, passes through the centre of gravity O of the g 
angle, and QA, = 390. 
409. Prove that 


fa triangle 
he passing through the vertex A of a triang 
ABC and the midpoint of the medi i 


line segments AA 


411. Through the point M taken i 
drawn parallel i 


to its sides, They intersect the sides 
points A, C and B i i 


1 and BB, is equal to lam 


g the midpoints of the bases ae on 
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^13. Given a trapezoid ABCD, straight line parallel to its bases AB à 
CD intersects the lateral sides AD and B 


ivelv. 
at points A and V, respectively 
Prove that if AN | CM, then DN I BM. 
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N 
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417. Given a triangle ABC, Prove that OM <i (OA + OB + 0C), where 
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ersection of 
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the plane, 
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419. Given two parallelograms ABCD and A,B,C,D,. Prove that in the 
general case, the midpoints of the line segments 44,, BB,, CC,, and DD, are 
the vertices of the parallelogram 4,8,C,D,. Construct two parallelograms such 
that the points 45, By, Co, and D, either coincide or belong to one line. 

420. Given a parallelogram ABCD. The points P, Q. R. and S divide the 
sides AB, BC, CD, and DA in equal ratios. Prove that the quadrilateral PQRS 
is a parallelogram. 

421. Given two triangles ABC and 4,B,C,. Prove that if the medians of the 
first triangle are parallel to the sides of the second, then the medians of the 
second triangle are parallel to the sides of the first. 

422. Givena quadrilateral ABCD. A second quadrilateral is constructed 
with the vertices at the points of intersection of the medians of the triangles 
BCD, CDA, DAB, and ABC. Prove that the midlines of the quadrilaterals 
intersect at a common point. 

423. Given in the plane are four straight lines, of which no three lines pass 
through a common point and no two lines are parallel. Prove that if one of 
the four given lines is parallel to a median of the triangle determined by the 
three other lines, then each of the three remaining lines possesses similar prop- 
erties. 

424. Drawn through the vertices 4, B. and C of a triangle ABC are the 

respective straight lines 7, m, and n intersecting at the point S. Prove that the 
straight lines /,. mı, and n, passing respectively through the midpoints Ao, 
B,, and C, of the sides BC, CA, and AB parallel to the lines l, m, and n also 
intersect at a common point. 
. Given a triangle ABC and a point M. Points A}, B,, and C, are the 
midpoints of its sides BC. CA, and AB. respectively. Drawn through the points 
A, B, and C are straight lines parallel to the straight lines 1/4,, MB}, and 
AC,;, respectively. Prove that these lines are concurrent. 

426. Prove that if the length of the midline WN of a quadrilateral ABCD 
is equal to half the sum of the lengths of its sides AB and CD (M belongs to BC, 
and V belongs to DA), then ABCD is a trapezoid or a parallelogram. 

427. Constructed externally on the sides of a triangle ABC are triangles 
ABC,, BA,C, and CAB,. Prove that the points of intersection of the medians of 
the triangles ABC and A,B,C, coincide. 

428. Laid off on the altitudes AA, and BB, of a triangle ABC extended 
beyond the vertices A and B are line segments AA, and BB,; AA, = BC and 
BB, = AC. Prove that CA, = CB, and CA, L CB,. 

429. Constructed externally on the sides CA and CB of a triangle ABC 
are squares CAA,C, and CBB,C;. Prove that the median of the triangle CC,C{ 
im through the vertex C is perpendicular to the side AB and is equal to its 

alf. 

430. Constructed externally on the sides of a quadrilateral ABCD are 
squares ABB,A,, BCC,B;, CDD,C', and DAA,D| with centres P, Q, R, and S, 
respectively. Prove that the line segments PR and QS are equal and mutually 
perpendicular. 

431. Given a quadrilateral ABCD. Its midlines intersect at the point M. 


uu — — E 
A broken line MA UV is constructed, where AU = MB and UV = MC. Prove 
that M is the midpoint of the line segment VD. Find the ratio of the area of the 
quadrilateral ABCD to the area of the quadrilateral WAUY. 

432. Prove that the medians of a triangle, intersecting at the median point, 
are divided by this point in the ratio 2:1. 

433. Taken on the side AD and on the diagonal AC of a parallelogram ABCD 


1 1 
are respective points M and N such that AM= AD and AN = q 4C. Prove 


that the points B, N, and M lie in one straight line. In what ratio does the 
point N divide the line segment MB? 
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453. Find the relationship among the sides of a triangle ABC if its medians 
AA, and BB, are mutually perpendicular. 

454. The legs of a right triangle are equal to a and b. Find the angle bisector 
drawn from the vertex of the right angle. 

455. A perpendicular DM is drawn to the side BC from the midpoint D 
of the base AB of an isosceles triangle ABC. Point N is the midpoint of the 
line segment MD. Prove that the line segments A M and CN are mutually per- 
pendicular. 

456. A straight line is drawn through the vertex of the right angle C of a tri- 
angle ABC. Perpendiculars 44, and BB, are dropped from the vertices A 
and B to this line. The vertex C is reflected in the point C, with respect to the 


midpoint M of the line segment A,B,. Prove that ZAC,B = as 


457. Constructed on the side AB of a triangle ABC on different sides of the 
straight line AB are equilateral triangles ABC, and ABC). Find the relation- 
ship among the sides of the given triangle if the lines CC, and CC, are mutually 
perpendicular (C + C, and C # Cj). 


III. Miscellaneous Problems 


458. Constructed externally on the sides of a parallelogram are squares 
Prove that the centres of these squares are the vertices of a square. 

459. Constructed externally on the sides AB and BC of a triangle ABC are 
squares ABDE and BCKF. Prove that the line segment DF is twice the length 
of the median BP of the triangle ABC and perpendicular to it. 

460. Constructed externally on the sides AB and BC of a triangle ABC are 
equilateral triangles ABC, and BCA,. Prove that the line segment joining the 
midpoints of the line segments AB and A,B, is equal to half the length of the 
line segment AC and forms an angle of 60° with this segment. 

461. Constructed externally on the sides AB and BC of a triangle ABC 
are equilateral triangles ABC, and BCA,. Prove that if M, N, and P are the 
respective midpoints of the sides AC, C,B, and BA,, then triangle MNP is 
equilateral. 

462. The diagonals AC and BD of an isosceles trapezoid ABCD (AB || CD) 
intersect at the point O at an angle of 60°. Prove that the midpoints of the line 
segments OA, OD, and BC are the vertices of an equilateral triangle. 

463. The diagonal AC of a trapezoid ABCD cuts off an equilateral triangle 
ACD. From the point Æ of the diagonal AC (or its extension), the base BC is 
seen at an angle of 60°. Prove that the midpoints of the line segments AE, BC, 
and CD are the vertices of an equilateral triangle. S 

464. If regular triangles are constructed (externally or internally) on two 
sides of a parallelogram emanating from one and the same vertex, then the 
opposite vertex of the parallelogram and the free vertices of the triangles form 
a regular triangle. Prove this. d 

465. Given two equally oriented equilateral triangles A,B,C, and 4,B,C,. 
The line segments 4,45, B,B,, and C,C, are divided by the points A, B, and C 
in the same ratio from the end points A,, Bj. and C,, respectively. Prove that 
the triangle ABC is equilateral. F er 3 

466. In a right trapezoid ABCD with an acute angle of 45°, the diagonal AC 
is equal to the side CD. Prove that the midpoint of the smaller base is equi- 
distant from the vertex A and the midpoint of the side CD. 

467. Constructed on the line segments AB and AC of a straight line are 
right isosceles triangles ABC, and ACB, (Z.C, = ZB, = 90°) having opposite 
orientations. Prove that the midpoint of the line segment BC and the points B, 
and C, serve as the vertices of a right isosceles triangle. - 

468. Drawn in a triangle ABC (ZB = 45°) are the altitudes CC, and AA, 
intersecting at the point O. Prove that the midpoints of the line segments BC, 
A,C,, and CD serve as the vertices of a right isosceles triangle. 
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469. Constructed externally on the sides AB and BC of a triangle ABC are 
equilateral triangles ABC, and BCA, with centres O, and O,, respectively. 
Prove that the line segment 0,0, is twice the length of the line segment joining 
the midpoints of the line segments O,C and C,0, and makes an angle of 60° 
with this segment. 

470. Constructed externally on the sides AB, BC, and CD of a rectangle 
ABCD are equilateral triangles ABO,, BCO,, and CDO. Prove that the dis- 
tances between the line segments AB, 0,0, and BC, 0,05 are equal. 

471. Squares ABMN and CDKL are constructed externally on the sides AB 
and CD of an arbitrary convex quadrilateral ABCD. Prove that the midpoints 
of the diagonals of the quadrilaterals ABCD and MNKL are the vertices of 
a square or coincide. 

472. Given two equally oriented squares A,B,C,D, and A,B,C,D,. The 
line segments 4,45, BBa, C,C,, and D,D, are divided by the points Ag, Boy 
Cy, and D, in the same ratio beginning with the vertices of one of these squares. 
Prove that the quadrilateral 4,B,C,D, is a square. 

473. Given two regular like polygons A,A,...A, and B,B,...B, of the 
same orientation. The line segments 4,45, ByBy, ..., AnBn are divided by 
theJpoints C,, Cs. . . .. Cy, respectively, in the same ratio beginning with the 
vertices of one of these polygons. Prove that the polygon C1C5. . . Cn is regular. 

474. Constructed externally on the sides AB and BC of a triangle ABC 
are right isosceles triangles ABD and BCE (ZB = ZC = 90°) of the same 
orientation. Prove that the midpoints of the line segments AB, BC, and DE 
are the vertices of a right isosceles triangle. " 

475. In a square ABCD, O is its centre, M and N the midpoints of the line 
seimients BO and CD, respectively. Prove that AWN is a right isosceles tri- 
angle. 

. 476. Constructed externally on the sides of a quadrilateral ABCD are right 
isosceles triangles ABM, BCN, CDP, and DAQ (Z M = ZN = Z P = ZQ = 90°). 
Prove that the midpoints of the line segments MP and NQ and the midpoints 
of the diagonals of the quadrilateral are the vertices of a square. 

477. In a right triangle ABC, the altitude CD is drawn from the vertex 
of the right angle. The points M and N divide the respective sides AC and CB 
in equal ratios (as measured from the end points A and C). Prove that the trian- 
gle DMN is similar to the given triangle. 

_, 478. Squares are constructed externally on the base and one of the lateral 
sides of an isosceles triangle. Prove that the centres of these squares and the 
min poit of the other lateral side serve as the vertices of a right isosceles tri- 
angie, 

479. In a rectangle ABCD, a perpendicular BK is dropped to the diagonal 
AC. The points M and N bisect the line segments AK and CD, respectively. 
Prove, that M ez 90°, 

480. Constructed for a right triangle ABC is a triangle ABC, symmetric to 
the triangle ABC with respect to the ignote aise AB. Hu M is the Vhidpoint o 
ne altitude C,D of the triangle ABC, and N is the midpoint of the side BC, 
then the triangle AMN is similar to the triangle ABC. Prove this. 

,A81. Given a parallelogram ABCD. Chosen on the lines AB and BC are 
points H and K such that the triangles KAB and HCB are isosceles (KA =A 
and HC = CB). Prove that the triangle KDH is also isosceles. , 

_, 482. A quadrilateral ABCD is rotated about a certain point O lying !D 
its plane through an angle of 90° to occupy the position A,B,C,D,. Prove that 
if P, Q, R, and S are the midpoints of the line segments A,B, B,C, CD, and 
M x^ the line segments PR and QS are mutually perpendicular and equa - 
ect quares are constructed externally on the sides of a quadrilateral’. 

rove that the centres of these squares are the vertices of a quadrilateral wit 
equal and mutually perpendicular diagonals. 

} 484. In a right triangle ABC, drawn from the vertex of the right angle is 
the altitude CD, and a point D, is constructed which is symmetric to the poin 
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D with respect to the leg AC. Prove that the point A and the midpoints of the 
line segments D,C and CB serve as the vertices of a triangle similar to the 
given triangle. 

485. Constructed in a right triangle ABC is a point D, symmetric to some 
point D of the leg BC with respect to the hypotenuse AB, £ is the point of 
intersection of the line segments DD, and AB,, M and N are the respective 
midpoints of the line segments AD, and CE. Prove that Z WNB = 90°. 

486. In a triangle ABC, the altitudes AA, and BB, are drawn, and a point A, 
is constructed symmetric to the point A, with respect to the straight line AC, 
AM and N being the respective midpoints of the line segments BA, and AB. 
Prove that CMN is a right triangle. 

487. Described on the side AB of a triangle ABC as on its diameter isa cir- 
cle intersecting the lines AC and BC at points A, and B,, respectively. Prove 
that the midpoints of the chords AB, and BA,. and the foot of the altitude 
drawn from the vertex C in the given triangle form a triangle similar to the 
given one. 

488. Perpendiculars MA, and MB, are dropped from an arbitrary point 
M taken on the circle circumscribed about a triangle ABC to its sides BC 
and AC, P and Q being the respective midpoints of the line segments AB and 
A,B,. Prove that 2PQM = 90°. 

489. The angle bisector AD is drawn from the vertex A of a triangle ABC 
to intersect the circle circumscribed about the given triangle at A}, M and N 
being the respective midpoints of the line segments CD and A,B. Prove that 
the triangles ACA, and A MN are similar to each other. 

490. A common chord of two intersecting circles is a diameter of one of 
them. Tangents are drawn through one of the end points of this diameter to 
the given circles. Prove that the other end point of the diameter and the mid- 
points of the line segments of the drawn tangents cut off by the circles serve as 
the vertices of a right triangle. 

491. The altitudes AD and BE of a triangle ABC are extended beyond the 
vertices A and B, and laid off on their extensions are line segments A M and BN 
such that AM = BC and BN = AC. Prove that the line segments CM and CN 
are mutually perpendicular and equal in length. 

492. Constructed externally on the sides AC and BC of a triangle ABC are 
equilateral triangles ACB, and BCA,, M is the midpoint of the side AB, and O 
is the centre of the triangle ACB,. Determine the angles of the triangle 1/.4,0. 

493. Constructed externally on the sides AC and BC of a triangle ABC are 
squares ACDA, and BCEB,. Prove that the point of intersection of the lines, 
AB, and BA, lies on the altitude of the given triangle drawn to the side AB. 

494. Given three equilateral triangles ABC, ADE, and A,/Q having the 
same orientation, the points A;, Aa, and Ag being the vertices of an equilateral 
triangle of the same orientation. Prove that the midpoints of the line segments 
CD, EF, and QB are the vertices of an equilateral triangle. Non 

495. Given a parallelogram ABCD. Constructed externally on its sides CD 
and BC are equally oriented similar triangles CDE and FBC. Prove that the 
triangle FA E is similar to them and of the same orientation. 

496. Constructed on the sides AB, AC, and BC of a triangle ABC as on the 
bases are three similar isosceles triangles ABP, ACQ, and BCR. The first two 
are arranged outside the given triangle, while the third one is found on the 
same side of BC as the given triangle (or conversely). Prove that the quadrilat- 


eral APBQ is a parallelogram. AP . 

497. Castel externally on the sides AC and BC of a triangle ABC are 
similar rectangles ACMN and BCPQ. Prove that the point of intersection of 
the lines VB and QA lies on the altitude of the triangle (or on its extension) 


draw: vertex. C. i 
p to. at the end point 4 of the chord AB of the circle O. 


498. A tangent is drawn k i 
A perneddiouler BM is dropped from the point B to this tangent and meets the 
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ir the second time at the point C. Prove that the centre O, the point N 
Fe eee chord AB in the ratio AN:NB = 1:2, and the point C’ symmet- 
ric to the point C with respect to the point M lie in one straight line. Mn 

499. The opposite sides AB and CD of a quadrilateral ABCD are divided 
by the respective points M and N in equal ratios as measured from the points A 
and C. Prove that the line segment MN divides the midline of the quadrilateral 
in the same ratio and is bisected itself by the midline, 

500. Points P. Q, R, and S divide the sides of a quadrilateral ABCD so that 
AP:PB = DQ:QC = m and AR:RD = BS:SC — n. Prove that the 
line segments PQ and RS divide each other in the same ratios. ES 

501. A parallelogram ADEF is inscribed in a triangle ABC so that the ver- 
tices D. E, and F lie on the sides AB, BC, and AC, respectively. Drawn through 
the midpoint MM of the side BC is a straight line A M intersecting the straight 
line DE at the point K. Prove that the quadrilateral CFDK is a parallelo- 


Straight lines are drawn through the opposite vertices of a parallelo- 
gram. These lines intersect its sides or their extensions at four points. Prove that 
these points are the vertices of a trapezoid or a parallelogram. — ‘ 

503. An arbitrary point M of the lateral side AB of a trapezoid ABCD is 
joined to the vertices C and D. Drawn from the vertices A and B are straight 
lines AN and BN parallel to the lines CM and DM, respectively. Prove that 
the point NV of their intersection belongs to the side CD. i 

504. Given a quadrilateral ABCD. A straight line drawn through the vertex A 
parallel to the side BC intersects the diagonal BD at the point M, and a straight 
line drawn through the vertex B parallel to the side AD intersects the diagonal 
AC at the point N. Prove that MN || CD. 

505. Given an arbitrary central-symmetric hexagon. Constructed external- 
ly on its sides as on the bases are regular triangles. Prove that the midpoints of 
the line segments connecting the vertices of neighbouring triangles are the 
vertices of a regular hexagon. 

506. Taken on the side AC of a triangle ABC is a point M such that AW = 
1 


34 C. and taken on the extension of the side BC is a point N such that B.V — 


CB. In what ratio does the point of intersection of the line segments AB 
and MN divide each of these line segments? N k —€— 

507. Given three line segments Aida, B,B,, and C,C,. Let their mid points 
be denoted by Ay, B4. and Cs, respectively, and the centres of gravity of the 
triangles A,B,C,. A,B,C,, and A,B,C, by M, My, and Ms, respectively. Prove 
that. M, is the midpoint of the line segment 4, My (or that the points Mj. Mas 
and My, coincide). 


908. Given on the median CM of a tri 
through this point are straight lines AN 
AC at points A, and B,, respectively. 
sected by the median CM and is 

509. Given on the side AB of a tri 
straight lines are dre 
the corresponding sides of the trian 
midpoint of the line segment 4,B,, 
of the medians of the given tri 


E , > and the line , i N and Ni 
in the same ratios, respectively, ve ta Segment CD hy points 


i Prov a i is perpen- 
dicular to the line segment VN, uve that: the: Tine a oS pen 
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512. Prove that if the lateral sides of a trapezoid are mutually perpendicu- 
lar. then the sum of the squares of its bases is equal to the sum of the squares 
of its diagonals. 

513. If in a quadrilateral, the sum of the squares of its diagonals is equal 
to the sum of the squares of all the sides, then this quadrilateral is a parallelo- 
gram. Prove this. 

514. Given two equally oriented squares ABCD and A,B,C,D,. Prove 
that AA? + CC? = BB? + DD}. 

515. Given on the median C M of a triangle ABC is a point P through which 
straight lines AP and BP are drawn intersecting the sides CB and AC at points 
pr and B,, respectively. Prove that if AA, = BB,, then the triangle is isos- 
celes. 

516. Given on the base AB of an isosceles triangle ABC is a point P. Prove 
that PC? = AC? — AP-BP. Find out how the formula will change if the 
point P lies on the extension of the base AB. 

517. Prove that if perpendiculars MX, MY, and MZ are dropped from an 
arbitrary point M taken inside a right triangle ABC (C is a right angle) to the 
respective sides BC, CA, and AB, then the following relationship holds: 
AY-AC + BZ-BA + CX-CB = AB*. 

518. Taken on the extensions of the sides 4B, BC, and CA of a triangle 
ABC are respective points M, N, and P such that BM = AB. CN = BC, and 
AP — CA. Compute the ratio of the sum of the squares of the sides of the trian- 
gle PMN to the sum of the sides of the triangle ABC. 

519. The lateral sides BC and AD of a trapezoid ABCD are rotated about 
their midpoints through an angle of 90° in the positive direction to occupy the 
position of the line segments B,C, and 4,D,. Prove that D,C, = A,B. 

520. Constructed on the sides AB, CD. and EF of a central-symmetric 
hexagon are equally oriented equilateral triangles ABP, CDQ, and EFR. Prove 
that the triangle PRQ is equilateral (in particular, it may degenerate into 
a point). 

rt. The side AC of a triangle ABC is rotated about the vertex A through 
an angle of -+-90°, and the side BC is rotated about the vertex B through an 
angle of —90°. Prove that the position of the midpoint of the line segment €,Cs 
joining the end points C, and C; of the rotated segments is independent of the 
position of the vertex C. . . . 

522. Constructed on the sides of a quadrilateral as on its diameters are 
semicircles, two opposite semicircles being arranged internally and two others 
externally. Prove that the midpoints of these semicircles are the vertices of 
a parallelogram. A ; 
523. Given a square. All possible right isosceles triangles are constructed. 
The vertex of one of the acute angles of the triangles coincides with a vertex 
of the square, and the vertex of the right angle belongs to its diagonal. Find 
the set of the third vertices of the triangles under consideration. 

524. Constructed externally on the sides of an arbitrary triangle are squares. 
Prove that the altitudes of the triangle whose vertices are the centres of 
these squares pass through the respective vertices of the given triangle. 

525. Drawn in a triangle ABC are the altitudes 44,, BB,, and CC}, Ay, 
B,, and Cy being the midpoints of these altitudes. Prove that the triangles 
A,B,C}. ByCyAy, and AoCoB, are similar. . Mp i 

526. Given parallel straight lines q, and qə and two pairs of points, i.e. A,, 
A, and B,, B,. On the given lines find respective points C, and C, such that 

iC, || 4oC. and B,C, || BsCs. seh Wis 
Er Agee sides BC i AD of a quadrilateral ABCD are divided into equal 
parts by the points Jj, B, and 4j, As. respectively. Is it always possible to 
draw a straight line so that its segment enclosed between the sides AB and CD 
is divided into equal parts by the lines A,B, and A,B? wy . 
328. Given three points, Aj, Bi» and C,. Taking them for division points 
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of the appropriate sides oi some triangle ABC which divide them in the ratio 2:1 
in the same direction of traverse, construct the triangle ABC. g 

529. On the hypotenuse of a right triangle or on its extension, find a point 
such that the line joining its projections on the legs is perpendicular to the 
hypotenuse. 

530. Let OA, OB, and OC be three rays intersecting two straight lines « 
and b at points A, B, C and Ay, B4, Cy, respectively, so that AB:BC = n and 
OA:AA, =m. Find the relation between the ratios OB:OB, = « and 
0C:0C,— y. ] 

531. The opposite sides AB and DC, AD and BC of a quadrilateral ABCD 
intersect at points E and F, respectively. Prove that the line segments thus 
AE-CE AF-CF 
BE-DE BF-DF ` 

532. A straight line passing through the centre of gravity of a triangle 
divides its sides into some segments. Find the relation between the ratio of the 
lengths of the segments oi one side and the ratio oi the lengths of the segments 
of the other side. 

533. Prove that if the extensions of the opposite sides of a quadrilateral 
intersect pairwise, then the midpoint of the line segment joining these points 
of intersection lies on one straight line with the midpoints of the diagonals. 

534. Prove that the sum of the fourth powers of the distances of a given 
point situated in the plane of a certain circle to the vertices of any square 
inscribed in it is constant. 


formed satisfy the equality 


SEC. 7. GREATEST AND LEAST VALUES 


Problems on finding greatest and least values are usually success- 
fully solved according to the following scheme: 

1. Reveal the quantity to be optimized (that is, the quantity 
whose greatest or least value is required to be found) and denote it, 
say, by the letter y (or S. P. r, R, etc. depending on the plot of the 
problem). 

2. One of the unknown quantities (a side, an angle, etc.) is de- 
clared to be an independent variable and is denoted by the letter z; 
real (in accordance with the conditions of the problem) bounds of 
change of z are set up. 

3. Proceeding from the concrete conditions of the problem, express 
the value of y in terms of z and the known quantities, that is. those 
given by the hypothesis of the problem (this is the geometrical step 
of the solution). 

4. For the function y =f (x) obtained during the preceding step. 
find the greatest or least value (depending on the requirements of 
the problem) within the interval of real change of æ found in Item 2. 

5. Interpret the result of Item 4 for 
problem. 

During the first three steps 


the given concrete geometrical 


) i +a so-called mathematical, that is. ana- 
eae af a piven geometrical problem is set up. Here. à 
piri a M e pna on a reasonable choice of the indepen- 
conde ee 1$ ot Importance here to express analytically y in 

sol z in a comparatively easy way, During the fourth step, the 
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set-up mathematical model is investigated 
most frequently by means of mathematical 
analysis, sometimes elementary techniques 
being applied. During such an analysis. 
the geometrical problem itself which served 
as a starting point for the mathematical 
model is of no interest to the investigator. 
And no sooner than the solution of the prob- 
lem is completed within the frames of the 
set-up mathematical model, the obtained Fig. 93 

result is interpreted for the original geo- 

metrical problem (the fifth step). 

Let us recall the scheme for solving a problem on finding the great- 
est or the least value of the function y = f (2), differentiable on 
the interval X, using differential calculus: 

(1) find f (x); 

(2) find the stationary and critical points for the function f (x), 
that is, the points at which /' (x) = O or f’ (x) is not existent, re- 
spectively; choose those points which belong to the interval X; 

(3) compile a table of the values of the function y = f (x); this 
table must contain the values of the function at the points found in 
Item 2 and also at the end points of the interval X. If the interval 
X does not contain its end points, then the limits of the function 
f (x) at its end points are entered in the table. 

The reader should bear in mind that there are cases when a prob- 
lem is solved simpler using a pure geometrical method (see Exam- 
ple 5 given below). 

Example 1. Given on a circle of radius R are points A and B, the 
distance between which is equal to a. and an arbitrary point C. De- 
termine the greatest value of the expression AC? + BC? (Fig. 93). 

Solution. 1. The expression AC? + BC? is the quantity to be opti- 
mized; let us set AC? + BC? = y. 

2. Let us choose an independent variable: we set z — ZCAB. 
'The real bounds (limits) of this variable are: 0 < x «ax — y, 
where y = ZACB (this angle is independent of the choice of the 
point C, since it is always measured by half of the minor are AB); 
obviously, according to the sense of the problem, the point C must 
be chosen on the major arc AB. 

3. Express y, that is, AC? + BC?, in terms of z, a, and R. By 
the law of sines, BC = 2H sin z and AC = 2R sin (a —2 — 7) = 
2R sin (x + y). Since AB = 2R sin y, we get:a = 2R sin y, whence 


we find: siny = oR: As a result, we get: y — AC? + BC? = 
(2R sin x)? + (2R sin (z + y)? = 4R* (sin? z + sin? (x + y)), where 


sin y — 3n (a mathematical model of the problem has been set up). 


94 Ch. 1. Plane Geometry 


4. Consider the function y = 4R? (sin? x + 


A sin? (c+ y)). We have to find its great- 

B Sox est value on the interval (0, n—y). Let 

us make some transformations of the ex- 

pression representing the function. We 

AÑ have: y are (155 =i erm 

o K * B sm [9. (cos 2z + cos (2x + 23) = 
Fig. 94 4R? (1—cos (2z--)cos y). 


The greatest value of the obtained ex- 
pression can be found without using the derivative: it is clear 
that it is reached at the point where cos(2z-r-3) reaches the 
least value, that is, when cos(2z--3)— —1. This will happen 
a—Y 


9 


an—7y 
2 


for 2z--y — s, that is, for z= . Note that the point 


belongs to the interval (0, x— y). 

Let us compute the greatest value of the function y: y= 
AR? (1 — (—1) cosy) = AR? (1 + cosy) = 4R? (14 + V 1 — sin? y) = 
4R? (1 i y :- im) 2R (2R + V AR2— à?) (this is the end of 
the step of solving the problem within the framework of the set-up 
mathematical model). 

5. Returning to the original problem we draw the following con- 
clusion: the greatest value of the expression AC? + BC? is equal to 
2R(2R + yan: — a’); it is reached when Z CAB = TA. that is, 
when the triangle ABC is isosceles (AC = CB). 

Example 2. Through a fixed point W inside an angle, draw à 
straight line cutting off a triangle having the least area (Fig. 94). 

Solution. 1. The quantity to be optimized is represented by the 
area S of the triangle AOB. 

2. Draw DM || OB and MK || O4. Set KB = z; the real bounds 
within which x changes are: 0 < z < +o. 

3. Since M is a fixed point, the line segments DM and KM are also 
fixed, we set DM =a, KM = b, and express S in terms of x. & 
and b. 

Consider the triangles MKB and AOB. They are similar, v 
1 E x Sls 2 =r Hence we find that £928. 


Further we have: S — 1. 40-0B.sin a, where a= Z AOB. Hence: 


" 
(a mathematical model 


2 T 1 2 


S 1 b(a+z) (a i x) sing bsing g er 
of the problem has been set up). 
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4. Consider the function s= , 0«r«-oo, where 


k= 250% | Pind its least value. 
7 . 2(a+2) t — (a+2)? . (az) (z— a) 
(1) Sk E grise 
(2) The derivative does not exist at the point z = 0 and vanishes 
al the points z = —a and x = a. Of these three points, only the 


point z =a belongs to the interval (0, +00). 
(3) We find the one-sided limits of the function at the end points 
of the interval 


Jim EEEE Loop uus im SEES cn, 
x>+0 s X- +00 
The table of values looks as follows: 
x 0 | -+0 | a 
y +o | -+œ åka 


Hence, the least value of the function is reached at the point 
g= a 

5. Let us return to the original geometrical problem. If z = KB = 
a. then, since OK =a and MK is the midline of the triangle 
AOB, M is the midpoint of AB. Thus, in order to cut off a triangle 
having the least possible area from the sides of the angle, we have 
to draw a straight line through the point M so that its segment en- 
closed between the sides of the angle is bisected by the point M. 

Example 3. Taken on the equal sides AB and BC of an isosceles 
triangle ABC are points D and £ such that DE || AC. Constructed 
on DE as on the base is a square so that the square and point B 
lie on opposite sides of the line DE. Find the greatest value of the area 
of the intersection of the triangle and 
square if AC = b, and the altitude BH of Ai 
the triangle ABC is equal to h. 

Solution. 1. The quantity to be opti- 
mized is represented by the area S of the D E 
intersection of the triangle and square. 

2, Let us denote the side of the square 
by z: z = DE and find the real bounds of 
change of x. It is clear that of all the 
squares entirely lying inside the triangle, 
the greatest possible area belongs to the Fig. 95 
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B inscribed square, that is, to the square all 
the vertices of which lie on the sides of 
the triangle (Fig. 95). If z exceeds the side 
of the inscribed square, then the square 
and triangle are arranged as is shown in 
Fig. 96. In this case, the intersection of 

D p the square and triangle is represented by 
the inscribed rectangle DEPT, the in- 
AIT H Plc scribed square being a particular case. Hence. 
| x changes from the side of the inscribed 

| square to the side AC. 
| Let us find the side of the inscribed 
square. From the similarity of the triangles 
K F BDE and ABC (see Fig. 95) we get: 


FMF yie we fud: b 
Fig. 96 bo” h t : T bh" 


bh 
Thus, gar eh 
Eh 


3. We express the area S of the inscribed rectangle DEPT in 
terms of z, a, and h. We get from the similarity of the triangles 
b 


; DD — AT "I ES T" 
ADT and ABH: aH = ar: that is, SS hence 
EN 
tb a 
pratt | and consequently, sa) | 
4. Consider the function S= (ba—a% on the half-interval 


bh " 
a b) and find its greatest value: 


(1) 8’ =4 (b—2z); (2) S =0 for z— 2. 


Now, find out whether the point Ž ties inside the half-interval 


bh " i ; : 
[sor b), that is, whether the inequality 3b 3 is ful- 


filled. It is fulfilled if 2h -—b--h, that is, if h<b. If hzzb. 
then there are no stationary points inside the half-interval 
loa 2 b). 
Th . 
(3) Let us compile a table of values of the function among which 
we have to look for the greatest one. First of all let us note that 


lim S(z)— lim J-(br—a?)— 0. 


x-—b-0 xb-0 
Further s( bh ) = Rm i i ide of an 
: PIER Pra) » Since GT is the si 


aw 
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inscribed square. Finally, s( =) t (»- -( 3 )) b og 


b 
3 
h<b, then the table has the following form: 


" bh b b 
[EN EN 
bh 2 bh 
S A TS A 
| ( b4-h ) | 4 | p 


bh 2 $ r 
Let us prove that T ( Vu ) . It is reduced to the inequal- 


ity (b+2)2?>4bh, that is, (b— 1)?— 0, which is an obvious 


inequality. 
Thus, if h<b, then the greatest value of the function S is 
equal to ^ and is reached at the point dL. 


If h> b, then the table has the form 


bh b 
b--h 

s Gm) 0 
E 


In this case, the greatest value of the function S is equal to 


bh 2 A : " bh 
VIA ) and is attained at the point z TFK" 

5. Returning to the original problem, we arrive at the following 
conclusion: if the altitude of the triangle is less than the base, then 
the greatest area will be possessed by the intersection of the triangle 
and the square constructed on the midline of the triangle. And if 
the altitudo of the triangle is not less than the base, then the area 
of the square inscribed in the triangle will be the greatest. 

Example 4. All possible trapezoids inscribed in a circle of radius 
R are under consideration. Find the lateral side of the trapezoid hav- 
ing the greatest area if it is known that one of the bases of the 
trapezoid is equal to Ry 3. 

Solution. 1. The quantity to be optimized is represented by the 
area S of the trapezoid. . 

2. Denote by x the angle at the known base of the trapezoid. The 
least possible value of this angle is 60°, then the trapezoid degener- 
ates into an inscribed regular triangle, its side, as is known, being 
equal to RY 3 (Fig. 97). On the other hand, z must be less than 120° 


7—01286 
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D 


Fig. 97 Fig. 98 


since the arc subtending the inscribed angle at the base of the 
trapezoid is less than 240° (Fig. 98). 

Thus, the real bounds for the introduced independent variable 
have been established: 60° < x < 120°. 


3. Express the area S of the trapezoid ABCD in terms of 7 
and R. We have: AD=R V3, BD=2Rsinz, ZABD=+UAD= 


60°, ZBDA=:120°—2, and BII— BD sin (120^ — 2) 2 2R sin £ X 
sin (120° — xz), BH being the altitude. 

We get: HD = AD BC. = BD cos (120° — z) = 2R sin x cos (120° — 3) 
and S=HD.BH = 2R sin z cos (120? —z)-2R sin z sin (120° — 2) = 
2R? sin? x sin (240° — 2z). 

A Find the greatest value of the function S = 2R? sin? x X 
sin (240° — 2z) on the half-interval [60°, 120°). 

(1 S’ = 2R*(2sinrcoszsin(240 — 22) —  2sinmz X 
cos (240° — 22) = 4R? sin z (sin (240° — 22) cosa — sinc 
cos (240° — 22)) = 4R? sin z sin (240° — 22 — z) = 4R? sin 2 x 
sin (240° — 3z). 

(2) On the half-interval [60°, 120°), S$’ vanishes at the point 
z = 80° only. 


(3) 


8 


120° 


60° | 80° 


S 3m y 3 
4 


2R? sin? 80° 0 


In this table, S (120°) is understood as lim S. Compare ie 


x—1209 


3m y 3 
bie 4 and 2? sin’ 80°. Suppose that 2R?sin? 80° 7 


3m y 3 3 2! 
7 š o: 3 3 j 
—-—-. Then sin? go iyu ; Whence sin?80*— (42) 
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that is, sin 80°> y3 ; Or sin80? > 
> 


sin 60°. The last inequality and, together [> 
with it, our supposition are true. Hence, the 
function S reaches the greatest value at 


B 


w= 80%. 
5. Thus, the greatest area is possessed by Á 
the trapezoid with the base angle equal to 4 D [^4 


80°. It is required to find the lateral side Fig. 99 
of such a trapezoid. From the triangle 
ABD (see Fig. 98) we have: AB = 2R sin (120° — z). For z = 80° 
we get: AB = 2R sin 40°. 

Example 5. Prove that of all the triangles with a given base and 
a given vertex angle, an isosceles triangle has the greatest bisector 
of the vertex angle. 

Solution. First Method. 1. The angle bisector BD (Fig. 99) is to be 
optimized. 

2. By the hypothesis, AC and Z ABC are constant. Set AC = b 
and ZABC = p. Introduce an independent variable: z — ZADB. 

Find the real bounds of change for z. On the one hand, the 
angle z, being an exterior angle for the triangle BDC, is greater 
than any interior angle of this triangle not adjacent to the angle 


BDA, that is, a2. On the other hand, from the triangle ABD 


we conclude that x «s—. . Thus, Pra. 


3. Express BD in terms of x, b, and f. Note that Z BAD = 
n—z—5. and 2BCD=2—4, 


2 

By the law of sines, we get from the triangle ABC: it - 
25 that is Ap , whence we find that AB = 
sinc ’ > sin (—5) 

sin 2 

; B 

b sin (2-4) 
sin f = M r 

Analogously, by the law of sines, we get from the triangle 

ABD: A2 s a hania SS y , whence 


sin D sin A " sin z 


sin (a—z—£) 
we obtain; 
AB sin (2+4) bsin (<4) sin (+$) 
W e ee 7 — 
Ach : cos B— cos 2z 
~ 2sinf sin z 
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y b cos B — cos 2z 
4. Find the greatest value of the function y CUm ee 
; 8 
on the open interval (£ ML —+) $ 
j b 2sin 2r sin z — cos z (cos B— cos 2z) b x 
a) y'— 2sinp ` sin? z ^— 2sinf 
(cos 2x cos z-- sin 2z sin x)-+-sin 2z sin z— cos f cos x b - 
sin?z ^ 2sinf 
cos z 4-2 sin? z cos z — cos f cos z b . cos x(t — cos + 2sin?z) _ 
sin?z 2sinf sin? z 
bcosz (sine D. sine z) 
sin B sin? x R 


(2) y'=0 if cost=0, that is, for z= ES (the equation cos t= 0 
has noother solutions on theopen interval (4 " a—4)) ; y' does 


notexistifsin z—0, buton the open interval (Es =$) this 
equation has no solution. 


(3) In order to compile a table for finding the greatest val 
of the function, let us first of all compute the one-sided lim! 


of the function under consideration for tot +0 and for 7” 


By ne 
A— h; 
lim d — cos 2z) € b (cos B— cos f) 29. 
B sin f sin z s tB 
x0 2sin B sin -5 


lim  P(cosB—cos2z)  b(cosf—cos(2x—)) = 


mone b s Ce a 2sin Bsin (a- 5) 
UR e 
Now, it is already clear that the greatest value is reached by th 


function y (x) for z = > This value is equal to: 


0. 


p 
b cof i b-2.cos? -7 


E98 pz1 b p 
2sinp " 1 = -—-—cot—c. 
P sin E cos B. : : 


5. Hz — 2, then ZADB = 90°. 
ABC, the angle bisector BD is its al 
is isosceles Thus, of all the 
vertex angle, 
vertex angle. 


-ngl 
This means that in the triate 


: titude, hence, the triangle a 
triangles with a given base and a £ the 


au isosceles triangle has the greatest bisector O 
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Second Method. Let us give a geometrical B, 


proof which is considerably briefer and more B 
elegant than the first method. Z 
Circumscribe a circle about the triangle » 


ABC with the angle bisector BD (Fig. 100). 

The vertices of all the rest of triangles with 

a given base and a given vertex angle lie on 

the arc ABC. Let us take an isosceles triangle | 

AB,C, draw the angle bisector B,D, in it, So 
and prove that BD < B,D,. 

Extend both angle bisectors BD and B,D, 
to intersect the circle. Both of them will in- Fig. 100 
tersect the circle at one and the same point M 
which is the midpoint of the arc AC. Since B,M is a diameter of the 
circle, we have: BM < B,M. From the triangle DD,M we conclude 
that DM > D,M. From these inequalities it follows that BM — 
DM < B,M — D,M, that is, BD < B,D. 


PROBLEMS 10 BE SOLVED WITHOUT ASSISTANCE 


535. Prove that in a right triangle F< y2 — 1, where r is the radius of 


the inscribed circle, and R is the radius of the circumscribed circle. 
536. Prove that in an isosceles triangle, the ratio of the radii of the in- 


scribed and circumscribed circles does not exceed z 


537. Prove that of all the triangles with an equal vertex angle and a con- 
stant sum of lateral sides, an isosceles triangle has the least base. 

538. Prove that of all the triangles with a given base and a given vertex 
angle, an isosceles triangle has: (a) the greatest area; (b) the greatest perimeter. 

539. Prove that of all the isosceles triangles inscribed in a given circle, am 
equilateral triangle has: (a) the greatest area; (b) the greatest perimeter. 

540. The point A lies between two parallel straight lines 7; and J», is situat- 
ed at distances a and b from them, respectively, and is the vertex of the right 
angle of a right triangle ABC; the point B lies on the straight line 1,, and the 
point C on the straight line l. Prove that of all such triangles, the triangle 
with legs a 2 and bY 2 has the least area. 

541. A rectangle is inscribed in a triangle. Prove that the area of the rectan- 
gle is not greater than half the area of the triangle. 

542. Prove that of all the parallelograms inscribed in a given triangle so- 
that the triangle and parallelograms have a common angle, the greatest area is 
possessed by the parallelogram whose vertex bisects the side of the triangle 
Opposite to the common angle. j : 

543. The area of a triangle ABC is equal to S and Z B — f. Find the least 
value of: (a) the sum of the sides AB and BC; (b) the side AC; (c) the perimeter 
of the triangle. " 

544. Of all the isosceles triangles with a constant length of the median 
drawn to a lateral side, find the triangle having the greatest area. What is the 
size of the vertex angle of such a triangle? . 

545. In the triangle ABC with[sides a, b, and c, the sides AB and AC are 
extended beyond the vertices B and C over the distances AD and AE so that 
BD + CE = AC. Find AD and AE so that the line segment DE has the least. 


length. 
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546. Taken on the side AC of a triangle ABC is an arbitrary point from 
siib, eene ph on are dropped to the sides AB and BC. What are the least 
and greatest values of the sum of the lengths of these perpendiculars if it is 
known that AB — BC? | ate : ith 

547. In a given right triangle inscribe a rectangle having a common (wit 
the triangle) right angle and a diagonal of the least length. I 

548. A statue 4 m high is mounted on a column 5.6 m high. At what dis- 
tance from the column must an observer stand to see the statue at the greatest 
possible angle if the distance from the ground to the level of his eyes is equa. 
to 1.6 m? 

549. The lateral sides and one of the bases of a trapezoid are equal to 15 cm 
each. For what base will the area of the trapezoid be the greatest? oe 

550. A rectangle of the greatest area is cut away from a right trapezoid with 
bases a and b and altitude k. Determine this area if: (a) a = 80 cm, b = 00 cm, 
and h = 100 cm; (b) a = 24 cm, b = 8 cm, and h = 12 cm. 

551. The side of a square ABCD is equal to 8 cm. Taken on the sides AB 
and BC are respective points P and Ejsuch that BP = BE = 3 cm. On the 
sides CD and AD find points M and K such that the trapezoid PEMK has the 
greatest area. What is the greatest value of the area of the trapezoid? "- 

552. In a pentagon ABCDE, A, B, and E are right angles, AB = a, AE = 
b, BC — c, and DE — m. In the given pentagon inscribe a rectangle having 
the greatest area if: (a) a = 7 cm, b = 9 cm, c = 3 cm, and m = 5 em; (b) à ^ 
"cm, hb — 9 cm, c= 3 cm, and m = 4 cm. € 

553. Given on a circle are two points A and B. On the circle, find a point ( 
such that: (a) the product AC-BC is the greatest; (b) the sum AC + BC 13 
Xhe greatest. K . 

554. (a) Of all the sectors with a given perimeter P find the one having the 
greatest area. 


, (b) Of all the sectors with a given area S find the one having the least pe- 
Timeter. 


555. The section of a tunnel has the shape of a rectangle completed me 
a semicircle from above. For what radius of the semicircle will the area of th 
section be the greatest if the perimeter of the section is equal to P? awa 
,. 996. The distance of the chord AB from the centre O of a circle of radius 
is equal to ^, In the smaller of the two line segments formed by the chord 
inscribe a rectangle having the greatest area. «oh is 

557. Inscribed in a circle of radius R is a trapezoid, one base of which ! 
equal to the diameter. Find the greatest area of such a trapezoid. he 

558. (a) Prove that of all the triangles with a given acute angle ab th 


à d n d o 
Ae and a given base, an isosceles triangle has the greatest median drawn t 
ase. 


5 " tex 
h ; ngles with a given obtuse angle at the ver 
and a given base, an isosceles triangle has the smallest median drawn to the basè. 


e an be inscribed. Compute this radius. t 
(b) About a circle of radius r circumscribe an To triangle of the ene 
ame ee this area. AD 
561. The side of a square ABCD is equ i ides 
i as al to 6 cm. Taken on the si i 
win AB are points K and P such that AK — 3 em and AP = 20m. A trape the 
Hd A +P is inscribed in the square, What is the greatest area 9. i 
562. The chord AB is equal i i is aran 
à qual to the radius of a circle. The chord CD is - 
para ekto AB so that the trapezoid ABCD has the greatest area. Find the ang" 
asure of the minor of the arcs subtended by the chord CD. 


Chapter 2 
SOLID GEOMETRY 


SEC. 8. CONSTRUCTING THE REPRESENTATION 
OF A GIVEN FIGURE 


1. In plane geometry, the representation of a given figure Do, called 
the original, is understood as any figure ® similar to the figure Dy. 
Thus, if the given figure D, is a right triangle with legs equal to 
5 cm and 30 cm, then it can be represented by any right triangle 
with legs whose ratio is equal to 5:30, for instance, by a right tri- 
angle with legs equal to 1 cm and 6 cm. 

Note that in practice it is not always simple to construct the repre- 
sentation of a figure similar to the original. Thus, if for solving a 
problem it is required to construct the representation of a right 
triangle given the hypotenuse and bisector of one of the acute angles, 
then, since neither of the acute angles of the triangle is known, to 
construct the desired representation of a figure similar to the orig- 
inal, we would have to carry out a certain auxiliary construction, 
that is, in essence, to solve a new problem. In such cases, it is nat- 
ural to try to solve the posed problem on an “approximate” draw- 
ing, and after the solution is found, to construct a figure similar 
to the original. 

2. In solid geometry, to construct the representation of a given 
figure is a much more complicated thing. 

Descriptive geometry offers various methods of constructing rep- 
resentations, which are developed in detail, various kinds of paral- 
lel projection in particular. When solving geometrical problems, 
the representations of figures are constructed in an arbitrary parallel 
projection, that is, the position of the original relative to the pro- 
jection plane and the direction of projection itself relative to this 
plane are left indeterminate. The possibility of applying such a 
method of construction of a projective representation follows from 
the Pohlke-Schwarz theorem, according to which any plane quadri- 
lateral ABCD together with its diagonals may be taken for a parallel 
projection of a tetrahedron similar to the tetrahedron A,B,C D9 of an 
arbitrary form. From the representation obtained by means of such 
an arbitrary parallel projection it is impossible to restore the 
original. 

3. Projection drawings made when solving problems at high 
school must meet the following requirements: 
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EU 


(a) (b) (c) 
(e) (C) 


(1) a representation must be true, that is, it must be a figure simi- 
lar to the parallel projection of the original; . 

(2) a representation must be descriptive (visual), wherever possible; 
i. e. it must help visualize the shape of the original (in some cases, 
this requirement is not observed; this will be explained below); 

(3) a representation must be easily realizable, that is, the construc- 
tion rules must be as simple as possible; the abundance of auxilia- 
ry constructions impedes comprehension of the contents of @ 
problem. 

It is necessary to distinguish clearly between the notions of & 
true and a descriptive representation. 

The truth (correctness) of a representation is a rigorously defined 
mathematical notion, whereas descriptiveness (visualization) be- 
longs to subjective notions since it is connected with individual per- 
ception of a figure being represented. 

Thus, all the representations shown in Fig. 101a, b, c, and d are 
the true representations of a cube, but only the one shown i? 
Fig. 101d is percepted as a visual representation. All the representa- 
tions of Fig. 101e, f, g, and h are the true representations of a regu 
lar quadrangular pyramid, but only one of them is visua 
(Fig. 1012). 

In order for a representation to be true, it is sufficient to construct 
this representation in accordance with the rules for parallel pro- 
jection. 

4. Tightly connected with 
the notion of a p 
ply, of the compl 


(2) (A) 


Fig. 101 


ste the notion of a true representation 1° 
osition completeness of a representation (or, sim 
eteness of a representation). The representation of 2 
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figure (D, is said to be complete if 
every point A, belonging to the 
figure ©, is given on the projec- 
tion drawing. 

Let us recall briefly how this 
notion is defined. 

A plane « on which figures to be 

studied are projected is called a 
projection plane, or a plane of rep- 
resentation (actually, this is the 
plane of a drawing), and the pro- 
jection on the plane c itself is said 
to be external. To construct a rep- 
resentation of a certain figure, we 
may carry out either central or parallel projection. Henceforth, 
Speaking of external projection, we shall mean parallel projection 
only. 
Curtis some plane x in space, different from c, and a certaim 
new direction of parallel projection, nonparallel to the plane a; 
the projection in this direction will be called auxiliary (parallel). 
For every point A, in space let us construct a point Aj, i.e. the pro~ 
jection of the point A, on the plane zt, (an auxiliary projection), 
and then project both points A, and Aj on the plane a (Fig. 102). 
We get the points A and A’, which are called the projection and sec- 
ondary projection of the point Ao, respectively. 

The correspondence A —> A’ on a projection plane may be regarded 
(of course, conventionally) as a certain kind of projection; it is called 
an internal parallel projeciion, since it is realized inside the plane 
of representation. It is obvious that whatever the points Ay, Bos 
Cy, . . . are in space, AA’ || BB" || CC’ ||... in the plane of repre- 
sentation. E A 

By a projection (representation) of a three-dimensional figure we 
understand the totality of the projections of all of its points. 

In the general case to get a projection ofa three-dimensional figure: 
GO, (original), it is not necessary to project each of its points. Thus, 
if D, is a polyhedron, then it is bounded by a finite number of faces 
(plane figures), each face being bounded by a polygonal line whose 
links are the edges of the polyhedron (line segments). Each edge, im 
turn, is bounded by a pair of vertices of the polyhedron. Finding the 
projections of all the vertices of the polyhedron, we thereby deter- 
mine the projections of all of its edges and faces, that is, ihe entire 

rojecti the polyhedron. Ae s 
d A ae a8 to the figure OG, is said to be given on the 
projection drawing (or, simply, a given point) if its projection and 
secondary projection, i.e. a pair of points A and A’, are known. 

Thus, two pairs of points A, A and B, B' determine a complete 


Fig. 102 
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representation of the straight line A,B, on 
condition that AA’ || BB’. , : 

Analogously, if AA’ || BB’ || CC , then 
three pairs of points A, A’, B, B’, and fa 
C' determine a complete representation o 
the plane A,B,C). 

To justify the completeness of the repre- 
sentation of some figures, it is sometimes 
expedient to consider the auxiliary central 
projection of the points Ay, By, Cy, ... of 
the original figure Do on the plane sy. On 


performing this projection, and then, as 

Fig. 103 usual, the external (parallel) projection of 

the points A, and A‘, B, and By Co and 

Co ... on the plane a, we get the projections and secondary pro- 


jections of the points Ay, By, Cy,.... In this case, the corre- 

spondence A — A’ is called (of course, conditionally) the internal 

central projection. Obviously, whatever the points Ao, Bo, Co, 

in space, the straight lines AA’, HB CO S s 

point in the plane of representation (they are said to be concurrent). 
Let us now show that if the projections of the vertices of the pyr- 


amid SjA,B,C,, i.e. the points S, A, B, and C (without the sec- 
ondary projections), are given, then the representation of the pyr- 
amid will be complet 


e. Indeed, choosing the point S, as the centre 
of auxiliary projection, and the plane A 
can construct, the secondary projection 
point M, of the pyramid by its projection M. In Fig. 103 this con- 
struction is shown for a point M, belonging to the plane SA Ky. 
In this case, any point of the triangle ABC may be assumed to be 
the secondary projection of the point S. 

The representation of a cone as a figure consisting of an ellipse 
and a pair of tangents to th 
point turns out to be co 
the cone together with 


_ 9. If the representation of a figure © 
tion problem i i i 


. intersect at one 


oBoCo as the plane mo, we 
; Le. the point M', for every 


o is complete, then any posi- 
» any problem on constructing 
(for instance, the problem on finding the 
Siven straight line and a given plane). 
Me a ion is also connected with the 
8 ; Cehniteness (determinacy 
„The representation of a figure A is sad pis 
given this representation, we can ( 
Similar to qp,. 

À complete 
cally determi: 
metrically 


3 rically determined. ils 
in principle) construct a figure 
Tepresentation, in the 
ied, however, und 


general case, is not yet metri- 
determined, Thus, if 


er certain conditions, it may become 
‘tls indicated that the prism repre- 
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sented in Fig. 101d is regular, then its representation will not be 
metrically determined. But if it is added that the lateral edge of the 
prism is twice the side of the base, then the metric determinacy of 
ihe representation will be guaranteed. 

A representation accompanied with some conditions which make 
it possible to construct a figure similar to the original is said to be 
«conditional. These conditions (they are contained in the text of a 
problem and are usually indicated in the brief notation of the data) 
are various and depend, specifically, on the figure being represented. 

For instance, if a figure (D, is a cube in the original, then it is suf- 
ficient to accompany its representation with the condition that a fig- 
ure Ọ is acube. Indeed, if such a condition is superimposed on the 
figure (P, it is possible to construct a figure similar to the original, 
since all the cubes are similar to one another. 

But if a figure D, is a regular quadrangular pyramid, then it is 
insufficient to accompany its representation with the condition that 
a figure Ọ is a regular quadrangular pyramid, since in this case we 
will not be able to construct a figure similar to the original. To 
make the representation metrically determined here, we have to ad- 
ditionally indicate, say, the ratio of the altitude of the pyramid to 
the side of the base, or the angle between the lateral edge and the 
plane of the base, or the angle between the lateral face and the 
plane of the base. 

7. Constructions carried out on a projection drawing may be both 
positional and metric. Positional constructions reproduce the proper- 
ties of an original retained in external parallel projection. Metric 
constructions, as a rule, reproduce those properties of an original, 
which are not preserved in parallel projection. j 

Some constructions, which at first glance seem to be metric, may 
turn out to be positional in a concrete problem. For example, to 
construct an altitude of a triangle in the general case is a metric 
construction, since the property of straight lines to be perpendicular 
is not preserved in parallel projection. However, if the sides A oBo 
and B,C, of the triangle ABoCo are equal in the original, then the 
altitude B,D, also serves as a median in the original; and the prop- 
erty of a line segment to be a median of a triangle is preserved in 
parallel projection, therefore, the median BD of the. triangle ABC 
will be the representation of the altitude B,D, of the triangle A oB oCo. 
Thus, in the case under consideration, the construction of the repre- 
sentation of the altitude is positional. . 

8. To justify the metric determinacy of a complete representation, 
it is necessary to distinguish between affine and metric properties of 
figures. Let us recall some of them. £n 

Affine properties (preserved in parallel projection): 

(1) the property of a figure to be a point, a straight line, a plane; 

(2) the property of figures to have an intersection; 
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ividi ine segment in a given ratio; : . 
a xen b ainiaht lines, planes, a straight line and a 
plane to be parallel; 
(5) the property of a fi 
trapezoid; . 
(6) the ratio of the len 
(7) the ratio of the ar 


gure to be a triangle, a parallelogram, & 


gths of parallel line segments; 

eas of two figures, etc. We e 

Metric properties (not preserved in parallel projection, but p 

Served in the transformation of similitude): 3 ; oar 
(1) the property of straight lines, planes, a straight line an 


plane to form a certain angle (to be mutually perpendicular in par- 
ticular); 


(2) the ratio of the lengths of nonparallel line segments; e» 

(3) the ratio of the sizes of angles between straight lines (the P id 
erty of a straight line to be the bisector of an angle in particular); 

(4) the ratio of the sizes of dihedral angles; ; nd 

(5) the ratio of the sizes of angles between straight lines a 
planes, etc. 


For instance, the base of a regular 


; May be repres 
gram, since the ratio of 


es, while 
y. 

y parallelogram may 
hombus, and 


represent a parallelo- 
he metric conditions indicated 


à Square. 16 
in the text of a problem a o 
Constructed according to Ý 
usually indicated separate HM 
ing. Supplementing a drawing with metri 
© spend parameters, J 
o İS a rhombus AoBoCoDo, and a PD 
entation, then, adding the words “AB di- 
ing, we thereby impose one metric con 
Tepresentation, or in other words, we spend one parame 
> In the original A,B, = p i i : 
but the ratio of nonparalle] 
Projection, and 
1 etric pr 
Constructing a Parallelogran ai d pua 
ented” 


y, the equality A Bo 
original. Analogous 9; 
Pplying the drawing with a 
» We thereby spend two param 
u o is Tepresented 

the affine Properties of the es 


Since the affine prope ti original, th 
Projection. properties of 


a square is Tepres 


ain figure @ possessing GET 
, taen No parameters are EI 
the original are preserved in para 
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10. If, when making a projection drawing, 
two parameters are spent on representing a 
plane figure Do, then the representation of 
each point lying in the plane of this figure 
is thereby determined uniquely (and thus 
any further metric constructions in the plane 
of the figure Pp, which may be required 
Lo solve the problem, are not allowed to 
be carried out arbitrarily). 

Analogously, if, when making a projection 
drawing, five parameters are spent on repre- 
senting a space figure Dy, then the representation of each point of this 
space figure is thereby determined uniquely (and, consequently, no 
metric constructions are allowed to be carried out on this drawing 
arbitrarily). 

11. In the process of solving a stereometric problem, we have to 
carry out various additional constructions, for example, to construct 
the plane angle of a given dihedral angle, the angle between a given 
Straight line and a given plane, the bisector of a certain angle. When 
making auxiliary constructions, one should take into account not 
only the parametric number of the representation (the number of 
parameters spent), but also the so-called domain of "admissible ar- 
rangements". 

For instance, the representation of the centre of the circle inscribed 
in the triangle A,B,C, may not be chosen without regard for the do- 
main of representation of this centre, which, asis known from descrip- 
tive geometry, is a part of the plane found inside the triangle whose 
sides are the midlines of the triangle ABC. 


Example 1. One of the lateral faces of a triangular pyramid is 
perpendicular to the plane of the base. This lateral face and the base 
of the pyramid are regular triangles. Taking an arbitrary quadrilat- 
eral SBAC with its diagonals for the representation of the pyramid, 
find the parametric number of this representation (Fig. 104). 

Solution. We spend two parameters on representing a regular tri- 
angle lying in the base of the pyramid by an arbitrary triangle. We 
Spend two more parameters on representing the lateral face, which is 
a regular triangle in the original, by an arbitrary triangle (one sido 
of this triangle is, naturally, a side of the triangle lying in the base 
of the pyramid). Finally, assuming that the constructed triangles 
are the representations of the triangles whose planes are mutually 
perpendicular in the original, we thereby spend one more parameter, 
Thus, we have spent all the five parameters on the representation of 
the given pyramid, that is, its parametric number p = 5, and, hence, 
no other metric constructions are allowed to be carried out arbi- 


trarily on this representation. 
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Remark. For the sake of brevity, in the phrase "given the representation of 
a figure”, the word “representation” is frequently omitted, and we write simply 
“given a figure”. 


Further, let in this example the side of the base of the pyramid be 
equal to a, and it is required to find the lateral surface area of the 
pyramid. Omitting for brevity the words “the representation of the 
pyramid”, “the representation of the triangle”, and so on, we shall 
say that given a pyramid SABC whose lateral face SAB and base 
ABC are regular triangles, the plane SAB being perpendicular to the 
plane ABC. It is clear that S4s4g = gus. To find Sagac, We 

4 
have to find the altitude SK of the triangle SAC. 

To solve the problem, it is required to carry out additional con- 
structions, and since the representation is metrically determined 
(with all the five parameters spent on it), the altitude SK is forbid- 
den to be constructed arbitrarily, that is, taking an arbitrary point 
px AC, we have no right to assert: “let SK be perpendicular to 

The required additional construction can be carried out in the 
following way. We draw the median BM of the triangle ABC. Since 
the latter is a regular triangle, the median BM also serves as the al- 
titude, that is, BM is perpendicular to AC. Analogously, drawing the 
median SD of the triangle SAB, we have: SD | AB. It is not dif- 
ficult to prove that the line segment SD is perpendicular to the plane 
ABC. We draw DK parallel to BM, then DK is perpendicular to 
AC. We join the point S to the point K. Since the line segment SD 
is perpendicular to the plane ABC, DK is the projection of SK on 
the plane ABC, and, consequently, SK is perpendicular to AC. Now; 
it remains to perform rather simple computations. We find that 


SD = BM = 41 Dk = va and SK = ae, Thus, 
a?y 3 


Sia = £ 4 y». 

Example 2. The perpendicular BK is dropped to the plane ABC 
at the vertex B of the equilateral 
AB. Find the tangent of the acute 
angle between the straight lines 

AK and BC (Fig. 105). 
Solution. We construct the repre- 

S 

ing an arbitrary triangle ABC to 
be the representation of the equilat- 
eral triangle, we spend two param- 
Fig. 105 elers. Assuming the line segment 


K 
/ triangle ABC, BK being equal to 
L^ sentation of the given figure and 
NC find its parametric number. Assum- 
X nooo 
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BK to be the representation of the perpendicular to the plane 
ABC, we also spend two parameters. Finally, assuming that BK:AB= 
1:1, we spend one more parameter. Hence, the parametric num- 
ber p = 5. Thus, the given representation is metrically deter- 
mined, and any other metric constructions on it are inadmissible. 

We then carry out the following additional constructions: in the: 
plane ABC, through the point A draw a straight line Z parallel to. 
BC. Then, the angle between the straight lines AK and BC is equal 
to the angle between the straight lines AK and Z. To find the angle 
between the straight lines AX and J, it is expedient to include this. 
angle in some right triangle. The straight line DK, which is perpen- 
dicular to l, can be constructed as an inclined line whose projection: 
is perpendicular to the straight line Z. To draw this projection (the 
straight line BD), we take advantage of the fact that the triangle 
ABC is equilateral, and, consequently, its median AM is perpendic- 
ular to the line segment BC. Thus, having constructed the me- 
dian AM of the triangle ABC, then BD parallel to AM, and the 
line segment DK, we get a right triangle ADK. The ratio DK:AD = 
tan ZDAK is the required one. Setting AB = a, we find that BK = 
a, BD =2¥38, px=2¥7, and AD —BM — $5. Thus, 


2 2 
tan ZDAK = V7, and, consequently, the tangent of the angle be- 


tween the straight lines AK and BC is equal to yr. 

Example 3. One of the legs of a right isosceles triangle lies in the- 
plane œ, and the other forms an angle equal to 45° with it. Find the: 
representation of the given figure, its parametric number, and then. 
the angle formed by the hypotenuse and the plane œ (Fig. 106). 


Solution. Assuming an arbitrary triangle ABC to be the repre- 
sentation of the right triangle, we spend one parameter. Assuming: 
that AC and BC are the representations of congruent line segments, 
we spend one more parameter. Finally, assuming that BC is the 
representation of the line making an angle equal to 45° with the- 
plane œ, we also spend one more parameter. 'Thus, the parametric 
number p — 3. Therefore, there are some more vacant parameters- 
for further metric constructions on this representation. 

Let us now determine the angle 
formed by the hypotenuse AB 
and the plane œ. We take some 
point B' in the plane œ and assume 
that BB’ represents the perpendic- 
ular to the plane œ. The last two 
vacant parameters are also spent. 
The representation becomes metri- 
cally determined, and, therefore, 
any further metric constructions 
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are not allowed to be carried out arbitrarily on the obtained repre- 
sentation. However, this is not required in our case. We then construct 
ay 2 


B'C and B'A. Setting AC = a, we find that BC = a, BB’ = ——, 


and AB = a V2. Thus, in the right triangle ABB’ we have: BB’: 
AB = 1:2, that is, Z BAB' = 30°. But BB’ | a, ie. ZBAB' is 
the angle formed by the hypotenuse AB and the plane a. 


Remark. To get a visual representation, we chose arbitrarily the point B', 
"which belongs to the plane c, so that the straight line BB’ was parallel to the 
margin of the page. This representation prompts the idea that BB, is perpen- 
nicular to @ in the original. Note that the arbitrariness in choosing point B’ is 
bot without bounds. For instance, the straight line BB’ must not turn out to 
de parallel to the straight line AC (in this case, the straight line BB’ would be 
the representation of the straight line B,Bg parallel to the plane ct). 


Example 4. In a regular quadrangular pyramid, the angle between 
two adjacent lateral faces is equal to 2c. Find the angle formed by 
a lateral edge of the pyramid and the plane of its base (Fig. 107). 

Solution. It is clear that the figure SABCD is a complete repre 
sentation of the given pyramid. Let us count the parametric number 
‘of this representation. Two parameters are spent on representing 
the square serving as the base of the given pyramid by an arbitrary 
parallelogram ABCD. The other two parameters are spent on the 
altitude of the pyramid represented by the line segment SO, where 
‘O is the point of intersection of the diagonals of the parallelogram 
ABCD, since it is assumed that the line segment SO is the represen- 
tation of the perpendicular to the plane ABC. Thus, the parametric 
number p = 4, that is, only one vacant parameter is left for making 
further metric constructions that may be required in the process 9 
Solving the problem. 

To Solve the given problem, let us construct the plane angle of 
the given dihedral angle on this representation. This can be done, 
for instance, in the following way: we take an arbitrary point : 
on the edge SC and assume the line segment OM to be the repre 
sentation of the perpendicular dropped from the point O, to the 
edge SoCo. Joining now the point M to the points B and D, W? 
get the angle BMD, which is, as is easy 
to show, the representation of the plane 
angle (of the dihedral angle SoCo in the 
original). 

7 . We may now introduce the notation 28 
into the drawing. Since the line segme? 

^ C SO isthe representation of the altitude ° 
A the pyramid, the line segment OD is i- 

e representation of the projection of the la 
eral edge on the plane of the base of the PY™ 
Fig. 107 amid, and, therefore, the angle SDO is b? 
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representation of the desired angle. 
It is easy to compute that this 
angle is equal to arcsin (cot «). 
where 45*— a < 90°. 

12. When solving some stereo- 
metric problems, not complete, 
metrically determined, but simpli- 
fied representations turn out to be 
more suitable. For instance, when 
solving problems on combinations 
of polyhedrons and round solids, 
after having chosen a section suit- 
able for constructing a combination Fig. 108 
of solids, we can show on this repre- 
sentation the figure similar to the original and obtained in the section. 

Thus, instead of the representation of a regular quadrangular 
pyramid and a ball inscribed in it, we may give the representation of 
the figure obtained in the section of this combination of solids by 
the plane passing through the altitude of the pyramid parallel to 
the side of the base. This section is an isosceles triangle whose lateral 
sides are the slant heights of the pyramid. Since the centre of the 
ball lies on the altitude of the pyramid, the section of the ball by 
this plane will be the circumference of the great circle. Since the 
ball touches the faces of the pyramid, its centre lies in the bisecting 
plane of the planes of its opposite faces. But the bisecting plane 
intersects two other lateral faces along their slant heights. 

Thus, the circle obtained in the section touches the lateral sides 
of the isosceles triangle. Analogously, this circle also touches the 
base of the triangle. Hence, the section turns out to be an isosceles 
triangle with the circle inscribed in it. 

13. Sometimes, when making a drawing, it is expedient to carry 
out the required construction *from the end". 

Example 5. A cube is inscribed in a regular quadrangular pyramid 
so that its four vertices lie in the base of the pyramid, and the other 
four on the lateral edges. Construct the representation of the given 
figure. 

"Solution. Let ABCDA,B,C,D, be the representation of the cube 
(Fig. 108). First of all, we find the centres of the bases of the cube 
(points O and O,). Then we draw the straight line 00, and lake 
the point S (outside the cube). Further, we draw the straight lines 
SA,, SB,, SC,, SD, and find the points P, Q, R, N, i.e. the vertices 
of the base of the pyramid. Then SPQRN is the representation of 
the given pyramid. . 

14. We should like to close this section with the following remark. 

f a problem involves a figure whose construction demands no more 
than five parameters, then, in the process of solution, the construc- 
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tion of the relevant representation is not described (but carried out 
necessarily). In such cases, we make sure that the constructed rep- 
resentation is complete and count its parametric number. The latter 
procedure is quite necessary since, in the process of solution, addi- 
tional constructions of metric character are required, which with 
some vacant parameters at hand can be carried out arbitrarily (with 
due regard for concrete limitations in carrying out these construc- 
tions). , 

If a problem deals with a figure whose construction requires more 
than five parameters, then the part of the construction of a repre- 
sentation whose performance requires five parameters is usually not 
described, all further constructions are necessarily being described 
and carried out according to the rules for parallel projection. 

If it is stipulated in a problem that certain elements of a given 
figure are required to be constructed (for instance, a section in a 
given pyramid), then the construction of the representalion 9 
these elements of the given figure is described necessarily. Of course, 
having carried out this or that construction, we count the parametric 
number of the obtained representation (such examples are considered 
in Sec. 12). In some cases, the description of this construction 19 
carried out according to the complete scheme for solving a construc- 
tion problem (analysis, construction, proof, investigation), whereas 
in other cases the description is confined to individual steps of this 
scheme, for instance, to construction and proof or construction and 
investigation. 


SEC. 9. GEOMETRICAL CONSTRUCTIONS IN SPACE 


I. Simplest Constructions in Space 


Example 1. Through a given point A draw a plane parallel to a 


given plane P (Fig. 109). 

Solution. Analysis. Let Q be the required plane. In the plane Q 
construct two distinct straight lines Z and m passing through the 
point A, and in the plane P take an arbitrary point Ay. Construr 
Ls planes L and M passing through the point A, and the stralg 
2 , and through the point A, and the straight line m, respectively: 

ince the straight line Z lies in the plane Q, which is parallel to P, 
we have: J || P. But then the plane L intersects the plane P along 
reed pis h which is parallel to Z. Analogously, the plane |) 
to m. e plane P along a straight line m,, which is paralle 

Since Q is determined uniquel i i ie 

A y by the straight lines l and 7 
edes a is reduced to constructing the straight lines J an na 
passing through the point A parallel to the plane P. 
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Construction. (1) In the plane P 
take an arbitrary point A. 
(2) Through the point 4, in the 
plane P draw arbitrary straight lines 
l and m, (L 4. my). (3) Construct the 
planes L and M. (4) Through the 
point A in the plane L draw a 
straight line / parallel to /,, and in 
the plane M a straight line m paral- 
lel to m,. (5) Draw the plane Q 
through the straight lines / and m. 

Proof. Since, by construction, 7 
is parallel to /,, and the straight 
line J, lies in the plane P, we have: , 

1 || p. Analogously: m || P. Then Fig, 409 

the plane Q passing through the 

straight lines / and m is parallel to the plane P and also passes 
through the point A. Thus, Q is the required plane. 

Investigation. The problem has the unique solution. Indeed, let 
us assume the contrary, that is, let us assume that there is another 
plane Q,, not coincident with Q, which is parallel to the plane P 
and passes through the point A. Then the plane L intersects the 
plane Q, along a straight line Z, parallel to 7. But this means that 
in the plane L, through the point A, two straight lines J and 1, 
pass parallel to the straight line /;, which contradicts the parallelism 
axiom. The obtained contradiction shows that the problem has the 
only solution. In a particular case, when the given point A lies in 
the plane P, the planes Q and P coincide. 


II. Loci of Points 


Example 2. Find the locus of points in space, which are equidistant 
from given intersecting planes P, and P, (Fig. 110). 

Solution. (1) Let M be a point equidistant from the planes P, 
and P,. Construct the plane Q passing through the point M per- 
pendicular to a, i.e. the line of intersection of the planes P, and P,. 
To this end, drop the perpendicular ML from the point M to the 
straight line a, and then in the plane P,, through the point L, draw 
a straight line /, perpendicular to a. The plane Q, determined by 
the straight lines LM and 1,, is perpendicular to the straight line a. 
Now construct l, i.e. the line of intersection of the planes P, and Q. 
Then J, is perpendicular to a. Further, drop perpendiculars from the 
point M: MM, to the straight line J, and MM, to the straight 
line 4. Since a L l and a L LM, we have: a 1. WM,, or MM, L a. 
But the fact that MM, L a and MM, L. 7, implies that MM, L Py 
that is, the length of the line segment MM, is the distance from the 
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point M to the plane P,. Analogous- 
ly. the length of the line segment 
MM, is the distance ES the *« 
M to the plane P,. Then in 
right dm MAL and AIM gt 
we have: MM, = MMe and LA 
is their common hypotenuse. There- 
fore. the triangles MM, and 
MM,L are congruent, and this 
means that ZM/LA, = ZMLMy 
But, by construction, ZMLM, i$ 
the plane angle of the diedra 
angle MaM, and, analogous Fo 
Z MLM, is the plane angle of 
dihedral angle MaM. Thus. E 
dihedral angles M,aM and d ed 
are congruent, that is, the halip al A 
given by the point M and the straight line a is the bisecting rd 
plane of the dihedral angle J/,aJM,. Thus, if the point M is equ to 
tant from the two intersecting planes P, and P,, then it belongs to 
the bisecting half-plane of the dihedral angle formed by the Pia 
P, and P,. l " 
"But the intersecting planes P, and P, form four dihedral angles 
and, consequently, the locus of all the points AM is a pair of PS orti 
S, and S,, where S, is the union of two bisecting helt planes o is 
pair of vertical angles formed by the planes P, and Ps. n Na 
the union of two bisecting half-planes of the other pair of ver 
angles formed by P, and P,. p ue 
(2) Let the point A belong to some bisecting half-plane ee 
dihedral angles formed at the intersection of P, and Ps, Cons ose 
the plane Q passing through Af perpendicular to a. for which pu va i 
drop the perpendicular MZ from the point M. to a, and then throus 
the point L draw /, perpendicular to a. zier 
The plane Q is determined by the straight lines /; and LM.Fur aia 
in the plane Q construct a straight line Z, passing through the P 


n iculars 
L perpendicular to a, and from the point M drop two perpendicu 


MM, Ll and MM, 1 I, Considering the right triangles MEM 


is 
and MLM, in which ZMLM, = Z MLM, (since the ray BE, is 
the bisector of the plane angle M,LM,, and the line segment p if 
their common hypotenuse), we conclude that MM, = MM Tes 


: , foul 
the point M belongs to the bisecting half-plane of one of the io 
dihedral angles form 


À idista? 
ed by the planes P, and P,, then it is equidis! 
from these planes. j ing 
Thus, the sought-for locus of points is the union of the bisect d 
half-planes of the 


: four dihedral angles made by the planes m 
Ps, that is, the union of the planes S, and S}. 


Fig. 110 
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Remark. We could show that S, is 
perpendicular to S,, but we leave this for 
the reader to do independently. 


III. Applications of Certain Loci 
of Points and Straight Lines 


Example 3. Construct the locus 
of points belonging to a given plane 
P and equidistant from given points 
A and B not lying in the plane 
(Fig. 111). 

Solution. Analysis. Let M belong 
to the required locus of points. Fig. 111 
Since AM = BM, the point M 
belongs to the plane Q passing 
through the point C, i.e. the midpoint of the line segment AB, per- 
pendicular to the line segment AB. Since, in addition, the point M 
lies in the plane P, the sought-for locus of points is the line of inter- 
section of the planes P and Q. We denote this line by /. The facts 
that AB is perpendicular to Q and J lies in the plane Q imply that 
AB is perpendicular to Z. Let AA, L. P, BB, 1 P, and l intersect 
A,B, at the point D. Then AB is perpendicular to CD, and, con- 
sequently, A,B, is also perpendicular to 7, or lL 4,7. 

Thus, the problem can be reduced to constructing the straight 
line Z passing in the plane P through the point D perpendicular to 
the line A,B.. 

Construction. (1) Construct AA, | P and BB, L P. (2) Construct 
A,B,. (3) Find the point C, i.e. the midpoint of the line segment AB. 
(4) In the plane passing through the points A, A,, and B draw through 
the point C a straight line n L AB. (5) Find the point D at which 
the straight lines n and A,B, intersect. (6) In the plane P construct 
a straight line Z | A,B, passing through the point D. (7) Construct 
the plane Q passing through the straight lines l and n. 

Proof. If the point M lies on the straight line 7, then it also lies 
in the plane P. Join the point M to the points 4, B, and C. Since 
AB is perpendicular to Q, and the straight line CM lies in the plane 
Q, we have: AB L CM. In addition, AC — BC. Then the triangles 
ACM and BCM are congruent (by two legs), and, therefore, AM = 
BM. Thus, the straight line 7 is the required locus of points. 

Investigation. The existence of a solution depends on the mutual 
position of the straight line AB and the plane Q. 

(1) If AB _L P, then, since AB | Q, it turns out that Q is parallel 
to P, that is, there is no solution in this case. 

(2) If AB is not perpendicular to P, then the line / of intersection 
of the planes P and Q is the required locus of points. 
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IV. Constructions on Representations 


For the sake of brevity, let us agree to omit to word "represen- 
tation" everywhere while formulating both the examples of this 
item and the problems for independent solution. For instance, instead 
of writing: “the triangle ABC serves as a representation of the triangle 
ABoCo, in which A,By:B)Cy = 2:3", we shall write more briefly: 
“in the triangle ABC, AB:BC = 2:3”. Analogously, instead of the 
words “let us construct the representation of the bisector of the angle 
AP we shall write: *let us construct the bisector of the angle 
ABC". 

Let us also agree to use zero as a subscript for denoting the original 
figure throughout this item. For instance, by stating that the median 
AM, is constructed in the triangle ABoCo, we mean that this con- 
struction is carried out in the original. In this case, the representation 
will show the triangle ABC with the median AM constructed in it. 

Let us consider a number of examples. 

Example 4. In the triangle ABC, AB:BC = 2:3. Construct the 
bisector of the angle ABC (Fig. 112). 

Solution. First Method. If the line segment BD is the represen- 
tation of the bisector B,D, of the angle A,B,C, then AD:DC = 
AB:BC, that is, AD:DC = 2:3. Thus, constructing a point on 
the side AC such that AD:DC — 2:3, we get BD, i.e. the representa- 
tion of the desired angle bisector. (Figure 112 shows the construction 0 
ps jun D by means of an auxiliary ray AC, on which ADi: DiGi” 

Second Method. Let us find on the sides AB and BC points f 
and L, respectively, such that BK = + AB and BL = E BC (see 
Fig. 112). Then the triangle BLK is the representation of the 1507. 
celes triangle BL, K,, and, therefore, the median BN of the triang e 
BLK is the representation of the bisector of the angle 4oBoCo: 1 

Third Method. We find, as in the second method, the points Æ anc 
L and then construct KM || BC and LM || AB (see Fig. 112). The” 
the parallelogram BLM K is the rhombus, and the line segment D: 
will be the representation of the diagonal of the rhombus, which, 85 
is known, bisects the angle of the rhombus. Thus, the half-line Bow 0 
contains the bisector of the R 
ABoCo. Having found the poi 4 
D, i.e. the intersection of the hà x 
line BM and the side AC of = 
triangle ABC, we get the line S87 
ment BD, i.e. the representatt? 
of the desired angle bisector. 


as 
Remark. Only one parameter , p 
been spent on the representation © 
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Fig. 113 


triangle ABoCo (A Bo:BoCy = 2:3). Therefore, we are still free to a certain 
extent to carry out some metric constructions (there is one parameter in store). 
But when constructing the representation of the bisector of the angle AoBoCo, 
on having taken an arbitrary point D on the line segment AC, we have no right 
to say that the line segment BD is the representation of the bisector of the angle 
A BoC, whereas when representing, for instance, the bisector of the angle 
ByA Co, on having taken an arbitrary point E on the line segment BC, we may 
assume the line segment A£ to be the representation of the bisector of the an- 


gle ByAoCo. 

Example 5. A point P is taken on the diagonal BD of the base of 
a quadrangular prism ABCDA,B,C,D,. Construct the section of the 
prism by the plane passing through the straight line CP parallel 
to the straight line A,B (Fig. 113). 

Solution. Let c be the plane of the required section. Since A,B 
is parallel to æ, the plane B, passing through the straight line A,B 
nonparallel to œ, intersects c along a straight line parallel to 4,5. 
We draw a plane BA,D through the straight line A,B and some point 
P on the straight line CP and denote it by p. Further, we find the 
line along which f intersects the plane AA,D,. It is clear that this 
will be the straight line 4,D, since the two points A, and D lie 
both in the plane f and in the plane AA,D,. Drawing a straight 
line p parallel to A,B through the point P in the plane D, we find 
the point Q of intersection of the straight lines p and A,D. 

The plane of the section œ is now specified by the straight lines CM 
(where JM is the point of intersection of the straight lines CP and AD) 
and PQ. Since the two points M and Q lie in both the plane « and 
the plane AA,D,, these planes intersect along the line MQ. We then 
find K. i.e. the point of intersection of the straight lines MQ and 
A,D,. Since the planes ABC and A,B,C, are parallel, the lines along 
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Fig. 114 


which these planes intersect with the cutting plane ~ are also paral- 
lel. Thus, in the plane A,B,C,, through the point K, we drawastraight 
line k parallel to CM and join the point L of intersection of the 
straight lines k and B,C, to the point C. The quadrilateral C.M KL 
is the desired section. 

Investigation. Since the point A, does not lie in the plane ABC, 
A,B and CP are skew lines, and, consequently, the cutting plane % 
is unique. Depending on the position of the point P on the diagonal 
BD and the kind of the given prism, the section can have a shape 
different from the one shown in Fig. 113. Some shapes of section are 
shown in Fig. 114. 

Example 6. In a rectangular parallelepiped ABCDA,B,C\)1: 
AB:AD:AA, = 1:2:2. Drop a perpendicular from the point 41 
to the diagonal B,D (Fig. 115). 

Solution. Note that the representation of the given parallelepiped 
is complete and metrically determined. Indeed, assuming the parat- 
lelogram ABCD to be the representation of the rectangle, we spen 
one parameter. Assuming then that arbitrary line segments AL 

and AD are such that AB:AD = 1:4: 

BM Ga K we spend one more parameter. Further: 

m ” 0y assuming that the line segment A^ 15 
1 


the representation of a perpendicular 


/ to the plane ABC, we spend two age 

c ameters Finally, assuming tha 

A AD:AA, = 1:1, we spend one more 

A D parameter. Thus, we have spent five 


parameters on the representation ° 


Pig. 115 the given parallelepiped, that is. !!9 
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representation is metrically determined. But B; 
then, taking an arbitrary point L on B,D, xi 
we are not allowed to assume 4A,Z to be the 
representation of the perpendicular to B,D. 

We are going to give two methods of 
constructing A,L L B,D. 

First Method. Let us find certain relation- — 4i D’ 
ships, which can be used for the required Fig. 116 
construction. Setting AB =a, we get: Hin 
AD — 2a and AA,=2a. Then we 
find from the right triangle AA,D that A,D = 2a 2, and we find 
from the right triangle A,B,D that B,D = 3a. Let us now com- 
pute in what ratio the required perpendicular A,Z will divide the 
side B,D of the right triangle A,B,D. We have from the similarity of 


the right triangles A,B, and A,B,D: SBA a, , Whence J,L— 
8 8 A,B, B,D 


2 
allel projection preserves the ratio of the lengths of parallel line 
segments, on the constructed representation, as in the original, the 
foot L of the desired perpendicular must divide the line segment B,D 
in the ratio B,L:D,D = 1:9. 

Now, let us carry out the relevant construction. On some ray 
whose origin is the point B,, e.g. on the ray £,C,. we lay off nine 
equal line segments and through the point M, i.e. the end point of 
the first line segment, draw a straight line parallel to AD. Then L, 
i.e. the point of intersection of the constructed straight line and 
B,D, will be the foot of the desired perpendicular. 

Second Method. Let us construct the triangle 4;B,D' similar to the 
original (preimage) of the triangle A,B,D (Fig. 116), that is, the 
triangle with a right angle at the vertex Aj and the ratio of the legs 
AIBLAID! = 4:2 V2. 

(This ratio follows from the fact that, by the hypothesis, AB:AD: 
AA, = 1:2:2, that is, if AB = a, then AD = AA, = 2a and A,D = 
2a V 2. Consequently, AB:A,D = a:2a V2, or AB:A,D = 1:2 V 2.) 

In the triangle 4;8;D' draw the perpendicular ALL from the 
verlex 4; to the side B{D'. The line segment BiD' will be divided 


by the point L’ in a certain ratio: B,L':B;D'. The line segment 
B,D will be divided by the point in the same ratio. 

As is clear, when constructing the point L by the second method, 
there is no need to compute the ratio B,L:BjD. j 

Example 7. The base of a right parallelepiped ABCDA,B,C,D, is 
à parallelogram with an acute angle of 60° and the ratio of sides 
AB:AD — 3:4. Construct the pl 
Perpendicular to the diagonal pl 


Thus, B,L:B,D — $392, that is, B,L:B,D = 1:9. Since par- 


ane passing through the edge AA, 
ane B,BDD, (Fig. 117). 
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Solution. It is obvious that if a per- 
Cı pendicular m is dropped from a point 
on the straight line 44, to the plane 
BDD,, then the plane specified by the 
straight lines AA, and m is perpen- 
dicular to the plane B,BDD,, thus 
c being the desired plane. 

Suppose that the straight line m 
passes through the point A. Since the 
given parallelepiped is a right one, 
the straight line BB, is perpendicular 

a " to any straight line lying in the plane 
Figs AA of the base, i.e. itisadvisable to draw 

the straight line m in the plane of the 

base. Furthermore, since the straight line m must be perpendicular 
to the diagonal plane B,BDD,, m must be perpendicular to BD. 
"Thus, the problem on constructing the plane perpendicular to the 
plane B,BDD, is practically reduced to the problem on constructing 
the straight line m passing through the point A perpendicular to BD. 
May we take an arbitrary point L on the straight line BD and 
assume that AL is perpendicular to BD? To answer this question. 
we have to determine the parametric number p of the representation 
of the base of the parallelepiped. If p = 2, that is, the representation 
is metrically determined, we are not allowed to take the point L 
arbitrarily. Thus, let us count the parameters spent on the represen- 
tation. Assuming the quadrilateral ABCD to be the representation 
of the parallelogram, we spend no parameter, since in parallel pro- 
jection, parallelism is preserved, whereas the ratio of the lengths of 
nonparallel line Segments is not preserved, that is, assuming that 
the arbitrarily taken line segments A7 and AD are just such that 
AB:AD = 3:4, we spend one parameter Furthermore, since the 
size of angles does change, assuming that the angle BCD 
is the representation of the angle equal to 60°, we spend one more 
parameter. Thus, the parametric number of the representation of 
the base of the parallelepiped p = 2, that is, no new assumptions 
of metric character (that is, assumptions concerning the presence 
$ properties not preserved in parallel projection) should be made. 
dis pnis i DE L. Le. the foot of the perpendicular dropped from 
trarily. It cini : straight line BD, is forbidden to be taken arbi- 

y. 9e Constructed on having computed the ratio BL:BD- 


Carrying out these computations, we set AB = 3a, then AD = 
4a. Further, by 


| the law of cosines, BD = a V 13. and from the 
equation AB*— BL? = AD? — (BD — BL) ld find that BL = 


3a 
Vis Then BL:BD = 3:15. On having constructed the point L 
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(with the aid of an auxiliary ray on which 
thirteen equal line segments are laid off), 
we then draw through this point a straight 
line parallel to BB,. and, finally, the de- 
sired plane AKKA. 

Remark. The construction AL | BD could be 
carried out as in the preceding example (see the ^ D' 
second method) with the aid of an auxiliary draw- A 
ing (Fig. 118). Namely, we construct the triangle Fig. 118 
A'B'D' similar to the original (preimage) of the 
triangle ABD, that is, the triangle with the angle 
at the vertex A‘ equal to 60° and the ratio of the sides A'B':A'D' = 3:4. 
In this triangle we drop the perpendicular A'L' from the vertex A’ to the 
side B’D’. The line segment B'D' is divided by the point Z’ in a certain ratio 
B'L':B'D'. The line segment BD is divided by the point L in the same ratio. 


Example 8. The figure ABCDA,B,C,D, is a cube. Constructed in 
it is a section passing through the vertex B and points P and Q, 
ie. the midpoints of the edges A,B, and B,C,, respectively. Drop 
a perpendicular from the vertex D to this plane (Fig. 119). 

Solution. Since the representation of the cube is complete and 
metrically determined (five parameters have been spent on it), 
on having taken an arbitrary point V in the plane PQB, we are not 
allowed to say that DN is perpendicular to the plane PQB. To 
construct the desired perpendicular, we first construct the diagonal 
plane BB,D, of the cube. The planes BB,D, and PQB are mutually 
perpendicular. Indeed, PQ is the midline of the triangle A,B,C), 
therefore, PQ || 4,C;. and, hence, PQ 1 B,D,. In addition, since 
BB, | A,B, and BB, L B,C,, we have: BB, L PQ, or PQ L BB,. 
Thus, PQ L B,D, and PQ | BB, i.e. PQ is perpendicular to the 
plane BB,D,, and then the plane PQB passing through PQ is also 
perpendicular to the plane BB,D,. And since the planes BB,D, and 
PQB are mutually perpendicu- 
lar, the perpendicular dropped 
from the point D to the line of 
intersection of these planes is 
just the required perpendicular. 
The line of intersection of the 
planes BB,D, and PQB is found 
easily —this is the line BK passing 
through common points B and K 
of these planes. 

Now, let uscarry out all neces- 
sary constructions in the diago- 
nal plane BB,D,. As in the pre- 
ceding example, this can be done 
by two methods. 
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By K? D; 
nc 
B' D' à 
Fig. 120 Fig. 121 


First Method. Let AB — a. We compute the sides of the triangle 
BKD: BD—ay2, BK — 32 ya from the triangle BB,K. and 


4 


DK= ae. from the right triangle DD,K. If DN | BK, then 
DB: — BN? = DK? — KN?, or DB*— = DK?— (BK —BN)?, 


whence BN=“¥? Thus, BN:BK = , that is 


BN:BK = 4:9. Since parallel projection preserves the ratio of the 
lengths of parallel line segments, on the representation, the same 
as in the original, the point V, i.e. the foot of the desired perpendic- 
ular, divides BK in the ratio BV:BK = 4:9. The construction of 
the point V by means of an auxiliary ray BP is shown in Fig. 119. 
Second Method. Construct a rectangle similar to the original of 
the rectangle BB,D,D, that is, the rectangle B'BiDiD' with the 
ratio of sides B'B:BjD; = 1:V2 (Fig. 120). Further, on the side 
D; construct a point K’ such that BYR’ :BD' = 1:4 and join 
the points B’ and K’. Then drop the perpendicular D'N’ from the 
point D’ to the side B'K' of the triangle B'K'D'. The point N’ 
divides the line segment B' K" in a certain ratio. The point divides 
the line segment BK in the same ratio. 
Example 9. Taken on the edges AB and CC, of a regular triangular 
1 in which AA,:AB = 1:2 


:2 are points P and Q, 
of these edges. Construct the locus of points lying 


1 ism a idict. : 
(Fig. 121. ae prism and equidistant from the points P and Q 


Solution. The represent en prism is complete and 
ur d determined. Indeed, assuming an arbitrary triangle ABC 
e E representation of a regular triangle (in the original), we 
Sp vx i Assuming the line segment AA, to be the 
np senta ion of a perpendicular to the plane, we spend another 

parameters. Finally, assuming the line segments AA, and AB 


, 


ation of the giy 
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to be the representations of the line segments whose ratio of lengths 
is 1:2. we spend one more parameter. Thus, all the five parameters 
have been spent on the representation. Therefore, no new metric 
constructions are allowed to be carried out arbitrarily on this 
representation. 

Further, let us note that the sought-for locus of points belongs 
lo a certain plane passing through the point M, i.e. the midpoint 
of the line segment PQ perpendicular to this line segment. Thus, the 
problem is reduced to constructing the section of the prism by the 
plane passing through the point AM perpendicular to the line segment 
PQ. To construct this cutting plane, we construct two straight 
lines, each of which passes through the point M perpendicular to 
PQ. Construct one of these straight lines, i.e. DE, which is parallel 
to the straight line AB in the plane ABQ. Since AB is perpendicular 
to PQ, we have: DE | PQ. To construct the second line, i.e. FA, 
which is perpendicular to PQ, first draw in the plane PCC, a straight 
line P,C, parallel to PC. To compute the ratio PK:PC in which the 
cutting plane divides the line segment PC, introduce an auxiliary 
parameter by setting, for instance, AA, =a. Then AB = 2a. If 
FK is perpendicular to PQ, then APMK — APCQ, and, there- 
fore, Es = DA where PC =aV3, PQ= VPC+0C? = 


AR 
and PM — 2572, We get: PK — 
2 


PQ-PM _ 19€ — Henco, PK:PC = ie V3, or PK:PC= 


13:24. After having constructed a point Æ such that PK:PC = 
13:24. we draw a straight line MK, which is perpendicular to the 
line segment PQ. By construction, FK is perpendicular to PQ. Thus, 
the cutting plane is specified by two straight lines, i.e. DE and FK. 

Further, since DE || AB, DE is parallel to the plane ABC, and 


this means that the cutting plane will i 
a straight line parallel to DE. Bearing 
plane ABC, through the point K, a str L 
We then construct GE and ND, find the points R and T on the lines 
A,C, and B,C,. Joining the points R and T, we get the quadrilateral 
NGRT representing the section of the prism by the cutting plane 
perpendicular to the line segment PQ and 
passing through its midpoint. Thus, the 
quadrilateral NGRT is the desired locus of 


points. Q' 
Remark. The construction of the straight line 

FK | PQ could be carried out by means of an "mi: 

auxiliary drawing, as in the three previous exam- - " 

ples, Namely, construct a rectangle similar to the P K fs 

original of therectangle PP,C;C. that is, the rectan- Fie. 122 

gle P^P;CiC' with the ratio of sides P'P: PC = ig. 


P; F e 
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3 (Fi = i ilateral triangle ABC, 
1:V 3 (Fig. 122). (If 44, — a, then in the equile gle ABE 
a AB = 2a, we shall have PC = a V3; , Whence AA,:PC = im 

In this rectangle we find Q', i.e. the midpoint of the line segmen au 
and then W’, i.e. the midpoint of the line segment P'Q'. Further, throug i = 
point M’ we draw a straight line W’K’ perpendicular to P/Q'. This sue ig s 
line divides the line segment P'C' in a certain ratio P'K':P'C'. The line seg 


ment PC is divided in the same ratio by the point K. And further, we con- 
struct the cutting plane. 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 


I. Simplest Constructions in Space 


563. Through a given straight line J draw a plane Q parallel to another given 
straight line m. 

564. Construct two parallel planes P and Q 
the straight line 7, and the plane Q through t 
are given skew lines, 

965. Through a given point 4 

566. Through a given point A 
ii. line 7. š 

e Through a given point A draw a straight line q perpendicular toa giv- 
en plane P. 5 

568. Through a given straight line J draw a plane Q perpendicular toa giv- 
en plane P, 


569. Draw a straight line q perpendicular to either oi two given skew lines 7 
and m and intersecting each of them. 


so that the plane P passes through 
he straight line m, where | and m 


draw a plane Q parallel to a given plane P. 
draw a plane Q perpendicular to a given 


II. Loci of Points 
_970. Find the 


locus of all points in space equidistant from two distinct 
points A and B 


971. Find the locus of all points in space equidistant from three given 
noncollinear points A; B, and C. " 

572. Find the locus of all points in space equidistant from two intersecting 
Straight lines 1, and ls. 


cus of all points in space e 
A, B, C, and D not belonging to one plane. 


k ocus of all points in space equidistant from four given 
points A, B, C, and D belonging to one plane. 


575. Find the locus of all points in space equidistant from two giver 
1 lines 1, and Jy. 
576. Find the locus of all points in space equidistant from three given 
lı, Ie, and 1, passing through a common point and not belong- 
ing to one plane. 
577. Find the locus of 
l, and 1, 
locus of 


quidistant from four given points 


all points in space equidist 
not lying in one plane if J, 
all points in Space situated a 


ant from three given 
I] 4g and 1j |] la. 
t a given distance from 


981. Find the locus of all points in pad. od m ek 
AB is Seen at a right angle, k 
582. Find the locus of all points in Space, the sum of the squares of dis- 
to two given Points A and B is a constant. 
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583. Find the locus of all points in space, the ratio of the distances from 
which to two given points A and B is a constant. 


III. Applications of Certain Loci of Points and Lines 


584. Given two skew lines /, and lą. Through a given point A belonging to 
neither J, nor lẹ draw a straight line q intersecting both given lines. 

585. Through a given point A draw a straight line g perpendicular to two 
given skew lines J, and ls. 

586. Given three pairwise skew lines J, la, and lą. Draw a straight line g 
a nami the given lines at respective points L,, Ls, and L, such that LL, = 
alias j 

587. Through a given point A draw a straight line g parallel to a given 
plane P and intersecting a given straight line l. 

588. Draw a straight line q intersecting two given straight lines J, and l 
and parallel to a third given straight line lą. E 

589. Draw a straight line g intersecting two given skew lines 1 and m, g 
being perpendicular to Z and parallel to a given plane P. 

590. Draw a straight line q intersecting two given straight lines } and Jy, ¢ 
being perpendicular to a third line ls and parallel to a given plane P. 

591. Draw a straight line q belonging toa given plane P, parallel to anoth- 
er given plane P, and passing through the point of intersection of a given 
straight line J and the given plane Py. 1 : 

592. In a given plane P draw a straight line q perpendicular to a given 
straight line / (not lying in P) and passing through a given point A. 


IV. Constructions on Representations 


(1) Constructing Plane Figures in Space 
593. Two altitudes are drawn in a triangle. Construct the centre of the circle 
circumscribed about this triangle. 


594. The ratio of the legs of a right tri 


the circle inscribed in this triangle. ur 
595. Given a right isosceles triangle. Construct a square lying in the plane 


of the triangle if the side of the square is represented by: (a) a leg of the given 
triangle; (b) the hypotenuse of the given triangle. 

596. Given a regular ser it is required to: (a) construct the apothem 
of the hexagon; (b) construct the bisector of one of its exterior angles; (c) drop 
a perpendicular from the centroid of the hexagon to one of its smaller diagonals. 

597. The acute angle of a rhombus is equal to 45°. Construct the altitude of 


the rhombus. 
(2) Section of a Polyhedron by @ Plane Para 


angle is 3:4. Construct the centre of 


llel to Two Straight Lines 


598. ki he edges AA, and DD, of a parallelepiped ABCDA,B,C,D, 
are ee HN gy "respectively. Construct the section of the parallelepiped 
by the plane parallel to the straight lines B,P and A,Q and passing through the 
point K belonging to the edge: (a) CCi; (b) DD; (c) Ani (0) Ap ae A 
599. Taken on the face AA,B,B of a triangular prism ABCA,B,Ci 1s a point 
P and on the edge CC, a point Q. Construct the section of the prism by the plane 
parallel to the straight lines or dn 48 Es aie through the point K 
i : (a) AAi; ( 13 (C ; (d) DiGi. * 
uc x px be 4A, and CC, of a triangular prism ABCA,B,C, 
are points P and Q, respectively. Construct the section of the prism by the plane 
passing through t. e point K, i.e. the midpoint of the line segment PQ, parallel 


t i i P and AQ. ; 
à E gry Rr iene of Tam of a quadrangular prism ABCDA,B,C,D, 
is a point P, and on the edge CC; à point Q. Construct the section of the prism 
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by the plane parallel to the straight lines B,P and A,Q and passing through the 
point K belonging to the edge: (a) DD,; (b) A,B,; (c) AD; (d) B,C,. Eom. 

602. Taken on the edges SA and SC ofa triangular pyramid SABC are points 
P and Q, respectively. Construct the section of the pyramid by the plane paral- 
lel to the straight lines BP and AQ and passing through the point & belonging 
to the edge: (a) SA; (b) SB; (c) AC; (d) BC. 

603. Taken on the edges SA and SC of a tri 
points P and Q, respectively. Construct the section of the pyramid by the 
plane passing through the point X, i.e. the midpoint of the line segment PQ, 
parallel to the straight lines BP and AQ. 

604. Taken on the edges SD and SC of a quadr. 
are points P and Q, respectively. Construct the section of the pyramid by the 
plane passing through the point K, i.e, the midpoint of the line segment PQ, 
parallel to the straight lines AP and DQ. 


605. Taken on the edges SA and SC of a quadrangular pyramid SABCD 
are points P and Q, respectively. Construct the section of the pyramid by the 
plane parallel to the straight lines BP and AQ and passing through the point Æ 
belonging to the edge: (a) SA; (b) AD; (c) DC; (d) BC. 

606. Taken on the edges AA, and CC, of a quadrangular prism ABCDA,B,C,D, 
are points P and Q, respectively. Construct the section of the prism equidistant 
from the plane passing through D,P and parallel to DQ and from the plane pass- 
ing through DQ and parallel to D,P, 

607. Drawn in a quadrangular prism ABCDA,B,C,D, are the diagonals AC 
and A,B of the faces ABCD and ABB,A,, respectively. Construct the section of 
the prism by the plane equidistant from the plane passing through AC and 
parallel to A,B, and from the plane passing through A,B and parallel to AC. 


angular pyramid SABC are 


angular pyramid SABCD 


(3) Constructing a Perpendicular to a Straight 
Line and a Perpendicular to a Plane 


_ 608. Taken on the edge SB of a regular tetrahedron SABC is 
i.e. the midpoint of the edge. It is required to: 
the point K to the edges SA and SC; (b) 


litude SO of the tetrahedron and the plane passing through the perpendiculars 
topped from the point K to the edges SA and SC of the tetrahedron, 
9. n a rectangular parallelepiped ABCDA,B,C,D, in which AB:AD: 
AA, = 3:2:4, construct the straight lines passing through the vertex B, 
and perpendicular to the lines BC, and BA,. : 
610. A point P is taken on the edge CC, of a cube ABCDA,B,C,D,. Drop 
à perpendicular from the vertex A, to the line DP if: (a) CP:PC, = 4:43 
(b) CP:PC, = 1:2: (c) CP:PC, — 2:3, 
, Stl. Ina regular tetrahedron SABC, drop 
ie. the midpoint of the edge AC, to the plane of the face SBC. 
m cur a quar quadrangular pyramid SABCD, the altitude SO is equal 
plane of the faa eae AB; From the vertex D drop a perpendicular to the 
013. The base of à prism is an equilateral tria y a 
2 a prism is a ater: angle ABC. The faces ABB,A1 
peni dod, of the prism are rhombi each with an Ando angle of 60°. Drop a per- 
oe ar irom the point P taken on the edge AA, to the diagonal BC, of the 
614 aC EN S AP:PA, = 1:1; (p) AP:PA, = 1:2; (c) A P:PA, = 2:3- 
Candi d cube ABCDA,B,C,D, a plane is drawn through its vertices B, 
m +“ point P is taken on the edge A,B,. D à i rom the 
point P to the plane BC,p if. PAB: p] eP Perpendicular from 2; 
(c) duPpB, ER. 1^ if: (a) A,P:DB, = 1:4; (b) A,P:PB, = 1:2; 
5. Taken o 
denen Miel the noite As of a cube ABCDA,B,C,D, is a point P and 


the vertex D to th pe“ Ca is a plane. Drop a perpendicular from 
1:2; (c) A,P:pp, a ie PBC, if: (a) 4ıP:PB, = 1:1; (b) A,P:PB, = 


a point A, 
(a) drop perpendiculars from 
lind the point of intersection of the al- 


à perpendicular from the point K. 
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616. In a rectangular parallelepiped ABCDA,B,C,D, with the ratio 
the edges AB:AD:AA, = 1:2:1, a plane is drawn through the vertices a 
Mc a: mer is taken on the edge iy Drop a perpendicular from the 

o the ane D it: (a) A,P:PD, = 1:1; (b E = 1:2; 
(c) A,P:PD, = 23. i dinis. U eras ree 

617. The base of a triangular pyramid SABC is a right triangle ABC with 
the right angle at the vertex C and the ratio oi, the legs AC:BC = 3:4. 
The altitude of the pyramid is projected in the point C and is equal to the 
hypotenuse AB. Drop a perpendicular from the point C to the plane SAB. 


(4) Section of a Polyhedron by a Plane Passing 
Through a Given Point Perpendicular to a Given Line 


618. Taken on the edges DD, and CD of a cube ABCDA,B,C,D, are points P 
and Q, respectively. Construct the section of the cube by the plane passing 
through the point P perpendicular to the straight line C,Q if: 
(a) DP:PD, = 1:1, DQ:QC = iii (b)  DP:PD, = 3:1, DQ:QC = 1:1; 
(c) DP:PD, = 3:1, DQ:QC = 3:1; (d) DP:PD, = 1:3, DQ:QC = 3:1. 

_ 619. In a regular triangular pyramid SABC the altitude is equal to the 
side of the base. Construct the section of the pyramid by the plane passing 
through the edge AB of the base perpendicular to the edge SC. 

620. A point P is taken on the edge DD, of a rectangular parallelepiped 
ABCDA,B,C,D, in which AB:AD:AA, = 1:2:1. Construct the section of 
the parallelepiped by the plane passing through the point X, i.e. the centroid of 
the face AA,D,D, perpendicular to the straight line C,P if: (a) DP:PD, = 
iu; (b DP:PD, = 1:2; (c) DP:PD, = 2:3. : 

. 021. Taken on the edges BB, and DD, of a right parallelepiped ABCDA,B,C,D, 
in which AB:AD:AA, = 1:1:2 and the angle BAD is equal to 60° are 
Points P and Q, respectively. Construct the section of the parallelepiped by the 
Plane passing through the point Q perpendicular to the straight line AP if: 
(a) BP:PB, = 1:1,  DQ:QD, = 1:4; (b BP:PB, = 1:1, DQ:QD, = 
1:2; (o) BP:PB, = 1:2, DQ:QD, = 2:4. 

(5) Constructing a Locus of Points Equidistant from Given Points 

622. In a regular triangular prism ABCA,B,C,, AAyAC = 1:2. Con- 
Struet the locus at poids Tying on the surface of the prism and equidistant from 
the points: (a) A and C,; (b) P and Ci, where P is the midpoint of the edge AB; 
€) Q and C,, where Q is the midpoint of the edge AAq. 


623. C m A ints belonging to the surface of a cube and 
623. Construct the locus of points b Ei Wand Q. belonging to the piges 


equidis f [ zi ro points: ( : t 

B An EE rom ee aly, D) By and D. i.e. the end points of the diagonal B,D 
of the cube; (c) M and R, i.e. the centroid of the face AA,D,D aud the aud point 
of the edge BB,. respectively; (d) B, and O, i.e. the vertex of the cube and the 
centroid of the face ABCD. 

624, Taken respectively on the edges AB CC. „and a UE: fube 
ABCDA,B,C.D, are points P, Q, and R, 1.0. the midponts e ee ed ges. 
Construct the points Long on the surface of the cube and fo. Pn rom the 
following points: (a) D Dus and P; (b) Di. P, and Q; p I a S — 
He wan Me respectively ER the op dep" ‘Construct the point requi- 

re points P and Q, i.e. the midpoints se edges. n - a d 
“stant from the Anie four points: (a) A1 Cy, P, and Q; (b) A, Cy. P, and 
e edges AB and DD, of 


* &) D. C1, P, and Q- — 
on the extensions of ut EP = $4 and 


626. Taken ectively 
bok ABCDA,B\C,D; are pons due (Tu from the following four 
12:DQ = 3:1, Construct the pon E 0: (c) Ds Cx; P, and Q. 


Points: . $ $ 
BY, do rA 2 die BB, and CC, of a regular triangular 


9—01286 
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prism ABCA,B,C, are points P and Q, i.e. the midpoints of these edges. a 
lateral faces of the prism are squares. Construct the locus of points equidistan 


irom the following three points: (a) A, B, and Q; (b) A, B,, and Q; (c) A, P. 
and Q. 


628. Two congruent right isosceles triangles ABC and ABC, are arranged 
so that they have a common leg AB, and CC, = BC. On the straight lines BC, 
AB, and AC, construct the points equidistant from the points C and Cy. i 

629. Drawn in a cube ABCDA,B,C,D, are the diagonal AD, and DC, 0 


its lateral faces. Construct the locus of points equidistant from the straight 
lines AD, and DC,. 


630. Construct the locus of points equidistant from the straight lines con- 


taining the edges B,C, and CD of the right prism ABCDA,B,C,D, whose base 
is a square ABCD. 


SEC. 10. SKEW LINES. 
ANGLE BETWEEN A STRAIGHT [LINE AND A PLANE 


Example 1. In a regular tetrahedron SABC, the line segment DO 
joins the midpoint D of the edge SA to the centroid O of the face 
ABC, and E is the midpoint of the edge SB. Find the angle between 
the straight lines DO and CE (Fig. 123). 

Solution. Let the quadrilateral SABC with its diagonals be the 
representation ofthe given tetrahedron. As it is not difficult to 
make sure, this representation is complete and metrically determined. 
Let D be the midpoint of the edge SA, E the midpoint of the edge SB, 
and O the centroid of the face ABC. Construct the straight lines 
DO and CE. (We do not spend any parameters on these construc- 
tions.) We then construct an angle equal to the angle between the 
straight lines DO and CE. To this end, find the point K, i.e. the 
intersection of the straight lines CO and AB, and join it to the point 
E. In the plane CEK, through the point O draw the straight line 
OF parallel to CE. Then, the angle DOF is equal to the angle be- 
tween the straight lines DO and CE. We set for brevity Z DOF = z. 


To determine z, we compute the sides of the triangle FOD and then 
apply the law of cosines. 


To carry out computations, let us introduce an auxiliary parame- 
ter, setting AB = a. Then, since D is the midpoint of the edge SA, 
and SAO is a right triangle, we have: OD = 154 = Z, and 


from the Similarity! (of the triangles KFO mt KEC: on = 
OK 1 " 1 a y 
CK = 3: that is, OF — 3CE- Sm Further, in ADKF, 
DF? = DR? +. KF 


3 
wat, AP" —2DK-KP.cog ZDFK. Since D, E, and K 
are the midpoints of the sides of the regular triangle SAB, DE = 
7 SB= $ and ZDKP — 60°. Besides, KF — SKE = £ . Thus, 
; : Be rf a La 
we gt: DP = xw. Since DE? < OD? OF» in the triangle 
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B 
Fig. 128 Fig. 124 


DOF the angle DOF is acute (consequently, exactly this angle, 
and not the adjacent one, is the desired angle), and DF? = OF? + 
OD? — 20F-OD-cos z, whence cosx = uS 

Example 2. Given a cube 45CDA,B,C,D, whose edge is equal 
to a. Taken on the edge DC is a point P, i.e. the midpoint of this 
edge. Find the distances between the following pairs of straight 
lines: (a) AA, and D,P: (b) AD and D,P; (c) BD and D,P (Fig. 124). 

Solution. Let the figure ABCDA,B,C,D, be the representation 
of the given cube. This representation is complete and metrically 
determined, since all the five parameters have been spent for its con- 
Struction. Since in solid geometry the representation of the original 
figure P, may be defined as any figure @ similar to the parallel projec- 
lion of the figure P, on some plane, we may regard the figure 
ABCDA,B,C,D, as the representation of the cube with edge whose 
length is equal to a. On the obtained representation, we construct 
the point P, i.e. the midpoint of the line segment DC, and join the 
point P to D. " . 

(a) Since 4,D, is an edge of the cube, it is clear that A,D, is per- 
Pendicular to 44,, and A,D, is perpendicular to the plane CDD, 
that is, A,D, is perpendicular to D,P. But then 4,D, = a is just 
the sought-for distance. ` " 

(b) Since the point P lies both in the plane A,D,P and in the 
Plane ABC, these planes intersect along a straight line passing 
through the point P. say, along PQ. Since A,D, is parallel to the 
Plane ABC, PQ is parallel to ADı. Let us also construct A,Q. It is 
Not difficult to show that AD is parallel to the plane A,D,P, and, 
thus, the distance between the straight lines AD and D,P is equal 
to the distance from the straight line AD to the plane A,D,P. 

Since the construction of the perpendicular from the point D 
to the Straight line D,P in the plane D,DC must be carried out on 


9* 


132 Ch. 2. Solid Geometry 


a metrically determined representation, it 
is impossible to take arbitrarily a point H 
on the straight line D,P and assume that DH 
is perpendicular to D,P. We shall accom- 
plish the construction in the following way. 
We construct the line segment DM, where 
M is the midpoint of the edge CC,. Then 
from the congruence of the triangles DD,P 
and DCM it follows that Z DPH—Z CMD, 
that is, Z HDP + Z DPH = 90^, and, con- 
sequently, in the triangle DP the angle 
DHP is equal to 90°. Thus, DH = D,P. 
Let us show that DH is perpendicular to the plane A,D,P. Indeed, 
since AD is perpendicular to the plane DCC,, we have: DH |. AD 
and DH | PQ. Thus, DH L D,P and DH .1. PQ, and, consequent- 
ly, DH is perpendicular to the plane A,D,P. But then the length of 
) the line segment DH is the required distance. Expressing the area 
of the triangle DD,P in two ways, we get the equation with respect 


to DH: DH-D,P = DP-DD,, whence DH = ae 


(c) In the plane ABC (Fig. 125), we construct the straight line 
EK passing through the point P and through Æ, i.e. the midpoint 
of the edge BC. Then BD is parallel to EP. We then construct the 
plane B,EP. Since BD is parallel to EP, BD is parallel to the plane 
B,EP, and, thus, the required distance is equal to the distance from 
the straight line BD to the plane B,EP. To find this distance, we 
draw a perpendicular from the point O to the plane B,EP. The foot 
of this perpendicular, i.e. the point S, cannot be taken arbitrarily, 
since the representation is metrically determined. The point S is 
constructed as follows. We construct the point F, i.e. the point of 
intersection of the Straight lines OC and EP, then the point Oi. 
Le. the point of intersection of the straight lines A,C, and B,D, 
and then join the points O, and F. We then take on the edge CC; 
a point 7 such that the equality or = on is fulfilled. Since OC = 

J 5 3 i 
e Or =F and 00, =a; 
construct the line segment OT and the point S, i.e. the point of 
intersection of OT and O,F. Since, by construction, the right triangles 


00,F and OCT are simil: re: "o = : 
then ZOLFO + COT egg MY: ZO,FO — ZOTC = Z CÓT 


; : : and, consequently, OT | O,F. Let 
ee prove that OT is perpendicular to the plane BEP. Since 
2 I5 perpendicular to the plane AA,C, and OT lies in the plane 


; OT is perpendicul 
1 ndicular to B,D.. 
O,F. Hence, OT is perpendicul :Di- Thus, OT 1 B,D, and OF L 


J ar to the plane B,EP. And then the 
length of the line Segment OS is the required distance. Expressing 


Fig. 125 


we have: CT — 2, Let us 
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the area of the triangle O,0F in 

two ways, we get the following 

equation with respect to OS: 

OS-O,F = OF-00,, whence, 

since OF = ave 00, =a, and 
4 


0,F = &Y3 we find that 


] 
4 


08-3. 

Example 3. The lateral surface 
area of a regular quadrangular 
pyramid SABCD is twice the 
area of its base. Drawn in the 
faces SAD and SDC are the re- 
spective medians AQ and DP. 
Find the angle between them (Fig. 126). 

Solution. First Method. Let the figure SABCD be the represen- 
tation of the given pyramid. This representation is complete with 
all the five parameters spent on il, that is, it is also metrically 
determined. Indeed, assuming the parallelogram ABCD as the 
representation of a square, we spend two parameters. Assuming SO 
as the representation of a line segment perpendicular to the plane 
ABCD, we also spend two parameters. Finally, assuming that 
Si = 284gcp, We actually assume that the altitude of a lateral 


face of the pyramid is equal to the side of its base. (Setting SE, 


i.e. the height of the lateral face, to be equal to k, and the side DC 
of the base of the pyramid to a, we find from the equality S14, = 


28 anon that d. ah = 2a?, whence it follows that h = a) Thus, 


arameters for additional constructions of the metric 
osen method of solution will not involve 
constructions requiring a further expenditure of parameters. 

To determine the desired angle, we include this angle in some 
triangle. This can be done, for instance, in the following manner: 
join the points Q and C (CQ the median of the triangle SCD) and 
denote the point of intersection of the straight lines DP and CQ 
by F. In the triangle AQC, through the point F draw the straight 
line KF parallel to AQ, and, finally, join the point A to the point D. 
Since, by construction, KF is parallel to AQ, the angle between the 
straight lines KF and DF is equal to the required angle. For the 
sake of brevity, we set L KFD = x. To determine z, let us compute 
the sides of the triangle DFK. i 

setting DC=a. Then, as it 


Introduce an auxiliary parameter, : 
was noted when counting the parameters of the representation, 


SE=a. But SE is the median of the triangle SDC, that is, FE= 


there are no p 
character. Note that the ch 
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Fig. 127 Fig. 128 


g- Then we find irom the triangle DFE, where DE=+ that 


13 
DP YE. Further, since the triangle CFK is similar to the 
triangle CQ4, we have: a? = EP But £E : 


9 CQ "Uo cg =F and, conse- 


T 9 
quently, KP == 40. But AQ=DP, and, hence, KF == DP. 
Bearing in mind that DP == DP, we arrive at the conclusion 


that KF=DP, i.e, ss Yd The third side of the triangle 
DFK is found from the triangle ADK. We get: DE e ARE 
4D* —2AK. AD-cos Z DAK, where AK =5 ACH 4 V2 | AD =a, 


and Z DAK =45°, Then DK2— 2“. Thus, in the triangle DFK 


all the three sides are known. Applying the law of cosines to this 
triangle, we get: DK? = KP? FD? 2KF. E). cos z, or = Bea 


13a? 2Yy1à ay13 , "Wa" EE] 
35° 2 76 p Cosz, whence cosr— 7, 1.€. £= arccos BB’ 


angle TQA is congruent to the desired one, It can be found from the triangle 
TOA. We may proceed in another way, namely: from the triangle AQL e 
find the angle AQL, which supplements the desired angle to 180°, and then 

f 
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Second Method. Let us introduce in space the rectangular 
Cartesian basis (jk. the vectors i. j. and & of which are the unit 
vectors of z-. y- amd saxes (Fig. 125). Decomposing then the 

vectors DP and AQ along the vectors of this basis, we find 
cos 4 ( 40, DP). We then introduce an auxiliary parameter, setting 

sz, (AQ, om E 
DC =a. Then OD — 0C = zr =. and we find duni the triangle 
a Y 3 
EX. 


SOE. where SE=a and OE-—-. that SO — Now  ex- 


— — x d " ; 
press the vectors DP and AQ in terms of i, j, and k. We have: 


— ene x — — -> v3. aM S =. 
DP=OP—OD, where OP= OC - ; Os = ot a k, 
- T E E. 
OD = 2Y3, Then DP z 4 i ave i- ors k. Further, 
a ETE í 
P —- —- 73 : Y3 , 
AQ =00—04, where 00 =+ 0D - 408 = i+ k and 
— r5 = fs 3 r3 
QA- —- i i. Thus A TE EET a5 TAI Hence 
eos Lip _ 
A 


ip nee re err 
«(Vey 


TE 
A "um uli 3 
that is, Z (AQ, DP) = arccos =>. 

Example 4. The base of a quadrangular pyramid SABCD is a 
rectangle with the ratio of the sides AB:AD = 1:3. Each lateral 
edge makes an angle of 60° with the plane of the base. Find the 
angle formed by the straight line DP and the plane SCD if P is the 
midpoint of the edge SB (Fig. 129). 

Solution. Let the figure SABCD be the representation of the 
given pyramid. This representation is complete. Let us compute its 
parametric number. An arbitrary parallelogram ABCD is assumed 
to be the representation of the rectangle (that is, one parameter is 
Spent) with the known ratio of sides (consequently, one more param- 
eter is spent). Let us drop the perpendicular SO from the vertex S 
to the plane of the base (that is, we shall spend two more parameters 
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on the representation) and join the 
point O to the vertex A. The angle 
SAO is made by the lateral edge SA 
and the plane of the base. We shall 
regard the angle SAO as the repre- 
sentation of the angle equal to 60° 
in the original (spending thereby 
one more parameter). Thus, we have 
spent all the five parameters on the 
representation, and this means that 
the representation is metrically 
determined, that is, any further met- 

Fig. 129 ric constructions are not allowed to 

be performed arbitrarily. 

Further, we join the point O to the vertex C of the base. Then, 
SAO = ZSCO = 60°, and the right triangles SAO and SCO, 
which have a common leg SO and an equal acute angle, are congruent. 
And this means that OA = OC, that is, O is the midpoint of the 
diagonal AC, and, hence, the point of intersection of the diagonals 
of the rectangle ABCD. From the congruence of the triangles SAO 
and SCO it also follows that SA = SC, that is, SAC is an isosceles 
triangle. Since Z SAO = Z SCO = 60°, we have: ZASC = 60°, 
and, therefore, the triangle SAC is equilateral. Analogously, the 
triangle SBD is also equilateral. i 

Now, let us pass over to constructing the desired angle. Since the 
angle between a straight line and a plane is equal to the angle formed 
by the line and its orthogonal projection on this plane, we drop a 
perpendicular from some point on the straight line DP to the plane 
SCD. To this end, we first draw the slant height SM of the face SCD 
(M the midpoint of the edge CD) and then join the point M to the 
point O. Then, since SM is perpendicular to CD, and OM is the 
projection of SM on the plane ABCD, OM is also perpendicular to 
CD. Thus, CD L SM and CD | OM, and this means that the 
eee line CD is perpendicular to any straight line lying in the 
plane Fee Therefore, if we drop the perpendicular KL from the 
porat K e ME slant height SM, then KL will also be perpendicular 
itele E Pe CD, and, consequently, Z KDL will be the required 
" os Pa set Z KDL = f. As it was noted, new constructions 
heiss i ee are forbidden to be performed arbitrarily on the 
Bü dcum E es given pyramid, that is, taking an arbitrary 
sagen’ KT ill to UN pus it is impossible to say that the line 
ular to SM. To construct Foy the representation of the perpendic- 

perpendicular to SM, let us first con- 


struct O7 i ; 
what wie to SM. This can be done if we compute in 
SOM. N divides the hypotenuse SM in the triangle 
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Setting AB —a, we get in succession: BC = 3a, OM E. , a 
- - JT /35 /55 
a y 10, SC —a V 10, OC are . so REM | SM= avs 


+ 


/39 
and VOREL that is, WN:SM = 3:13. Constructing 


a point V such that WN:SM=3:13, we then draw KL ION. 
Now, we get from the similarity of the triangles SKL and SOM: 


KL d : 4 , x 
m == , where om= A, su=4 . and since K is the 
point of intersection of the medians SO and DP of the triangle 
Sma T 
SBD, we have: SK= $50 =% A EN Thus, KL— NS E 


^3 
ay an . Finally, we find from the right triangle DAL that 


y 39 
=" /3n 195 
Sing = ELIN But DK = SK = £ V zn . Thus, sin go, , that 
DK 3 13 


is, r = arcsin re : 

Example 5. The base of a quadrangular pyramid SABCD with 
vertex at the point S is a square, and its altitude is projected in the 
point A. The area of the face SBC is twice the area of the face SAB. 
Find the angle between the altitude AF of the face SAB and the 
diagonal plane SAC (Fig. 130). 

Solution. Let the figure SABCD be the representation of the 
given pyramid. This representation is complete. Let us determine 
the number of the parameters spent on this representation. Assuming 
the parallelogram ABCD to be the representation of the square, we 
Spend two parameters. Assuming 
the line segment SA to be the 
representation of the perpendicu- 
lar to the plane of the base, we 
Spend two more parameters. Fi- 
nally, assuming the area of the 
face SBC to be twice the area of 


the face SAB, that is, L.SB-BC = 
E 


2-4-84.AB, or SB — 284A, 


We spend one more parameter. 
hus, we have spent all the five 
Parameters on the representation, 
and, consequently, it is metrical- 
Y determined. This means that 
how it is impossible to take ar- 
bitrarily a point F on the edge 
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SB and assume that the line segment AF is the representation of 
the altitude of the face SAB. However, to determine the desired 
angle, the altitude AF should be constructed necessarily (and then 
it will also be necessary to construct the representation of its pro- 
jection on the plane SAC). 

To carry out necessary constructions and further calculations, 
let us introduce an auxiliary parameter, setting, for instance, 


AB —a. Then, since in the right triangle SAB, Ss SB, 
ZSBA=30°, and, hence, if AF ! SB, then in the right triangle 
ABF, AF =+ AB, that is, AF=4, Then SA=2¥2, sp- 
BYE and SF—3V3, thus, siape Aai, oi 
SF:SB—1:4, whence it is clear how the altitude AF is con- 
structed. 


Remark. The altitude A F could also be constructed by means of an auxiliary 
tawing of a triangle similar to the original of the triangle SAB. Such a method 


of construction was considered in detail in Examples 7, 8, and 9 of the preced- 
ing section. 


Then it is required to construct the representation of the projec- 
tion of the altitude AF on the plane SAC. This construction can be 
carried out in the following way. In the plane SAB, through the 
point F draw a straight line parallel to the straight line SA. Denote 
the intersection of this line and the straight line AB by K. In the 
plane ABC, through the point K draw a straight line parallel to the 
straight line BD. Denote the intersection of this line and straight 
line AC by M. In the plane SAC, through the point M draw a straight 
line m along which the planes SAC and FKM intersect. Since both 
planes, SAC and FKM, are perpendicular to the plane ABC, it is 
clear that the line of their intersection, i.e. m, will also be perpendic- 
ular to the plane ABC, that is, m || SA and m || FK. Denote the 
intersection of the straight line m and the plane SBD by L. Then 
join the point F to the point L. The line segment FL will represent 
the perpendicular to the plane SAC. (Indeed, FL || MK, but MK 
is perpendicular to the plane SAC, since MK .L AC and MK L SA 
But then AL is the projection of AF on the plane SAC, and, con" 
be es ZFAL is the required angle. Let us set for brevity 
^ AL — F^ To determine z, it is possible to find FL and the? 
sin x Uri The altitude AF was found above: AF = 4. To 
compute FL. note that, by construction, the quadrilateral MKEL 
a a rectangle, that is, FL = KM. Further, KM can be found os 
the similarity of the triangles AKM and ABC, whence ce = At : 
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where BC =a, AC =a y 2, and AK = i (since in the triangle 

SAB, SF:SB = 1:4, and, hence, AK:AB = 1:4). Thus, KM = 
ins 

Z , and, thus, 


g 7 : a 2 
iV We now find that sin z = Wit gem 


x 


Z.FAL = arcsin y? 


4 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 


631. An inclined line AB forms with a plane P an angle of 45° equal to the 
angle between the projection of this line and the line AC lying in the plane P. 
Find the angle BAC. : : 

. 632. In a rectangular triangular pyramid, the altitude is equal to the side 
of the base. Find the angle formed by the lateral edge and the plane of the base. 

633. A straight line 4B lies in the plane P. Drawn through the point B on 
one side of this line are straight lines BC and BD perpendicular to the line AB 
and forming angles equal to 50° and 15° with the plane P. Find the angle CBD. 

..634. The diagonal of a regular quadrangular prism forms an angle of 4» 
with the plane of the base. Find the angle formed by this diagonal and the 

iagonal of a lateral face (the diagonals intersect each other). 

_ 635. The vertex angle of the axial section of a cone is equal to 2x. A plane 
is passed through this vertex so that the altitude of the cone makes an angle p 
with it. Find the angle between the elements along which this plane intersects 
the surface of the cone. 

636. Drawn in a cube ABCDA,B,C,D, is a cutting plane PQC,B,, where P 
and Q are the midpoints of the edges AA, and DD,, respectively. Find the 
angle between the straight line CQ and the cutting plane. 

637. In a regular tetrahedron SABC find the angle between the edge AB 
and the plane of the face SAC. . i 

638. Drawn in a regular quadrangular pyramid SABCD through the diago- 
nal AC isa cutting plane perpendicular to the face SAD. What is the size of 
the angle formed by the edge SD and the cutting plane? ] . 

639. In a regular quadrangular pyramid SABCD, the ratio of the altitude 
SO to the side AB of the base is 2:3. Taken on the diagonal AC is a point P 
Such that AP — PO. Find the angle made by the straight line SP and the plane 
of the face SAD. è d 

640. The base of a quadrangular pyramid SABCD is a square ABCD. In the 
lateral face SAB, which is a regular triangle perpendicular to the plane of 
the base, the median 4 & is drawn. The point K is joined to the vertex C. Find 
ane angles formed by the sides AK and: CK of the triangle ACA and the plane 

the base. ` . : 

641. The base of a pyramid SABCD is a rectangle with sides AD = a and 

B — b. The altitude of the pyramid is projected in the point O, i.e. the point 
Of intersection of the diagonals of the base. Each lateral edge forms an angle 
of 30° with the plane of the base. Find the angle made by the straight line DP 
and the plane SAC if P is the midpoint of the altitude SO. _ 

.,942. The base of a right parallelepiped ABCDA,B,C,D, is a parallelogram 
With an acute angle at the vertex A equal to 60°. Find the angle between ihe 
diagonal B,D of the parallelepiped and the lateral face CC,D,D if AB:AD: 

LS Bd X 

643. Ina D,, P is the midpoint of the edge AB. Find 
hia angle hes A bap inj C,P and the diagonal section 44,C,C of 

e cube, ~ 
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644. Drawn in a cube ABCDA,B,C,D, are a cutting plane BDC, and a di- 
agonal CD, of the lateral face CC,D,D. Find the angle between the diagonal CDa 
and the cutting plane. . m 

645. The base of a pyramid SABCD is a rectangle with the ratio of the 
sides AB:BC — 1:2. Each lateral edge is inclined at an angle of 60° to the 
plane of the base. Find the angles formed by the straight lines DP and DQ and 
the diagonal plane SAC if P and Q are the midpoints of the edges SA and SC, 
respectively. 

646. In a regular quadrangular pyramid, each lateral edge forms an angle 
of 45° with the plane of the base. A straight line is drawn through one of the 
vertices of the base and the midpoint of the altitude of the pyramid. Find the 
angle between the straight line and the lateral faces of the pyramid. . 

647. Drawn in a cube ABCDA,B,C,D, is a plane C,DB and a straight line 
DP, where P is the midpoint of the edge BB,. Find the angle between the 
straight line DP and the cutting plane. 

648. Drawn in a cube ABCDA,B,C,D, is a cutting plane BDP, where P 
is the midpoint of the edge CC,. Find the angle between the straight line AQ 
and the cutting plane if Q is the midpoint of the edge DD,. 

649. The base of a pyramid SABC is an isosceles triangle with a right angle C. 
Each lateral edge makes an angle of 45° with the plane of the base. Find the 
angle between the median AM of the face SAB and the plane of the face SBC. 

650. A straight line touches a cone and makes an acute angle œ with the 
generatrix of the cone at the point of tangency, and an angle B with the plane 
: the cone's base. Find the angle between the generatrix and the plane of the 

ase, 

_ 651. A circle of radius R and an equilateral triangle, Ry on a side, lie 
in mutually perpendicular planes. The line segment joining the centre of the 
circle to the centroid of the triangle makes angles equal to 30° (each) with the 
given planes, and one of the sides of the triangle belongs to the plane of the 
circle. Find the length of the part of the side of the triangle which lies inside 
the circle. 

652. In a regular quadrangular prism ABCDA,B,C,D,, the diagonals B,D 
ang "o mutually perpendicular. Find the angle between the diagonals B,D 
and A,C. 

, 653. A square with a diagonal drawn in it is bent to form the lateral surface 
of a regular quadrangular prism, and, thus, the diagonal of the square became 
a ee polygonal line. Find the angles between the segments of this poly- 
gonal line. 


654. In a regular tetrahedron SABC, D is the midpoint of the edge SA; 
and E is the midpoint of the altitud h 


p eed oe e. Find the angle between the straight lines 

655. Prove that in a regular triangular pyramid 
secting edges are mutually perpendicular. ` 

656. Prove that if the opposite edges of a triangular pyramid are pairwise 
perpendicular, then all the altitudes of the pyramid are concurrent (that iss 
intersect at a common point). ` 

657. Ina regular tetrahedron SABC, AD is the median of the triangle A BC, 


and E is the mid int of Pi cts »atohb 
ima e b; d of the edge SB. Find the angle between the straight 


658. In a tetrahedron SABC, SA is i 

[ ABC, 5 perpendicul 
E and SA = AB = AC. Find the angle between the straight lines OD 
and CE if D is the midpoint of the edge SA, E the midpoint of the edge SB» 
and O is the centroid of the base ABC of the tetrahedron, 


659. The base of a right parallelepiped ABCDA s is 
ABCD with an acute angle DAB equal om: EET 
lateral faces form angles equal to : 

ase. Find the angle between the 


; the pairs of noninter- 


ar to the plane ABC, AB L 


a parallelogram 
The diagonals AB, and BC, of the 
% and p, respectively, with the plane of the 
se diagonals. 


Sec. 10. Skew Lines 141 


660. The angle between the skew lines a and b is equal to 60°. The distance 
from their common perpendicular to the point 4 lying on the line a is equal 
to the distance from this perpendicular to the point B on the line b, and is equal 
to the distance between the lines a and b. Find the angle between the common 
perpendicular and the straight line AB. 

661. In a cube ABCDA,B,C,D,, taken respectively on the edges AA, and 
DD, are points P and Q, i.e. the midpoints of these edges. Find the angle be- 
tween the rays DP and QC,. . 

662. In a regular tetrahedron SABC find the angle between the median A M 
of the face SAB and the ray SC. 

663. In a regular triangular pyramid SABC, all the plane angles at the 
vertex S are right. Find the angle between the rays CP and SD if P and D are 
the midpoints of the edges SA and BC, respectively. . 

664. In a quadrangular pyramid SABCD, the base ABCD is a parallelo- 
gram with the ratio of the sides AB:BC = 1:2 and an acute angle equal 
to 60°, The face SAB of the pyramid is perpendicularto the plane of the base 
and is a regular triangle. Find the angle between the median DM of the face 
SAD and the slant height SX of the face SAB. un 

665. In a quadrangular pyramid SABCD, all the lateral edges are inclined 
at an angle of 60* to the plane of the base. A straight line is drawn through the 
point F, which divides the diagonal AC so that AF = 1:3, and P. 
t.e. the midpoint of the edge SC. Find the angle made by the ray FP and the 
diagonal AC. : 

666. In a regular triangular prism ABCA,B,C, whose lateral faces are 
Squares, the diagonals BA,, AC,, and CB, are drawn. Find the angles between 
the rays AC, and BA,, AC, and CB,, BA, and CB,. " 

,,967. In a rectangle ABCD, AB:BC = 2:1. Taken respectively on the 
sides AB and CD are points P and Q, i.e. the midpoints of these sides; the 
rectangle is bent along the straight line PQ so that the angle between the rays 

B and PA is equal to 60°. Find the angle between the rays DB and AQ. 

668. In a regular quadrangular pyramid SABCD, the angle between each 
lateral edge and the plane of the base is equal to 45*. Find the angle between 
the rays BP and OL, where B is one of the vertices of the base of the pyramid, 
P the midpoint of the altitude of the pyramid, O the centroid of the base, and £ 
the Midpoint of the edge SC. 

669. A square plate ABCD is bent along the diagonal AC so that the plane 

BC becomes perpendicular to the plane ACD. Chosen on the diagonal AC is 
à point K such that CA:KA = 1:3. Find the angle between the rays KB 
and CD, 

670. In a triangular pyramid SABC, the plane angles ASB and CSB at 
the vertex § are equal to 90° (each), and the angle ASC to 45°. Find the angle 
etween the rays AC and SD if K and D are the respective midpoints of the 
edges SA and BC, and SA = SB = SC. - " 

671. In a triangular pyramid SABC, the base ABC is a regular triangle. 
the faces SAB and SBC are perpendicular to the plane of the base, and the edge 
SB is equal to the side of the base. Find the angle between the rays SO and BD, 
Where O is the centroid of the triangle ABC, and D the midpoint of the edge SC. 

672. The diagonals ad, and bc, of the faces of a rectangular parallelepiped 
abcda, be d, form angles % and with the plane of the base. Find the angle 
Petween these diagonals. N 
6 $73. Ina regular quadrangular pyrami 
rA i the altitude being equal to 4 cm. 

per Plane of the face SCD. š i el he 

la 74. The line segment AB whose length is equal to a is para eL RU ine 
p ane P. Drawn through the points A and B are straight lines perpendicular to 
the line segment AB and forming angles equal to æ and p. respectively, with 

'* plane P, The distance between the points at which the drawn lines inter- 


d SABCD, the side of the base AB = 
Find the distance from the vertex A 
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sect the plane P is equal to b. Find the distance between the line segment 4B 
and the plane P. : . Sis 

675. A line segment, whose length is equal to a and whose end points li 
on two mutually perpendicular planes, makes an angle equal to 30° with one 
of these planes, and an angle equal to 45° with the other. Find the slistence 
between the projections of the end points of the given segment on the line o 
intersection of the planes. . . f " 

676. Situated in the plane P is an equilateral triangle ABC in which AB = 
a. On the perpendicular to the plane P, the former passing through the point 
A, a line segment AK is laid off such that AK = a. Find the distance between 
the straight lines AB and CK. n i " 

677. Drawn through the upper end point of the generatrix of a cylinder 
at an angle « is a tangent to the cylinder. Find the distances from the centres 
of the bases of the cylinder to this tangent if the altitude of the cylinder and the 
radius of its base are equal to h and R, respectively. 

678. Erected at the points A and B belonging to the plane P are the perpen- 
diculars AC and BD to the plane P on one side of it. Prove that the straight 
lines BC and AD intersect and find the distance from the point of their inter- 
section to the plane P if it is known that AC = a and BD = b. 

679. The altitude of a regular quadrangular prism is equal to k. Find the 
distance from the side of the base whose length is a to a nonintersecting diago- 
nal of the prism. í 

680. The base of a right prism ABCDA,B,C,D, is a rhombus with side 
equal to « and an acute angle @. Find the distance from the vertex B, of the 
upper base to the diagonal 4,D of the lateral face if the lateral edge of the prism 
is equal to h. 

681. Find the distance between a diagon 
edge if the edge of the cube is equal to a. 

682. Find the distance between the diagonals ad, and be, of the faces of 
a cube abcda,b,c,d, if its edge is equal to a. 

683. In an equilateral cylinder, the radius of whose b 
a point on the circumference of the upper b 


al of a cube and a nonintersecting 


ase is equal to R, 
ase is joined to a point on the cir- 
nt thus obtained forms an angle 
v he distance between this line seg- 
ment and the axis of symmetry of the cylinder. 
z ; allel planes are a perpendicular and an inclined 
line making an angle œ with each of the planes. Find the distance between the 
: inclined line and the perpendicular enclosed 
between the given planes if the length of the segment of the perpendicular 
is equal to 2a, and the distance between the end points of the inclined line and 
is equal to p. 
me mm of three plane angles at each of the 
. Find the di v skew es 
the pyramid if the sities ab tlie hus e distance between the skew e g 


this plane. 
687. The plane angles at one of the vertices of a tri id are 
1 S s ol a triangular pyramid are 
equal to 90° each. Prove that the altitude of the pyramid dees hac this vertex 
section of the altitudes of the opposite ae 
: u [a triangular pyramid SABC intersec 
the altitude AD of the base if and only if SA c^ pet peodinuler to BC. 
a triangular pyramid passe? 
itudes of the opposite face, then the 
sess the same property. 
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SEC. 11. DIHEDRAL AND POLYHEDRAL ANGLES 


Example 1. One of the plane angles of a trihedral angle is equal 
to 60°, and each of the two others contains 45°. Find the dihedral 
angle opposite to the plane angle equal to 60°. 

Solution. Let the figure SMNL (Fig. 131) be the representation 

of the given trihedral angle. This representation is complete. Let 
us find its parametric number. Assuming the angle MSN to be the 
representation of the angle of 60°, we spend one parameter. Assum- 
ing the angles MS and VSL to be the representations of the original 
angles each containing 45°, we spend two more parameters. Thus, 
we have spent only three parameters, that is, when carrying out 
new constructions of metric character, which may be required in 
determining the desired dihedral angle, we may spend another two 
parameters. 
. Thus, Z MSN = 60° and ZMSL = ZNSL = 45°. Find ZSL, 
i.e. the dihedral angle at the edge SL. To this end, we construct and 
then find its plane angle. The construction is carried out in the fol- 
lowing way. On the ray SL we choose an arbitrary point A, and in 
the plane SL construct a straight line AB, which will be assumed 
the representation of the perpendicular to straight line SL (we spend 
one parameter). Analogously, we shall assume AC to be the repre- 
Sentation of the perpendicular to the ray SL (here, we spend one more 
Parameter) Now, all the five parameters have been spent on the 
representation. Thus, BAC is the desired plane angle of the dihedral 
angle SL. 

Let us perform all necessary calculations, introducing an auxiliary 
Parameter. We set, for example, SA = a. Then we find from the 
right triangles SAB and SAC that AB =a, AC = a, and SB = SC = 
a V2. Since in the triangle SBC, BC=SB=SC, we have: BC=a V 2. 

Let us make sure that the equality 
AB* + AC? = BC? is fulfilled. Indeed, L 
AB* + AC?—2a? and BC?=(a V2)? = 
<a". Thus, in the triangle ABC (by 
the converse of the Pythagorean theo- 
Pe ZBAC = 90°. Hence, the angle 

L is also equal to 90°. 


ie Remark. The above problem could also " C 
Pars ved without introducing an auxiliary . 
Hote od. Indeed, as it is not difficult to 

A ye o. ASAB, therefore? ZBA C= 


ESAD £ 


Example 2. The base of a pyramid 
a regular triangle. One of the lat- Fig. 131 
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eral faces is perpendicular to the 
plane of the base, two others being 
inclined to it at angles equal to c. 
Find the angles formed by the lat- 
eral edges and the plane of the base 
(Fig. 132). 

Solution. Let the quadrilateral 
SABC with its diagonals SB and 
AC be the representation of the 
given pyramid. This representation 
is complete (make this sure inde- 
pendently, taking, for instance, 

Fig. 132 the plane ABC for a basic plane). 
Let us count the parametric num- 
ber of the representation. Assuming an arbitrary triangle ABC 
to be the representation of the equilateral triangle, we spend two 
parameters. Assuming the triangle SAB to be the representation 
of the face, which is perpendicular to the plane of the base in the 
original, we spend one parameter, Finally, assuming the triangles 
SAC and SBC to be the representations of the faces inclined to the 
plane of the base at angles, each of which is equal to g, we spend 
one more parameter. Thus, the parametric number of the represen- 
tation being considered p = 4. 

To solve the problem. let us introduce the given and required 
quantities into the drawing, for which purpose we are going to carry 
out all necessary additional constructions. 

First of all, we construct the line segment SD, i.e. the slant 
height of the face SAB. Then, since the plane SAB is perpendicular 
to the plane ABC, the line segment SD is also perpendicular to the 
plane ABC, and, therefore, AD is the projection of the edge SA on 
the plane ABC, that is, SAD is an angle formed by the edge $4 
and the plane ABC. Analogously, SBD is an angle made by the edge 
SB and the plane ABC, and SCD is an angle formed by the edge 
SC and the plane ABC. We further note that the median AZ of the 
triangle ABC is also its altitude. Therefore, constructing DF parallel 
to AE. we conclude that DF is perpendicular to BC, and, conse- 
quently. DP is the projection of the line segment SF on the plane 
ABC. Thus, SF is perpendicular to BC, and Z SFD is the plane 
angle of the dihedral angle BC, that is, / SFD = a. Analogously: 
on constructing DK 1 AC, we conclude that ZSKD = a. More- 
over, the right triangles SDF and SDK have a common leg 
and the congruent acute angles SFD and SKD, that is, these triangles 
are congruent. Then DF = DK. Hence, the point D is equidistant 
from the sides of the angle ACB. Thus, the point D lies on the bise¢- 
tor of the angle ACB of the regular triangle ABC. But the bisector 
of an angle in a regular triangle serves as its median and altitude- 


vii 
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Thus, CD is a median of the triangle ABC, that is, the point D is 
the midpoint of the side AB, and, consequently, SD, i.e. the alti- 
tude of the triangle SAB, also serves as its median. This means that 
SAB is an isosceles triangle, that is, -SBD = ZSAD. 

Now. we may pass over to computations. Let us introduce an 
auxiliary parameter, putting AB =a, and set, for brevity, Z SBD—x 
and ZSCD=y. Then ZSAD=z as well. It is clear that BD= 


1 5 
zAB= +. Further. since AE is a median of the triangle ABC, 


and FD is a median of the triangle ABE, DF =+ AE=+ z = 


aV3 


>z- We have from the right triangle SDF: SD = DF tana = 

aV3 V3 

—HT-— tang. Thus, tanz = p = 07. tan a, whence r= 
m 

aretan (7B tan a) . Further, tany—- t = tan œ, whence y= 


arctan (+ tana). 


Example 3. The dihedral angle at a lateral edge in a regular 
quadrangular pyramid is equal to æ. Find the dihedral angle at an 
edge of the base of this pyramid (Fig. 133). 

Solution. Let the figure SABCD be the representation of the given 
Pyramid. This representation is complete (make this sure indepen- 
dently). Let us count its parametric number. Assuming the parallel- 
Ogram ABCD to be the representation of the square, we spend two 
Parameters. Let O be the point of intersection of the diagonals of the 
hase. Assuming the line segment SO to be the representation of the 
altitude of the pyramid, we spend another two parameters. Finally, 
assuming the angle between lateral faces, e.g. SBC and SDC, to be 
the representation of the dihedral angle whose size is equal to c 
In the original, we spend one more parameter. Thus, all the five 
Parameters have been spent on the 
representation of the given pyramid. 

To solve the problem, it is neces- 
Sary to perform some additional 
Constructions, enabling us, among 
Other things, to introduce the given 
required angles into the draw- 
ciple (It is impermissible, in prin- 
mate to perform arbitrarily new 
teire constructions on a given 
Hon Hy determined representa- 
consid lowever, in the case under 

eration, when making metric 
10—01286 
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constructions, some exceptions are allowed, since the angle at a lat- 
eral edge of the pyramid is specified by a parameter whose values, 
as it is obvious, belong to the interval (90°, 180°). We are going to 
take advantage of this fact.) : 
Let us take a point M on the edge SC, and assume that the line 
segment OM is the representation of the perpendicular to the edge 
SC. We then construct the line segments D. and BM. Since BD L 
AC and BD .1. SO, we have: BD + SC. Thus, SC 1. BD and SC L 
OM, ie. SC | DM and SC | BM. Then Z BMD is the plane 
angle of the dihedral angle SC, and, therefore, Z BMD = a. Besides, 
we can show that the line segment OM, i.e. a median of the triangle 
BMD, also serves as its angle bisector and altitude. Therefore, 


ZBMO = ZDMO — 5 and OM |. BD. Let us also construct SK; 


i.e. the slant height of the face SDC, and OK, i.e. a median of the 
triangle OCD. Since the triangles SDC and OCD are isosceles, 
SK | CD and OK |. CD, i.e. Z SKO is the plane angle of the 
dihedral angle at the edge CD. 

Now, let us pass over to computations. Let us introduce an 
auxiliary parameter, putting CD=a, and set, for brevity, 


ZSKO=x. Since DO = £ v2 in the right triangle DOM, we 


2 
r35 
ava 


have: DM = . Let us now compute SK. Since ASCK— 


2sin 


z 


ACDM, we have: SK L DAU, where SC=\/ sk +4 and 


; /s -r x 
SEE fi o Sie V sk go VE Lo ghne 
CD a , E Spem 
2sin 2sin S 
SK -—— —L —.,. Then, we find from the right triangle SOK 
2y — cos g 
that cos z= on =V —cosa, that is, z= arccos V —cos a. 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 


690. Each of the two plane angles of a trihedr 
the dihedral angle between them is equal to 90°, 

691. One of the plane angles of a trihedr 
others to 60° each. Find the angle between th 
plane cutting off equal line segments from the edges of the trihedral angle: 

92. Three plane angles of a trihedral angle are equal to 45°, 45°, and 6 

Drawn through its vertex is a straight line perpendicular to the face of the plane 
angle equal to 45°. Find the angle between this line and the edge of the irihe- 
dral angle not lying in the indicated face. 

693. The faces SAB and SBC of a trihedral angle $A BC form a right angles 
and two other dihedral angles are equal to z each. Find the plane angle 45 i 

694. Drawn through a point taken on the edge of a dihedral angle equ? 


al angle is equal to 45^, and 
Find the third plane angle. 
al angle is equal to 90?, and p 
e plane of the right angle and th 
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io an oneal the faces is a ray forming an angle B with the edge, and in the other 
ean Tay perpendicular to the edge. Find the angle between these rays. 
diss ü nside a trihedral angle. all the plane angles of which are equal to 2«, 
a dihed iegugh the vertex of the angle is a ray inclined equally to the edges of 
696 s angle. Find the angle at which this ray is inclined to each edge. 
ively.” Xi 1e plane angles of a trihedral angle are equal to æ. D, and y, respec- 
ub ind its dihedral angles. 
T s In a rectangle ABCD, AB:BC — a:b. Drawn through the side AD 
Find aw d with which the diagonal of the rectangle makes an angle equal to 30°. 
fon dihedral angle between the plane of the rectangle and the plane P. 
iig 9B Drawn in the plane P through the point A is an inclined line AB mak- 
am [UE a with the plane P. Drawn through AB is the plane Q forming 
the if g P with the plane P. Find the angle between the straight line AB and 
QS ol intersection of the planes P and Q. E . 
" d 9. Passed through the bisector ol the right angle of a right triangle is 
s. ie paling an angle o with the plane of the triangle. Find the angles made 
3 700 egs of the triangle and this plane. . 
md In a regular tetrahedron SABC, a plane is pas 
angle COE the base and K, i.e. the midpoint of the edge 
n ee this plane and the plane of the base. 
length In a regular triangular prism ABCA,B,C,, all the edges are equal in 
thers i A plane is passed through the edge AA, and D,, i.e. the midpoint of 
SEE B,C,. Find the dihedral angle between this plane and the plane 4D,C. 
the aes In a regular triangular pyramid, the side of the base is one-third of 
T eral edge. Find the dihedral angle at the lateral edge. — 
angle g In a regular quadrangular pyramid, the lateral edge is inclined at an 
"704, to the plane of the base. Find the dihedral angle at the lateral edge. 
the lat A base of a pyramid is a square. Find the dihedral angles made by 
751 faces and the plane of the base, their ratios being 1:2:4:2. 
bise m n a regular triangular pyramid, the dihedral angle at the edge of the 
of the pee to &. Find the angle of inclination of the lateral edge to the plane 
706. The angle at the lateral edge of a regular triangular pyramid is equal 


to M 7 [ 
'%. Find the dihedral angle between the plane of the base and the lateral face 


of 

the pyramid. 

aM a regular triangular pyramid, 
al face and the plane of the base is equ 


x the lateral faces. i 
CEREM Prove that if all the dihedral angles of a triangular pyramid are equal 
709 Mother, then all of its edges are also equal in length. ; 
isoscole In a triangular pyramid SABC, the faces SAC and SAB are the right 
edge S4 triangles with a common hypotenuse SA. The dihedral angle at the 
710. ,Is equal to «. Find the dihedral angles at the edges SB and SC. 
ly incline Lose of the pyramid SABCD, all the lateral edp af wliich oa 
9 the pla > base, is a rectangle - . A plane assed 
plime the ee! r AD, and SC. Find the 


hrough p 
diheg © K, and L, i.e. idpoints of the edges AB, 
Pie l s Le, Mhe A dh eae ef the base if AB:AD:SA = 


1: V2 angle formed by this plane and the pl 


sed through the medi- 
SB. Find the dihedral 


the dihedral angle between each 


later 
ae al to æ. Find the dihedral angle 


o lateral faces are perpendicular 
gles equal to c. Find 


7M. 
to the 5 The base of a pyramid is a square. Tw 
ndicular to the plane 


the qi pranie of the base, and two others make with it an 
© the REA angle between the lateral faces not perpe 
719. mph: 
Find t7 The altitud d . : id is half 

th ude of a regular n-gonal pyramid 1$ aalt | 

7 x angle between the lateral lace and the plane of the base. 
iacent E a regular n-gonal pyramid, the angle between a lateral edge and an 
ateral fae ge of the base is equal to æ. Find the dihedral angle formed by the 
10s e and the plane of the base. 


the side of the base. 
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714. In a regular n-gonal pyramid, the dihedral angle at the lateral edge is 
equal to 2«. Find the angle at which the lateral edge is inclined to the plane of 
the base of the pyramid. f 

715. In a regular n-gonal pyramid, the dihedral angle at each lateral edge is 
equal to 24. Find the dihedral angle at the edge of the base of the pyramid. 

716. Two congruent rectangles ABCD and ABC,D, have a common side AB, 
and their planes form a dihedral angle equal to 60°. Find the angle between the 
diagonals AC and BD, if AB:AD = 1:2. . 

717. Two congruent rhombi ABCD and ABC,D, have a common side AP, 
and their planes form a dihedral angle equal to 45*. Find the angle between the 
sides BC and BC, of the rhombi if the acute angle of each of them is equal to 60°. 
718. The parallelogram ABCD in which AC is a smaller diagonal and 
AB:AC:BC = 1::)/2 is bent along the diagonal AC so that the angle 
BAD becomes equal to 60°. Find the dihedral angle made by the planes of the 
triangles ABC and ADC. 

719. In a parallelogram ABCD. the acute angle is equal to 60° and 
AB:BC = 2:1. Taken on the side AB isa point P and on the side CD a point 
Q, i.e. the midpoints of these sides. On bending the parallelogram along the 
straight line PQ, the planes PQC and PQD form a dihedral angle equal to 45°. 
Find the acute angle between the straight lines AP and BP. 

720. In a regular triangular pyramid SABC. the dihedral angle at the edge 
of the base is equal to 45°. Find the angle between the median CD of the face 
SAC and the plane SAB. 

721. The base of a quadrangular pyramid is a rhombus with an acute angle 
of 60°. Each lateral face is inclined at an angle of 45? to the plane of the base. 


Find the angles made by the slant height of the lateral face and the diagonals 
of the base. 


722. The base of a pyramid SABCD isa square ABCD, the lateral face SAB 
is perpendicular to the plane of the base and is an isosccles triangle, and each of 
the lateral edges SC and SD forms an angle of 45° with the plane of the hase. 
Find the dihedral angle at the lateral edge SD. 

723. Taken in the plane of the base of an equilateral cone (outside the hase) 
is a point situated from the circle of the base at a distance equal to the radius 


of the base. Through this point, two tangent planes are drawn to the cone- 
Find the dihedral angle between them. 


SEC. 12. SECTIONS OF POLYHEDRONS 


We shall disting 
the necessity to re 
(1) problems in 

a section; 


(2) problems in which it is said (or meant) that a section has been 
already constructed, 
g problems belonging 


Apes Solvin à 8 to the first kind, the construction 
of a section is accompanied by a description of the process of con 
struction, which is carried out either according to the complete 


"in for solving à construction problem (analysis, construction 
proof, and investigation) or ( ; 


sapien ; e- 

and i in simple cases) according to a son 

bin era i scheme (for instance, analysis is omitted, construc 
8 combined with proof). The investigation of a problem on co? 


uish between two kinds of problems involving 
present sections: 


which it is said that it is required to construct 
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structing a section should not be confused with the investigation of 
the solution of a problem on computing certain quantities connected 
with a given section. Thus, the problem on constructing a diagonal 
section of a cube or a rectangular parallelepiped has six solutions, 
Whereas the problem on computing the area of the diagonal section 
has only one solution in the case of a cube and three solutions in the 
case ofa rectangular parallelepiped. 

When solving problems belonging to the second kind, we proceed 
in a somewhat different way: if no more than five parameters are 
Spent on the representation of a given polyhedron together with 
à section, then the construction of the section is not described (how- 
ever, the section should be constructed for solving the problem), 
and if all the five parameters have been spent prior to constructing 
a section, then the construction required for representing the section 
is described in detail. This description is made in the same way às 
à standard description of any other constructions carried out on a 
Metrically determined representation. 

When solving problems of both kinds, it is necessary to make sure 
that the representation on which a section is to be constructed (for 
Problems of the first kind) or on which a section is given (for problems 
of the second kind) is complete. (Recall that any position problem 
Is permissible on a complete representation.) Besides, since, as a 
rule, we do not know in advance whether in the course of solution 
We shall succeed in confining ourselves to only position constructions 
9r metric constructions as well, we have to compute the parametric 
number of the representation. : . 

Let us pass over to considering problems of the first kind. We shall 
itst dwell on constructing a section using the method of the trace of 
? cutting plane. (The trace of a cutting plane is defined as a straight 
a obtained by intersecting the cutting “i and a certain plane 

osen on the representation as a basic one. 

“xample 1. chan on the edges of the cube ABCDA,B,C,D, are 


i 1 i 
Points P, Q, and R such that AP=+ AA, BQ=-5 B,C, and 


1 s 
CR z CD. Construct the section 


of the cube by ne PQR 

(Fig, 134). y the pla Q 
olution. Let us clarify whether 
Problem is solvable. Let the 
seni ABCD A,B CD, be the repre- 
complete of the cube. This is a 
clear us representation. It is also 
We nat if the points P, Q, and 
of cs the respective projections 
Points Py, Qo, and Ro, are 


this 
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given on the representation, we can also find the secondary pro- 
jections of the points Po, Qo, and Ry. For this purpose, it is sufficient 
to carry out in the plane of the representation the internal parallel 
projection, e.g. in the direction parallel to AA,. Thus, we shall find 
the points P,, Q,, and R, and arrive at the conclusion that the repre- 
sentation of the cutting plane is a given one. Then the problem on 
finding the intersection of the plane given by the points P, Q, and 
R with the surface of the cube is solvable. It is not difficult to count 
that the parametric number p — 5, that is, all further constructions 
should be performed in accordance with the rules for parallel projec- 
tion. 

Let us pass over directly to constructing the section (although the 
construction of the representation of the section is meant). In the 
example under consideration, we shall omit the first step of the 
general scheme for solving a problem on construction (analysis); 
while the second and third steps (construction and proof) will be 
combined together. 

Let us first of all find the trace of the cutting plane, i.e. the line 
of intersection of the planes PQR and ABC (the points P,, Qi, and Ry 
are taken in the plane ABC, which is thus chosen as a basic one). 

(1) Find the point X at which the lines PQ and P,Q, intersect. 
Since the point X lies on the straight line PQ, and this line lies in 
the cutting plane PQR, the point X lies in the plane PQR. Analogous- 
ly, since the point X lies on the straight line P,Q;. it lies in the plane 
ABC. Thus, the point X is a common point of the planes POR and 
ABC. The point R is also a common point of these planes. Then 
XR is the line of intersection of the planes PQR and ABC. 

(2) Construct the straight line XR, i.e. the trace of the cutting 
plane. 

(3) Find the point S at which the straight lines RX and AD inter- 
sect. 

(4) Join the points P and S. 

. (5) Find the point M at which the straight lines RX and AB 
intersect. 

_ Since the point AZ lies on the straight line RX, and the latter 
lies in the cutting plane PQR. the point Jf lies in the plane PQR. 
Analogous! : Since the point M lies on the straight line AB, an 
this line lies in the plane ABB. the point M is a common point 0 


2 cutting plane and the plane of the lateral face ABB, of the 
cube. 


(6) Construct th 
PQR and ABB.. 

(7) Find the point K at whicl ight li intersects th? 
Man bee which the straight line MP intersects 

(8) Join the points K and 

(9) Find the point Nofi E 


e straight line MP of intersection of the plane? 


ntersection of the straight lines RX and BC. 
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Fig. 135 


(10) Construct the straight line Q.V. 
(11) Find the point L at which the 
Straight lines QN and CC, intersect. 
(12) Join the point Z to the point R. 
_ Since, by construction, the ver- 
tices of the polygon SPKQLR are 
Points lying in the cutting plane PQR 
and belonging to the edges of the 
cube, the polygon SPKQLA is the de- 
Sired section. Since, according to the 
Sense of the problem, the points P, (b) 
^ and R are noncollinear (do not . 
lé in one straight line), the problem has a unique solution. 
Example 2. Given a cube ABCDA,B,C,D, and points P, Q, and 


R such that AP == AA. BQ=+ BC. and R is the centroid 


of the face DD,C,C. Construct the section of the cube by the 
plane PQR. 

Solution. As in the preceding example, we find the points P,. Qis 
and R, and show that the representation is complete, and p = 3. 
Finding the trace of the cutting plane (Fig. 135a), we get the desired 
Section, 

, Using this example, we shall consider another method of construc- 
lion of sections called the method of internal projection. (The complete- 
ness of the representation has been ascertained.) Let us now carry 
Cut relevant constructions (Fig. 1350). 

(1) Construct the straight lines PR and Pt. 

. (2) Find the point M, at which the straight lines PR, and QD 
Intersect, 1 

(3) Through int M, draw a straight line m parallel to AA,. 

(4) Find e d orsi of the straight lines m and PR. 

P dl Find the point F of intersection of the straight lines QM and 

qs 
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The point F lies in the cutting plane PQR. Indeed, the point .M 
lies on the straight line PR, that is, the point M lies in the plane 
PQR. But the point Q also lies in the plane PQR. Hence, the straight 
line WQ lies in the plane PQR, and then the point F of the straight 
line MQ also lies in the plane PQR. After finding the fourth point 
belonging both to the cutting plane and to the plane of the section 
of the cube, all necessary constructions can be carried out in the 
following order: 

(6) Join the points P and F. 

(7) Find the point L of intersection of the lines FR and QU. 

(8) Construct the straight line QL. 

(9) Find the point JV of intersection of the straight lines QL and 
BB,. 

(10) Find the point K of intersection of the straight lines VP and 


12] 

(11) Join the points K and Q. 

The polygon PKQLF thus obtained is the required section. 

The above-described methods of the trace of a cutting plane and 
of internal projection are also used for constructing the sections of 
a pyramid. In this case, central projection is realized. In Fig. 1362 
the section of the pyramid by the plane PQR is constructed by means 
of the trace XY of the cutting plane, while in Fig. 136b using the 
method of internal projection. 

There is a variety of ways of representing the sections of poly- 
hedrons. Thus, a cutting plane can be given by two points and a 
straight line to which a given section is parallel or perpendicular, 
by two points and a plane to which a given section is parallel or 
perpendicular, and so on. 


Fig. 136 
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Example 3. In a regular trian- 
gular pyramid SABC draw a sec- 
tion parallel to the edge SB and 
passing through the points P and 
Q. i.e. the midpoints of the 
edges AB and BC, respectively 
(Fig. 137). 

Solution. Let the  quadrilat- 
eral SABC with its diagonals AC 
and SB be the representation of 
the given pyramid. This repre- 
sentation is complete. The cut- 
ling plane is completely deter- E 
mined by two points P and Q Fig. 187 
and a straight line SB. Thus. 
the construction problem on this represent 
its parametric number p = 4. 
, Let us pass over to constructing the section. For the sake of brev- 
ity, we denote the cutting plane by p. Since the point P lies on the 
edge AB, it also lies in the plane ABC. Similarly. the point Q lies 
in the plane ABC. Again, the points P and Q also lie in the cutting 
plane B. Thus the planes p and ABC intersect along the straight 
line PQ. 'Thus, let us carry out relevant constructions. 

(1) Join the points P and Q. Since SB is parallel to f, the plane 
SAB passing through the edge SB will intersect p along a straight 
line passing through the point P and parallel to the edge SB. 

_ (2) Therefore, in the plane SA B, through the point P draw a straight 
line PK parallel to SB. 

(3) Analogously, construct Q.V parallel to SB. 

(4) Join the points K and M. 

The quadrilateral PK.MQ meets the conditions of the problem, 

and, therefore, is the desired section. It is also not difficult to make 
Sure that the required section exists and is unique. 
Remark. The variety of methods of representing a cutting plane does not 
allow us to apply a certain unique universal method when constructing 
a section, Thus, in Examples 1 and 2 of this section it was possible to apply the 
methods of the trace of a cutting plane and of internal projection. In Example 3 
Neither of these methods would turn out to be effective. 


alion is solvable, and 


Let, under conditions of Example 3, the side of the base oi the 
Pyramid be equal to a, and the lateral edge be equal to b. Find the 
Area of the section. To this end, we have lo determine the shape 
of the section (the kind of the quadrilateral PKMQ). Note that 
While constructing the section of the pyramid, we do not spend any 
Parameters, that is, the parametric number of the representation 
of the pyramid with the section constructed is equal to 4. Assuming 

at AB:SA = a:b, we spend one more parameter on the represen- 


154 Ch. 2. Solid Geometry 


tation. Thus, now p — 5. Consequent- 
ly, no subsequent metric constructions 
are allowed to be carried out arbitrari- 
ly. However, all further constructions 
turn out to be positional. 

Thus, since, by construction, PA||SB 
and QM || SB, we have: PK || QM. 
Besides, PK is the midline of the 


triangle SAB, that is, PK = E SB = 


ib Analogously, QM — X. There- 


fore, PK = QM, then the quadrilateral 
Fig. 138 PKMQ is a parallelogram, and PK = 


a 
z+ PQ = +. However, to compute 


the area of the parallelogram, these data are insufficient, and, there- 
fore, we are going to define more exactly the shape of the paral- 
lelogram PKMQ. Let us construct BL, i.e. a median of the triangle 
ABC (no parameter is Spent on this construction). The point Q, i.e. 
the foot of the altitude SQ of the pyramid, lies on the median BL. 
Since OL is perpendicular to AC, and OL is the projection of the 
line segment SZ on the plane ABC, SL is perpendicular to AC. 
Thus, AC L OL and AC 1 SL, but then AC 1. SB. (This proves 
that the skew edges of a regular triangular pyramid are mutually 
perpendicular.) Further, since PQ || AC and PK || SB, we have: 
PQ |. PK, that is, the parallelogram PKMQ is a rectangle. Thus, 
" 2 ab 
we get: Sprig = T 

Example 4. The base of the yramid SABC is a right triangle 
ABC. The edge SA is perpendicular to the plane of the pon sA = 
AB = BC — a. Through the midpoint of the edge AB draw a cut- 
ting plane perpendicular to the edge SC and find the area of the 
Section thus obtained (Fig. 138). 

Solution. Let the quadrilateral SABC with its diagonals SB and 
AC be the representation of the given pyramid. This representation 
á complete, and its parametric number p = 5 (make this sure in- 

ependently). Let us pass Straight to constructing the section. 

(1) Construct the median AD of the triangle SAB. 

(2) Find the point M, i.e, the midpoint of the edge AB. 

(3) Draw in the plane SAB a straight line MN parallel to AD- 
) Construct the median BP of the triangle ABC. 


bs — in the plane ABC a Straight line MK parallel to BP. 

9 construct KL | SC we first construc his is 
i: L1 SC, : ruct AE | SC. This, 

à metric construction, and, therefore, it is forbidden te be carrie 


out arbitrarily, Let us Proceed as follows. Note that in the right 


LM 
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iriangle ABC, AB — BC — a, and, therefore, AC =a V2. Then 
we find from the triangle SAC, where SA = a, that SC =a V3. 
Thus, for the line segment AZ to be the representation of the per- 
pendicular to the edge SC, the following equality must be fulfilled: 
SA? — SE? = AC? — CE?, or a? — SE? = 2a? — (aV 3 — SE)’, 


whence we find that SE = art, that is, SE:SC = 1:3. 


. Thus, the further constructions will be carried out in the follow- 
ing sequence: 

(6) Find a point E such that SESC = KS 

(7) Join the points A and £. 

(S) In the plane SAC construct KL parallel to AE. 

(9) Join the points N and L. 

Since the intersecting straight lines AE and AD define a plane, 
LK || AE, and MN || AD, the straight lines LK and MN also define 
a plane. Thus, MKLN is a plane quadrilateral. 

Let us prove that the plane MKZ is perpendicular to the edge SC. 
Indeed, the straight line SA is perpendicular to the plane ABC, that 
is, SA | MK, or MK 1 SA. Besides, by construction, MK L AC. 
Then MK | LK and MK 1 SC. Further, SCL LK and SC L 
MK, that is, the straight line SC is perpendicular to the plane 
MKL. 5 

Thus, the section ALN meets the conditions of the problem, and, 
Consequently, is the desired one. Since the cutting plane is per- 
Pendicular to the given straight line and passes through the given 
point belonging to the surface of the pyramid, it is clear that the 
Tequired section exists and is unique. 

Thus, the construction of the representation has been complet- 
ao „and we may pass over to finding Sargın: Le. the area of the 
Section. In order to compute the desired area, let us first deter- 
Mine the kind of the quadrilateral MKLN. We have from the 


right triangles ABP and SAB, respectively: MK=4BP and 
45 » /5 
MN —.L AD, But BP=AD=45—. Thus, MK-MN- tT 
Since the edge SA is perpendicular to the plane ABC, AB is the 
Projection of the edge SB on the plane ABC. But ABLBC, then 


A SN 
SB | BC as well. From ASLN ~ ASBC, LC whence we 


: ‘6 a AP. 
Se Ly =*2V6 From ACLK ~ ACAE, AP =r = 7 Whence 


4 
We obtain: LK — AE. But 4AE.SC=SA-AC, that is, AE = 
aVé 


SR 
=F —s then LK -- V. 
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Thus, the quadrilateral VALN 
possesses the following property: 
in it VK— MN and LK-—LN. 
Further, it is not difficult to reveal 
that AMKL —AMNL, and. there- 
fore, Suzin = 25 mgr. But. as was 
shown above, WKI LK. Conse- 
quently, Saak = L MK.LK= 


E 


Te and, hence, JSyg;y— 
Fig. 139 a? V3 


a 
Consider several problems belonging to the second kind. 
Example 5. The base of a right prism whose altitude is equal to 

1 cm is a rhombus with sides equal to 2 cm each and an acute angle 

equal to 30°. Drawn through a side of the base is a cutting plane, the 

angle between which and the plane of the base is equal to 60°. Find 
the area of the section, 

Solution. Let the figure ABCDA,B,C,D, be the representation 
of the given prism (Fig. 139). This is a complete representation, and 
its parametric number p — 5 (make this sure independently). 

Since the construction of the section in this example is a metric 
problem, and p — 5, it is impermissible, on having taken arbitrarily 
a point W on the straight line DD,, and a point L on the straight 
line CC, (of course, such that ML || AB), to state that the quadri- 
lateral A MLB is the representation of the given section. However. 
if we knew the position of the point M, i.e. the point of intersection 
of the cutting plane and the edge DD,, we would construct easily 
the representation of the section. 

Dropping the perpendicular DK from the point D to the edge 

B, we find in the obtained right triangle ADK that AD = 2 cm, 
DK = 1 cm, and, consequently, AK = V3 cm. Thus, to construct 
DK perpendicular to AB, the point K should be chosen so that the 
equality AK:AB = V 3:2. is fulfilled. This construction can be 
carried out, for instance, as follows: construct an auxiliary right 


triangle with hypotenuse AB and leg + AB. Then the other leg will 
/3 ; ^g = 
be equal to JL AB. And since Y3 AB:AB = V3:2, AK may be 
ig to be equal to the other leg of the auxiliary triangle. Fur- 
ther, Since the edge DD, is perpendicular to the plane ABC, for 
any position of the point M on the edge DD,, the line segment DK 
will serve as the projection of the lino segment MK on the plane 
ABC, that is, the angle MKD will be the plane angle of the dihedra 
angle at the edge AB. If the point Af is such that Z MKD = 60° 
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then we find in the right triangle MKD that DK = 1 cm, MK = 
2 cm, and MD = V3 cm. Thus, when constructing the point M, 
the equality MD:DD, = V 3:1 should be necessarily taken into 
account. For instance, the point M can be constructed in the follow- 
Ing way: construct an auxiliary right triangle with hypotenuse 
2DD, and leg DD,. Then the other leg will be equal to Y3DD,. 
And since V3DD,:DD, — V 3:1, MD may be assumed to be equal 
to tlie other leg of the auxiliary triangle. On constructing the point 
M, draw ML parallel to AB, where the point L lies on the edge 

C,. Constructing the straight line AM, we find the point Q, i.e. 
the point of intersection of the straight lines AM and A,D,, and 
the point P in a similar way. The quadrilateral AQPB is the repre- 
Sentation of the given section. Now, we are going to compute S ops. 
lt is obvious that the quadrilateral AQPB is a parallelogram. 
Since MK is perpendicular to AB, NK is the altitude of this 
parallelogram, where N is the point of intersection of the straight 
lines WK and PQ. Thus, S4op5 — AB- NK. We find NK. We have 


in the right triangle MDK: MK —2 cm and MD— V/3 em. It is 


3 T3 
1 š MK MD ..2 _ V3 
easy to show that DK || D,N, i.e. Wk D WE l 
/her . 28 MU WM 
Where Ng 2V3 om. Thus, S49pg:- —3-- Cm. 


Example 6. a regular triangular pyramid, a section is drawn 
through’ the mns d the lateral aco parallel to a lateral edge 
and through the vertex of the base of the pyramid, the vertex not 
Ying in this face. Determine the angle of inclination of the plane 
of the section to the plane of the base if it is known that the angle 
ie Ween each lateral edge of the pyramid and the plane of its base 
8 equal to «. 
olution. Let the quadrilateral SABC with its diagonals be the 
*epresentation of the given pyramid (Fig. 140). This representatino 
"5 Complete, and its parametric number p = 5. We Wee Boin 
angi E, i.e. the midpoints of the edges BC and SB, and then tri- 
ih. AEK, which is the representa- s 
mid of the given section of the pyra- 
€ ne parameters are spent on these 
Onstructions ; 
Borsa SO is the altitude of the 
Made p » CSCO is equal to the angle 
of th Y the lateral edge and the plane 
is pe e base, that is, Z SCO = a. It 
a d UNE to find the dihedral angle 
the p Y the cutting plane AEK and 
it by ane of the base. Let us denote 
<AK. To determine the desired 
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dihedral angle, we have to construct and 
find its plane angle. Since p = 5, no 
metric constructions are allowed to be 
carried out arbitrarily on the representa- 
tion available. It is necessary to con- 
struct the representations of two perpen- 
diculars to the edge of the dihedral angle. 
Let us carry out this construction in the 
following way. Join the point O to the 
point B and then construct ÆF parallel 
to SO in the plane SOB. Then, since SO 
is perpendicular to the plane ABC. EF is 
also perpendicular to this plane and then 
EF is perpendicular to OB. Since AK isa 
median of the equilateral triangle ABC, we have: BC 1 AK. Draw 
FL parallel to BC, then FL is perpendicular to AK. Finally, con- 
struct EL. Thus, AK 1 FL and AK | EF, but then AK is per- 
pendicular to EL, that is, ZELF is the plane angle of the desired 
dihedral angle. We set L ELF = z. To determine z, let us introduce 
an auxiliary parameter AB = a. Now, we are going to find EF 
and FL. Since EK is the midline of the triangle SBC, we have: 
BE — SE. But, by construction, EF is parallel to SO. Consequently: 


EF is the midline of the triangle SOB, and, therefore, EF = x. SO. 
We find from the right triangle SOC that SO = CO tan a, where 


3 avā avs /3 i 
CO = 3 Io =, Thus, EF = dx tan g. Further, we find 


1 1 EF — 2V3 
that FL = Ww BK = T% Thus, tan z = D. = M tan g, and, 


B 
Fig. 141 


consequently, æ = arctan (28 tan a). 


Remark. In the example under consideration, it may seem that, at first 
glance, it is more expedient to construct the plane angle of the desired dihedra 
angle in the following way (do this independently): (1) OM || BC; (2) 5M5 
(3) P, i.e. the point of intersection of SAM and AF; (4) OF. Actually, in such 
à construction, 4 POM is the plane angle of the dihedral angle formed by the 
S AEK and ABC. However, all the attempts to determine the angle POJ 
thus constructed meet considerable difficulties. | 


Sometimes, we have to construct a section when solving such 
problems in which nothing is said about sections at all (see Exam- 
ple 2, Sec. 10). In some cases, the construction of a section is n0 
necessary, in principle, whereas the solution of the problem can be 
simplified by means of it. 

Example 7. One edge of a triangular pyramid is equal to a, and each 
of the remaining edges is equal to b. Find the volume of the pyramid. 

Solution. Without dwelling on the construction of the represen- 
tation (Fig. 141) and other steps of the solution, we should like to 
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note that if we decided to solve this problem by means of the formula 
; 1 
F= * Syasefl, then, to find the altitude H, we would have to 


perform rather complicated computations. Therefore, let us take 
another way. Let us construct the section of the pyramid by 
the plane passing through the edge AB perpendicular to the 


edge SC. IF AB — a, then V — 4 SaaguiSM + SaanuCM = 


1 
E SsapuSC = i Saapa + 

(Note that in this case the construction of a section is a position 
problem, since the triangles SAC and SBC are equilateral, that is, 
the medians AM and BM are the representations of the perpendicu- 
lars to the edge SC, and, therefore, the triangle ABM is the represen- 
lation of the section perpendicular to the edge SC.) 


Since Ss cap ABAD, where MD is a median of the isos- 
celes triangle ABM in which AM=BM = V3 , we have: 
Ssasv=ta y 35m Lys. Consequently, V= 

2 4 4 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 


724. In a cube ABCDA,B,C,D, whose edge is equal to a, F is the midpoint 
er the edge D,C,. Find the distance from the points Ay, A, and C, to the plane 
Passing through the points B, F, and D. 

5. A cutting plane is passed through the diagonal of the lower base of 
a cube whose edge is equal to a and the mid oint of one of the sides of the upper 
ARES Find the distance from the centre of the cube to this plane. . 
of aat: In a regular quadrangular pyramid draw a plane through the diagonal 
i the base parallel to the lateral edge. Find the area of the section thus obtained 
the side of the base and the lateral edge are equal to a and b, respectively. 
the 27; Each edge of a regular quadrangular pyramid is equal to a. Construct 
nds Section of the pyramid by the plane passing through the midpoints of two 
ie ent pides of the base and the midpoint of the altitude. Find the area of 

` Section. = à 
siden In a regular hexagonal prism whose lateral faces are squares with 
of us Construct the section of the prism by the plane passing through the side 
Section ower base and the opposite side of the upper base. Find the area of this 


729. In a ti , 

TI ZA a right parallelepiped, t : 
hose tion of the parallelepiped, which is passed 
angle ength is equal to a and the opposite edge, 
Side or ual y: 90* — o with the plane of the base. 
7 ne base. ] . 
asced ieee altitude of a regular triangular prism is equal to H. A plane is 


se. p Tough one of the edges of the base and the opposite vertex of the other 
he section if its angle at the 


he acute angle of the base is equal to o. 
through the side of the base 
has the area S and makes an 
Find the length of the other 


ina; Fmd th ` X int 
ind € area of the triangle obtained in 
leated vertex is equal to ihe 
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731. In a cube ABCDA,B,C,D,, a cutting plane is passed through the 
points P and Q, i.e. the midpoints of the respective edges AB and AD, and the 
vertex C,. Find the distance from the vertex C to the cutting plane if the edge 
of the cube is equal to a. 

732. A cutting plane is passed through the vertex A of the base of a cube 
ABCDA,B,C,D, and the points P and Q, i.e. the midpoints of the respective 
edges B,C, and C,D,. Find the area of the section if the edge of the cube is 
equal to a. 

733. A cutting plane is passed through the point K taken on the edge AA, 
of a cube ABCDA,B,C,D, and the points P and Q, i.e. the midpoints of the 
respective edges B,C, and C,D,. Find the area of the section if the edge of the 
cube is equal to a and A K:KA, = 1:2. g 

734. A cutting plane is passed through the points P and Q, i.e. the midpoints 
of the respective edges AA, and CC, of a regular triangular prism ABC ABC 1; 
and a point D taken on the lateral edge BB, so that B,D:BD = 3:2. Find 
the area of the section if each edge of the prism is equal to a. a 

735. The base of a pyramid, each lateral edge of which is equal to aV 3, is 
a rectangle ABCD with sides equal to a and 2a. Construct the section of the 
pyramid by the plane passing through the diagonal BD of the base parallel to 
the lateral edge SA. Find the area of the section. 

736. The lower base of a prism is a rhombus ABCD, the vertex angle of 
which is equal to 60°. The vertex A, of the upper base is equidistant from the 
vertices A, B, and D, the edge AA, = L and makes an angle % with the plane 
of the base, Construct the section of the prism by the plane passing through the 
diagonal A,C parallel to the diagonal BD. Find the area of the section. 

737. The base of a pyramid is an isosceles triangle with a lateral side equal 
to a. The angle at the base of the triangle is equal to a, and each lateral edge 
is inclined at an angle f to the plane of the base. Construct the section of the 
pyramid by the plane passing through the altitude of the pyramid and the 
vertex of one of the angles equal to «. Find the area of the section. 

738. Drawn in a regular tetrahedron are two sections each of which is paral- 
lel to the edges AB and SC. The area of the part of the face SAC enclosed be- 
tween the cutting planes is by S cm? greater than the area of the part of the face 
SAB enclosed between these planes. By how much is the area of one section 
greater than the area of the other? P 

739. The area of the base of a rectangular parallelepiped is equal to S- 
A plane is passed through the vertex A, of the upper base A,B,C,D,. The plane 
intersects the lateral edges BB,, CC,, and DD, at points Ba, Ca, and Dy, Te- 
spectively, Find the volume of the part of the parallelepiped situated under the 
cutting plane if it is known that CC, = c, and the altitude of the parallelepiped 
is equal to H. 

740. The base of a pyramid SABCD is a rhombus ABCD in which AC = 4 
and BD = b. The lateral edge SA whose length is c is perpendicular to the 
plane of the base. Through the point A and the midpoint of the edge SC draw 
a plane parallel to the diagonal BD. Find the area of the section thus obtained- 

741. One side of the base of a regular quadrangular pyramid is equal to zi 
A section is drawn through the side of the base and the middle of the skew latera 
edge. Find the distance from the plane of the section to the vertex of the pyT4* 
mid if its altitude is equal to H. 
is Lie Regi in a regular triangular prism through one of the sides of the bast 
the trlangulay coche an angle œ with the plane of the base. Find the area 9 
equal gular section thus obtained if it is known that the side of the base 

qual to a. 1 

743. The angle between a lateral f ramit 
and the plane of its þase is equal to 2. De den uan e Ts is 
emal toa: Drawn through one of the sides of the base is the section of the pyt% 

making an angle f with the plane of the base. Find the area of the section" 
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744. One side of the base of a regular quadrangular pyramid is equal to a. 
The angle between the lateral edge and the altitude of the pyramid is equal 
to 30°. Construct the section of the pyramid by the plane passing through the 
Vortex of the base perpendicular to the opposite edge. Find the area of the 
section. 

745. The base of a prism is a square ABCD whose vertices are equidistant 
from the vertex A, of the upper base, AA, = a, and the angle between the 
lateral edge AA, and the plane of the base is equal to 60°. Construct the section 
of the prism by the plane perpendicular to the edge AA, and passing through 
the vertex C. Find the area of the section. f ] 

746. In a regular triangular pyramid, the side of the base is equal to a. 
The angle between two adjacent lateral edges is equal to 2a, Construct the 
Section of the pyramid by the plane passing through one of the sides of the base 
Perpendicular to the opposite lateral edge. Find the area of the section. 

747. In a regular triangular pyramid, drawn through the edge of the base 
Whose length is equal to a is a section perpendicular to the opposite lateral edge. 
Find the surface area of the pyramid if the cutting plane divides the lateral 
edge in the ratio min. . i 

748. In a triangular pyramid SABC, the edge SA is perpendicular to the 
plane ABC, AC = BC = a, and AS = AB = ay 2. Drawn through the mid- 

oint of the edge AC is a plane perpendicular to the edge SB. Find the distance 
Tom the vertex A to this plane. ! . 

.749. In a cube ABCDA,B,C,D, construct the section passing through the 
Points B, M, i.e. the midpoint of the edge CC,, and K, i.e, the midpoint of the 
edge AD. Find the dihedral angle between the plane of the section and the 
Plane ABCD. . 

750. Construct the section of a rectangular parallelepiped ABCDA,B,C,D; 
by the plane passing through the vertex A, the midpoint of the edge CD, and 
the centroid of the face BCC,B,. Find the dihedral angle between the plane of 

e section and the plane ABCD if AB:AD:AA, = 2:3:4. 

751. Construct the section of a regular triangular prism ABCA,B,C, by the 
plane Passing through the vertex A, the point K, i.e. the midpoint of the edge 
4.35 And the point M of the edge CC, if CM:C,M = 1:2 and AB:BB, = 
a Find the dihedral angle between the plane of the section and the 

ane ABC, j 

752. Construct the section of a regular quadrangular pyramid SABCD (S the 
Vertex) by the plane passing through the point A, the point P, i.e. the mid- 
Point of the altitude SO, and the point K of the edge SD if SK:KD = 2:1 
ind SB — BD. Find the dihedral angle between the plane of the section and 
he plane of the base. " 
lar 93- The angle between each lateral edge and the plane of the base in a regu- 
of qtngular pyramid SABC (S the vertex) is equal to o. Construct the section 
mi h Pyramid by the plane passing through the point A, the point Uie 
sidpoini of the altitude SO, and the point X of the slant height SD o "s 
AC ] SK:KD = 2:4, Find the dihedral angle between the plane of the 
nd the plane of the base. kat sa-chombus 
i : A regular quadrangular prism is cut by a plane so that a in 
18 obtained TEN The acute Jos of the rhombus is equal to 2«. Find the 


dral angle between the cutting plane and the plane of the base. 


eer id i i ri ngle between the 
equal dt base of a pyramid is an isosceles triangle, the ang! 


vramid is inclined 
es of which i . Bach lateral edge of the pyramid is incline 
as angle B to D der e tw. A cutting plane is drawn in this pyramid 


ioa i f he angle equal 
0 P through the altitude of the pyramid and the vertex of the angle eq 


i i he base 
of the d the ratio of the area of the obtained section to the area of t 


6, pyramid. . MEM 
oe 5 base of an oblique parallelepiped is a rhombus ABCD in which 


0°. Each lateral edge of the parallelepiped forms an angle equal 


1 
Section a 
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to 60° with the plane of the base, and the plane AA,C,C_ is perpendicular to the 
plane of the base. Find the ratio of the area of the section BB,D,D to the area 
of the section AA,C,C. 

757. The base of a right parallelepiped is a parallelogram, the ratio of whose 
sides is AB:BC — 1:2, and the angle at the vertex B is equal to 120°. Through 
the point D and the opposite vertex of the upper base draw a cutting plane 
parallel to the diagonal AC. Find the angle made by this plane and the plane 
of the base if the ratio of the altitude of the parallelepiped to the smaller side 
of the base is equal to V 3:1. 

758. The base of a pyramid is a rectangle ABCD, and the altitude oi the 
pyramid is projected in the vertex B of the base. The lengths of the sides of the 
rectangle and the altitude of the pyramid are as 2:3:5. Through the diago- 
nal BD draw a plane parallel to one of the edges of the pyramid not intersect- 
ing the diagonal BD. Find the angle of inclination of the cutting plane to the 
plane of the base of the pyramid. 

759. A regular triangular pyramid is cut by a plane passing through one of 
the vertices of the base and the midpoints of two lateral edges. Find the ratio 
of the area of the lateral surface of the pyramid to the area of the base if it is 
known that the cutting plane is perpendicular to one of the lateral faces. 

760. In a regular quadrangular prism, two parallel sections are drawn: one 
passes through the midpoints of two adjacent sides of the base and the mid- 
point of the axis of symmetry of the prism, and the other divides the axis iD 
the ratio 1:3. Find the ratio of the areas of the first and second sections. 

761. The base of a pyramid is a regular triangle with side a. One of the 
faces of the pyramid is perpendicular to the plane of the base, and this face 
is an isosceles triangle with lateral side equal to b. Find the area of the section 
of the pyramid which is a square. 

762. A cutting plane bisects the dihedral angle at the base of a regular qua- 
drangular pyramid. Find the area of the section if the side of the base of the 
pyramid is equal to a, and the dihedral angle at the base to 2a. 


SEC. 13. SURFACES 


Example 1. The base of a right prism ABCA,B,(, is a triangle iP 
which AB = AC and Z ABC = a. It is also known that D is the 
midpoint of the edge A4,, ZDCA= 
B, and CD = b. Find the lateral 
surface area of the prism (Fig. 142)- 

Solution. Let the figure 
ABCA,B,C, be the representation of 
the given prism. This representation 
is complete. Let us find its para: 
metric number. Assuming that A 
and AC are the representations ° 
the congruent line segments, W° 
spend one parameter. Assuming tha 
the angle ABC is the representatio? 
of the angle equal to the angle #1” 
the original, we spend one more P? 
rameter. Assuming that the prs 
Fig. 142 segment AA, is the representatioP 
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ofthe perpendicular to the plane 
ABC, we spend two parameters. 
Finally, assuming that the angle 
DCA is the representation of the 
angle, which is equal to the angle 
D in the original, we spend one more 
Parameter. Thus, the parametric 
number p = 5. 

Let us construct on this represen- 
tation the midpoint of the edge 
AA, (point D) and assume that 
CD = b (no parameter is spent on 
this construction). Now, we are Fig. 143 
going tocarry out all necessary 
computations. Since ABCA,B,C, is aright prism, S4, — P-H, where 
P = 24C + BC and H = AA,. Since ACD is a right triangle, we 
have: AC = b cos p, AD — b sin D, and, therefore, AA, = 2b sin p. 
We construct AE, i.e. a median of the triangle ABC, AE | BC. 

e find from the right triangle ACE that CE = AC cosa = 

cos B cosa, that is, BC = 2b cos a cos p. Hence, Stat = 
(2b cos B + 2b cosa cos f) 2b sin B = 4b? cos p (1 + cos o) sin B = 
4b? sin 28 cos? $ . Thus, S4, = 4b? sin 2 cos? + P 

, Example 2. The base of a pyramid is an equilateral triangle with 

Side a. One of the lateral faces, which is perpendicular to the plane 
of the base, is also an equilateral triangle. Find the lateral surface 
area of the pyramid. 

Solution. Let the quadrilateral SABC with its diagonals be the 
Tepresentation of the given pyramid (Fig. 143). This is a complete 
Tepresentation, and its parametric number p = 5. Assuming that 

le triangle ABC is the representation of an equilateral triangle, 
We spend two parameters. Ássuming that the triangle SBC is the 
Tepresentation of an equilateral triangle, we also spend two param- 
eters, Finally, assuming that the dihedral angle at the edge BC 
1s the representation of a right dihedral angle, we spend one more 
Parameter, 

Since the pyramid is not regular, we find its lateral surface area 

lat) as the sum of the areas of the lateral faces: Sat = SasaB + 

asac + Sasse. But ASAB = ASAC (by three sides), that is, 


4 : 
Su, = DSa b eno) Sasan = 5 4B. SK, where SK is 


the altitude of the triangle SAB, i.e. SK L AB. 
str n the general case, the construction of a perpendicular to a given 
7 aight line is, as is known, a metric construction. In the example 
nder consideration, it is required to carry out this construction 


on A : 
^ 3 metrically determined representation. 
* 
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We construct the altitude SK in the following way: 

(1) Construct SD, i.e. a median cf the triangle SBC. 

(2) Construct CM, i.e. a median of the triangle ABC. 

(3) Through the point D draw DK parallel to CM. 

(4) Join the point S to the point K. 

Since SD is a median of the equilateral triangle SBC, we have: 
SD LBC. But the plane SBC is perpendicular to the plane ABC. 
Then SD is perpendicular to the plane ABC, and, consequently, 
DK is the projection of the line segment SK on the plane ABC. 
But DK is parallel to CM, and CM is a median of the equilat- 
eral triangle ABC, that is, CM LAB, and, therefore, DK 1 AB. 


Thus, SK L AB. We find from the right triangle SDK that SK — 


V SD: DK, where SD— ^ vs and nk-lcw- a P . Thus, 


a3y3 
zs 


and, 


/ 15 ?y' 15 
Sk tr. We get: S45, 5—— ve 


8 , Sasse = 
therefore, $,,,= z (V15-- Y 3). 


Example 3. The base of a pyramid is an isosceles trapezoid whose 
parallel sides are equal to a and b (a œ> b). Each lateral face is 
inclined at an angle œ to the base. Find the total surface area of the 
pyramid (Fig. 144). 

Solution. Let the figure SABCD be the representation of the given 
pyramid. This is a complete representation. Let us find its paramet- 
ric number. Assuming the quadrilateral ABCD to be the represen- 
tation of the given isosceles trapezoid, we spend two parameters. 
Assuming SO to be the representation of the perpendicular to the 
plane ABC, we also spend two parameters. Finally, assuming the 
angles AB, BC, CD, and AD to be the representations of the dihedral 
angles, each of which is equal to œ in the original, we spend only 
one parameter, 

Indeed, suppose that the line segments OM, OL, and ON are 
the representations of the perpendiculars to the respective sides 
AD, DC, and BC of the trapezoid. Then it is clear that the line 
segments SM, SL, and SN will be 
the representations of the perpen- 
diculars to the same sides AD, DO» 
and BC, respectively. Therefore, the 
angles SMO, SLO, and SNO will be 
the representations of the plane a0- 
gles of the dihedral angles AD, DC: 
and BC, respectively. But then r^ 
triangles $MO, SLO, and SNO wil 
be the representations of the cor- 
Fig. 144 gruent triangles, and the line se? 


Sec. 13. Surfaces 165 


ments OM, OL, and ON the representations of the line segments 
congruent in the original. Also, if OK is the representation of the 
perpendicular to the side AB, then OK is the representation of the 
line segment whose original has the same length as the original of 
the line segment OM. 

Thus, O is the representation of the point equidistant from all 
the sides of the trapezoid. In other words, the point O is therepresen- 
tation of the centre of the circle inscribed in the base of the given 
Pyramid. And this means that, firstly, M and N are the midpoints 
of the bases AD and BC of the trapezoid, and, secondly, the line 
segments DM and DL are the representations of the line segments 
Congruent in the original, and the line segments CV and CL are also 
the representations of the congruent line segments. But then 
DM:CN=DL:CL. And since DM:CN = 4:4, ie. DM:CN = 
a:b, we also have DL:CL = a:b. Analogously, AK:BK = a:b. 

hus, no parameter is spent on the construction of the perpendic- 
ulars OM, OL, ON, and OK to the sides of the trapezoid. And this 
Means that, assuming, for instance, Z SMO to be the representation 
of the angle equal to « in the original, we spend only one parameter, 
and assuming further that the angles SLO, SNO, and SKO are also 
equal to a, we spend no parameter. 

Consequently, five parameters have been spent on the represen- 
tation of the given pyramid. . 

Let us now compute the total surface area of the pyramid, 
Stor. We have: Stot =Siat + Sazcn- Since the right triangles SMO, 

LO, SNO, and SKO are congruent, we get: SM = SL=SN=SK. 
Then Si4=-+ (4D 4+CD-+ BC+ AB) SM=+(a + b + 2CD) SM. 

a+b 


But DL=DM=+ and cL=cn=4, ie CD2 57—. 
Struct CP || MN. Then CP.LAD. We find from the right triangle 
CDp E aud DP t=" that CP— 


, 


Con- 


a 


» where CD= 3 
V (33€ (= yai Me L9. we 
(=) - (557) =V a. Consequently, OM-—-—,-—-. 

have fy s om _ Ya 
ve from the right triangle SOM: SM 9 7-7 28a Thus, 


S jr WEE 1 / ab — 

lat = yab — (a+b) Vab | Further, Sasco= 

1 " (a+b (a+d)) 2 cos a =" Yeosa — eee 

atyVa , tna _ 
is 2 


=, — 
2 (2+ 0) y aj. Thus, Bui = > 3cs — 
(ey V coss. 

2 


Cos c . 
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Example 4. A regular triangle whose 
side is equal to a revolves about an 
external axis parallel to its altitude 


and 4 a distant from it. Find the sur- 


face area of thesolid of revolution thus 
obtained. 

Solution. Since the axis of revolu- 
tion I, is parallel to the altitude of the 
triangle, it is also parallel to the plane 
of the triangle, and, therefore, the sec- 
tion of the given solid of revolution 
by the plane passing through lọ will 
be represented by the figure (D, consisting of a pair of regular 
triangles symmetrical with respect to Ip. 

Thus, in the example under consideration, we may confine our- 
selves to representing a plane figure instead of representing a rather 
complicated solid of revolution, that is, we may construct the repre- 
sentation of the indicated figure @, (similar to the original) More- 
over, to solve the problem, we may even confine ourselves to repre- 
senting theaxis J, and only one of the triangles obtained in the section 
of the given solid of revolution by the plane passing through lo 
(Fig. 145). Thus, the triangle ABC is regular, AB — a, AD is the 
altitude of the triangle ABC, 1|| AD, DP l, and DP = E: x 
It is required to find the surface area of the solid of revolution. 

Let us denote this desired area by S456. We also denote the areas 
of the surfaces generated by revolving the line segments AB, AC, 
and BC about the axis | by S45, Sac, and S gc, respectively. Then 
Sanc = Sag + Sac + S yc. We have: San = n (BP + AQ) AB. 


But BP = BD + DP = 2a, AQ = DP = 3a, and AB — a. Thus; 


Fig. 145 


D 
Sas = L ma’, Analogously, Sac m (CP + AQ) AC = 5 na. 


And, further, Sge = nBP? — nCP2 = q (4a? — a?) = 3na?, Thus, 
asc = 9na*. 


Remark. The desired surface area can be co: NT take 

A mputed more easily if we ta 

[X e of the first Guldin's theorem, according £o which S = P2zR, where 
i e perimeter of the figure revolving about the axis, and R the distance fro™ 
e centroid of this figure to the axis of revolution, In the example under co?” 
sideration, P = 3a and R = D á 


Example 5. In a regular quadra i E 
s . ngul le betwe 
two adjacent lateral faces i io be tind die eae ne 


i is equal to 2a. Find the ratio of the are? 
of the diagonal secti f > t um 
face (Fig. 146). on of the pyramid to the area of its lateral $ 
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Fig. 146 Fig.5147 


Solution. Let the figure SABCD be the representation of the given 
Pyramid. This is a complete representation, and its parametric 
number p — 5 (make this sure independently). Thus, the dihedral 
angle at the edge SC, that is, 2SC = 2a. It is required to find the 
ratio Sasac:S tat: ` 

To carry out all necessary computations, let us first construct tho 
representation of the plane angle, e.g. at the lateral edge SC. For 

is purpose, it is required to drop a perpendicular from the point 
D to the edge SC. Let DK be the representation of the perpendicular 
io the edge SC. Thus, one more parameter is spent on the represen- 
tation, and we are dealing here with overdetermined (and true) repre- 
sentation. We then construct BK and OK. Then the angle BKD is the 
Plane angle of the dihedral angle SC, and, consequently, Z BKD = 
2a. It is not difficult to prove that BK = DK, and, therefore, 

K, i.e a median of the triangle BDK, is its angle bisector and 
altitude. Thus, ZDKO =a. Note that Sasac = m. = 
OK.sc and Sj = 4Sasco = 2DK-SC. Thus, dere = 3 DR: 


OK 

But we have from the right triangle ODK: pg = 00S % and then 
We get; Sasag _ cos % 
UE " j 

Example 6 In a regular quadrangular pyramid, a cutting plane 
rawn through a side of the base bisects the lateral surface and the 
ihedral angle at the edge of the base. Find the angle between each 


atera fac 
ace and the plane of the base. . 
Solution, Lot the m SABCD (Fig. 147) be the representation 
Par 1e given pyramid. This is a complete representation, a n 
i iiaetrio number p — 4 (make this Sure pee ha E 
$ id i i i netric conditions. 1 
ur De QU MRNA IE E tits representation of this 
l 


t 
fo the parameters are spent on 


? note first of all that since the section passes through an edge 
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of the base (say, through the edge AD), and since AD is parallel to 
BC, AD will also be parallel to the plane SBC. Then the cutting 
plane intersects the face SBC along PQ (PQ ||AD). Further, we 
carry out some other constructions. We construct the point M, i.e. 
the midpoint of the line segment PQ, the straight line SM, and the 
point K, i.e. the point of intersection of the straight lines SM and 
BC. It is clear that BK = CK. We also construct the straight line 
KO and the point N, i.e. the point of intersection of the straight 
lines OK and AD. Since OK is parallel to AB, N is the midpoint 
of the edge AD. We now construct SV and NM. Since N is the mid- 
point of the edge AD, we have: ON | AD. But ON is the projection 
of the line segment SN on the plane ABC. Consequently, SN is 
perpendicular to AD. But then SNK is the plane angle of the dihe- 
dral angle at the edge AD, one face of which passes through the point 
S, and the other through the point K. Let us denote this dihedral 
angle by Z.SADK. Thus, 7 SNK is the plane angle of the dihedral 
angle SADK. Assuming that NM is the representation of the bisector 
of the angle SVK, we, at the same time, assume that the plane 
APQD bisects the dihedral angle SADK, which satisfies the con- 
ditions of the problem. But assuming that NM is the representation 
of the bisector of the angle SVK, wespendone more parameter on the 
representation. Thus, all the five parameters have been spent. In 
addition, we have to take into consideration that the plane of the 
section divides the lateral surface of the pyramid into two equal 
parts. As we shall see later on, the assumption that the bisecting 
plane APQD is the representation of the plane, which divides the 
lateral surface area of the pyramid into two equal parts, involves 
the assumption that AD:SAM = Y 2:1. And this means that one 
more (the sixth) parameter is spent on the representation. 
Thus, we shall solve this example on the representation for which 
D — 6. Passing over to all necessary computations, we note that 
Since the pyramid is regular, the dihedral angles at the edges of the 
base are equal to one another. Therefore, it makes no difference 
which of these angles will be found. It is clear that it is more expe 
ot to find the dihedral angle at the edge AD, since the cutting 
TOES passes Muro this edge. It has been already proved that 
We ce 35 me plane angle of the desired dihedral angle SADK. 
Sa die ita T: At the edge AD two more dihedral angles T. 
while Ram d e o me of them pass through the points S and M, 
iham is As ie other through the points K and M. The first 0 
p ADM, and the second Z MADK. The plane angle of te 
E of them is Z SN M, and of the second Z MNK "Since the cutting 
Lora gr y the angle SADK, we have: ZSADM = ZMADE; 
en ASNM = ZMNK as well, each of these angles being 
equal to bs 
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Let us now introduce an auxiliary parameter, setting the side 


de base equal to a. It follows from the conditions of the problem. 


Sasap+ 28 ason + SAspo = 2S ange + S npoc- (1) 


ae all the areas entering Equality (1). For brevity, set 
e length of the slant height of the lateral face equal to J. 
(1) Sasav= -1- al,  — al, and Sassc= — al. 


(2) We have from the right triangle SON: cosz—gr. Further, 
SM+MK=1 2 
ix sy qo Whence MK=—%- and SM—— Lr. 


MK NK CR 
We have from the triangle MNK (by the law of sines): 


MK 
m o ES —ÓÀ , whence 


"i n (1) 
È s. € E . 
asin T. sin. (2) 
(3) Construct QF, i.e. the altitude of the triangle DQC. Then 


Savgo=+ aQF. Construct SE, i.e. the slant height of, the face 


P " à C MK 
SDC. Find QF from the proportion L gE, But ea * 


that is, ve MK whence QF=MK= 2. Thus, Sapoc— 


“SK ' a+! 
sel 
2@FH h 
4 a?l al? 
(4) S^sop7— SAscp— Sapqc— 3: U gup ^ 204^ 
S. l 

(5) Saspo —-1- SM. PQ. But Joi" whence PQ = zi 

Thus, Saspo= al? 


6 1 al —— a*l (a -- 21) 
(6) S5rqc— Saspc— S Aspo— 3 al— Fae 2(a+lP * 


weld Substituting the found values of the areas into Equality (1), 
nd: 


(H. as V2: z (3) 
Was ee there follows the relationship AD:SN —y 2:1, which 
Sent Mentioned when counting the parametric number of the repre- 

ation.) Expressing the value of @ from Equation (2), we get: 
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3x 
lsin —— . 
a= 2 ed Substituting this value of a into Equality (3), 
"sin A 
2 
a. ‘Be 
sin >= ü g 
we arrive at the equation: Sais V2, whence we get: 
sin — 
2 


t H p . T r Tt H 
sin sind = yisi, or 2sin- cos x =V2sin Zu Since 
m : ws ] 
5 #0, from thə last equation we have: cosq-—,- »whence 
45. 


sin 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 


763. In a regular quadrangular prism, the diagonal is equal to d and is 
inclined at an angle equal to æ to the plane of each lateral face. Find the lateral 
surface area of the prism. 

764. The angles formed by the diagonal of the base of a rectangular parallel- 
epiped with the side of the base and the diagonal of the parallelepiped are 
equal to œ and f, respectively. Find the lateral surface area of the parallel- 
epiped if its diagonal is d. 

765. The altitude of a regular quadrangular prism is equal to H, and the 
angle between the diagonals Iava from one vertex of the base in two adjacent 
lateral faces is equal to æ. Find the lateral surface area of the prism. —. 

766. The altitude of a regular triangular prism is equal to M. A straight 
line passing through the centroid of the base and the midpoint of the side of the 
lower base forms an angle equal to c with the plane of the base. Find the total 
:surface area of the prism. 

767. The total surface area of a regular quadrangular pyramid is equal to S. 
The dihedral angle at the edge of the base equals g. Find the side of the base. 
$ Ks Find the total surface area of a regular quadrangular pyramid if its alti- 

u 


t e is equal to H, and the area of each lateral face is equal to the area of the 
ace 


" is a rectangle. Two adjacent lateral faces aT? 
perpendicular to the plane of the base and gles al to 
and f, respectively, with it. The altitu Pwo athera form LEAN. 


the lateral surface area of the pyramid 
774. The base of a pyramid is a triangle th i i 43:14: 

45 y gle, the ratios of whose sides are 13: o, 

sud on o a dihedral angles at the edges of the base is equal to 45 


e total surface area of the pyramid to the area of its base- 
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715. The base of a right prism is an isosceles triangle in which the angle be- 
tween the sides is equal to 2%. Drawn from the vertex of the upper base are two 
diagonals of the equal lateral faces. The angle between these diagonals is equal 
to 28. Find the ratio of the lateral surface area of the prism to the area of its base. 

776. The centroid of one face of a cube is joined to the vertices of the opposite 
face. Find the ratio of the total surface area of the pyramid thus obtained to the 
total surface area of the cube. d 

777. Drawn through a side of the lower base of a regular triangular prism and 
the midpoint of the lateral edge, not intersecting with thisside, isa plane making 
an angle equal to œ with the plane of the base. Find the ratio of the lateral surface 
area of the pyramid thus formed to the lateral surface area of the given prism. 

778. The angle between the elements in the axial section of acone is equal to 
2a. Find the ratio of the lateral surface area of the cone to the area of its axial 
section. 

779. The greatest angle between the elements of a cone is equal to 120°. Prove 
that the lateral surface area of this cone is equal to the lateral surface area of the 
cylinder having the same base and altitude. T 

780. The lateral surface area of a cone is a quarter of a circle rolled up to 
form a conical surface. Find the ratio of the total surface area of the cone to the 
area of its axial section. 1 

781. The lateral surface area of a frustum of a cone is equal to the sum of the 
areas of its bases, and the radii of the bases are to each other as 1:3. Find the 
angle at which the generatrix is inclined to the plane of the base. g a 
. 782. A regular triangle whose side is equal to a revolves about its axis, which 
is parallel to a side of the triangle and is passed through the vertex opposite to 
this side. Find the surface area of the solid of revolution thus generated. 

. 783. A right triangle whose legs are equal to 5 cm and 12 cm revolves about 
its external axis, which is parallel to the larger leg and 3 cm distant from it. 
Find the surface area of the solid of revolution thus generated. . i 

784. A rectangle whose sides are equal to a and b revolves about its axis, 
Which is perpendicular to its diagonal and is passed through one of its end points. 

ind the surface area of the solid of revolution thus generated. 

785. An isosceles triangle with base equal to a and base angle equal to œ re- 
volves about its axis passing through one of the end points of the base perpendic- 
ular to the base. Find the surface area of the solid of revolution thus generated. 

786. In a right trapezoid circumscribed about a circle of radius R, the acute 
angle is equal to œ. Find the surface area of the solid generated by revolving this 
trapezoid about the smaller of its parallel sides. bur : 

787. A rhombus with acute angle equal to & revolves about its side. Find the 
Tatio of the surface area of the solid oi revolution thus generated to the area of 

e rhombus. ‘ z $ 3 
.. 788. The angle between the sides of a right triangle is equal to 60?. A straight 
line cuts off the sides of this triangle two line segments whose lengths are one- 
fourth of the length of the hypotenuse as measured from the vertex of this angle, 
Find the ratio of the area of the given triangle to the area of the surface generated 
y revolving this triangle about the given line. 

789. An isosceles trapezoid with base angle of 
of this angle. Find the ratio of the surface area 0 


area vf tho trapezoid if the altitude of the trapezoid is 75 of the half-sum of 


60° revolves about the bisector 
f the solid of revolution to the 


its bases, 
790. A cutting plane parallel to 


Sects its lateral s "ind the r 
Section. surface. Find _ 


791. A cutting pl d through the side AD of the base of a regular qua- 
drangular pyramid S4 BCD is perpendicular to the face SBC and divides this lace 
into two equivalent figures. Find the total surface area ofthe pyramid if AD — a. 


the base of a regular triangular pyramid bi- 
atio in which the altitude is divided by this 
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792. In a regular quadrangular pyramid. a plane passed through a side of 
the base bisects the lateral surface and the dihedral angle at an edge of the base. 
Find the dihedral angle at the lateral edge of the pyramid. 

793. A cutting plane is passed through an edge of the base of a regular qua- 
drangular pyramid and cuts off a triangle whose area is 5, from the opposite face. 
Find the lateral surface area of the pyramid, which is separated by the cutting: 
plane from the given pyramid, if the lateral surface area of the latter is equal to Sq. 

194. The base of a pyramid is a rhombus whose side is equal to a, and the acute 
angle between its sides is equal to œ. Each of the dihedral angles at the edges of 
the base is equal to q. Find the lateral surface area of the pyramid. | 

795. The base of a pyramid is an isosceles trapezoid whose diagonal is equal 
to d, and the angle between this diagonal and the larger base of the trapezoid is- 
equal to œ. Each lateral face of the pyramid is inclined at an angle equal to € 
to the plane of the base. Find the total surface area of the pyramid. 

796. The length of each side of the base of a triangular prism is equal to a. 
One of the vertices of the upper base is projected in the centroid of the lower base. 
The lateral edges are inclined at angles, each of which is equal to a, to the plane 
of the base. Find the lateral surface area of the prism. 

. 797. The base of a parallelepiped whose lateral edge is equal to b is a square 
with side a. One of the vertices oi the upper base is equidistant from all the ver- 
tices of the lower base. Find the total surface area ot the parallelepiped. 

798. The base of a prism is a regular triangle whose side is equal to a. Each 
lateral edge of the prism is equal to b, and the angle between one of the lateral 


edges and two adjacent sides of the base is equal to 45°, Find the lateral surface 
area of the prism. 


799. By how many times is the distance from a luminous point to the centre 
oi a ball greater than the radius of the ball if the area of the illuminated part- 
of the surface of the ball is half the shaded part? 


SEC. 14. VOLUMES 


Example 1. The base of a right parallelepiped is a parallelogram 
whose sides are equal to a and b, and the obtuse angle is equal to 9- 
Find the volume of the parallelepiped if the smaller diagonal of the 
parallelepiped is equal to the larger diagonal of the base (Fig. 148). 

Solution. Let the figure ABCDA,B,C,D, be the representation 
of the given parallelepiped. This is a complete representation, and 
its parametric number p = 5. Indeed, assuming AA, to be the 
representation of the line segment perpendicular to the plane of the 
base, we spend two parameters. Assuming that AD:CD = ab, 
we spend one more parameter. Assuming, for instance, that ZABC 
is the representation of the angle which is 
equal to @ in the original, we spend one 
more parameter. Assuming the angle ABC 
to be the representation of the obtuse 
angle, we shall take the line segments 
C BD and AC as the representations of the 

smaller and larger diagonals of the paral- 

lelogram ABCD. Therefore, we shall assume 
that B,D:AC = 1:1. Thus, we spend one 
more parameter, 


Fig. 148 
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Let us now find V, i.e. the volume of thepar- 4 
allelepiped. We have from the triangle 
ACD: AC? = AD? + CD? — 2AD-CD-cos 9. 
But 4C — B,D. Thus, B,D? = œ + b — a 
2ab cos q. We get from the triangle ABD: BD?— 

Ga? + b? — 2ab cos (180° — p) 2 a? +b? + 


2ab cos p. We have from the right triangle S B 
BB,D: BB: = B,D? — BD?, that is, BB? = ` 

(a+ b? — 2ab cos q)— (à? + b? +2ab cos q) = * 

—Aab cos p, and, consequently, BB, = "t 


2 V —abcosq. Since S45c5 = ab sin p, we 
gel: V = 2ab sin q Y —ab cos q. 

By the sense of the problem, q is an obtuse angle. Therefore, 
—1 < cos p <0, and then (—cos p) is a positive number. Since 
sin p — 0, the found value of V is positive. Therefore, V — 


2ab sin q Y —ab cos q. 


Example 2. The lateral faces of a triangular pyramid are pair- 
wise perpendicular, their areas being equal to Q,, Qs, and Q,. Find 
the volume of the pyramid. 

Solution. Let the quadrilateral SABC with its diagonals be the 
Tepresentation of the given pyramid (Fig. 149). This is a complete 
Tepresentation. Let us count its parametric number p. Since the 
ateral faces of the given pyramid are pairwise perpendicular, its 
lateral edges are also pairwise perpendicular. Assuming SA to be 

© representation of the edge of the pyramid perpendicular to its 
ateral edges SB and SC, we spend two parameters. Assuming SB 
to be the representation of the edge perpendicular to the edge SC, 
We spend one more parameter. Thus, having spent three parameters, 
We ensure the mutual perpendicularity of the lateral faces of the 
Pyramid. Further, assuming that the triangles SAB and SBC are 
the representations of the lateral faces, the ratio of the areas of which 


i 1 
iS equal to Q,:Q,, that is, assuming that (254 :SB):(558-sC) = 


QuQ, or SA:SC = Q1:02, we spend one parameter. Analogously, 
assuming that the triangles SBC anl SAC are the representations 
9! the lateral faces, the ratio of the areas of which is equal to Q,:Qs, 
hae spend one parameter. Thus, for the constructed represen- 
lon p = 5, 
Let us now compute V, i.e. the volume of the pyramid. Note that 
Tegarding traditionally the triangle ABC as the base of the pyramid, 
We had, first of all, to compute the area of the triangle ABC and the 
i titude of the pyramid drawn from the vertex S to the plane ABC. 
ze the example under consideration, however, it is possible to carry 
the all necessary computations more easily if we guess to “stand” 
° Pyramid with a lateral face as base. Thus, noting that the edge 


174 Ch. 2. Solid Geometry 


SA is perpendicular to the face SBC, we may take the dons SBE 
as the base of the pyramid. Then V = isa -SAABC = gSA SB- SC- 
Setting, for brevity, SA =a, SB — b, and SC = c, we have: 
y = i abc. We find from the right triangles SAB, SBC, and SAC 


that ab = 2Q,, be = 2Q,, and ac = 2Q,. Multiplying the three 
equalities termwise, we find that (abc)? = 8Q,Q.Q3, whence abc = 


2 VQ. Thus, V = 4 V 20,0,0s- 


Example 3. The lateral surface area of a cone, the radius of the 
base of which is R, is equal to the sum of the areas of the base and 
the axial section. Find the volume of the cone. 

Solution. Let the ellipse o together with a pair of tangents drawn 
to it from an outside point S be the representation of the given cone 
(Fig. 150). This is a complete representation. Assuming the ellipse 
€ to be the representation of the circle, we spend two parameters. 
Assuming the line segment SO to be the representation of the alti- 
tude of the cone, we spend two parameters. Let us construct AB, 
that is, the representation of the diameter of the circle, as well as 
SA and SB, that is, the representations of the elements of the cone. 
No parameter is spent on these constructions. Finally, assuming that 
we are given the representation of such a cone in which Sijat = 
Spas + SAsam, we spend one more parameter. (Indeed, it follows 
from this equality that the ratio SO:AO is determined identically.) 
Thus, for the constructed representation p — 5. . 

Now, we are going to determine V, i.e. the volume of the cone: 


Fs 3 Sia SO, where Shase = xA. Let us set, for brevity, 
that SO = z. Thus, to compute V, it is necessary to find z. Since 
Siat = nR-SA, Shase = 1R®, and Sasan = Rz, we set up the 
equation: nR-SA = aR? + Rz, or aSA = aR + z. But we have 
from the right triangle SAO: SA = Vz? + R2. Thus, we get: 
a Va? + R? = aR + z. Squaring both sides of this equation and 
simplifying the result, we get: (n? — 1) 2? — 2aRz = 0, whence 
tı = 


2n. i 
si—, and z, = 0. It is clear that the second solution does 
tit Satisfy the conditions of the problem. Consequently, V = 
Ia ° 

Example 4. A rectan 
axis passing through its 
through this vertex. Fin 
generated. 

Solution. The same as in Exa 
confine ourselves not to the so 


gle with sides a and b revolves about the 
vertex parallel to the diagonal not passing 
d the volume of the solid of revolution thus 


mple 4 of the preceding section, da 
lid of revolution, but only to t! 
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Fig. 151 


figure obtained as a section of the solid of revolution by the half- 
Plane bounded by the axis of revolution. Such a section is a rectangle. 
The rectangle ABCD with the diagonal BD and the straight line 7 
Parallel to the diagonal BD and passing through the point A is the 
representation of this section (Fig. 151). (In ihis case, on the repre- 
Sentation we construct a figure similar to the original, that is, no 


Parameter is spent here.) . 
Thus, let AB=a and AD=b. Let us compute V,gcp, i.e. the 


Volume of the solid of revolution. From the points B, C, and D 
We drop the perpendiculars BB,, CC,, and DD, to the straight 
line 2, and from the point A the perpendicular AA, to the 
Straight line BD. Then V4gcp- (Vi-- V3) — (Vs +V), where V,— 


Vonne — + B,C, (CC? + CC BB, + BB, Va = Voicen = 
{ " 1 2 

"E 2C,D, (CC? + CC,- DD, +DD?), Vj Vas 4 &AB, BB, and 
V= Vapp =- "AD: DD}. But since l|| BD, we have: BB,— 


DD, = 44, We find from the right triangle ABD that BD= 
Vere and AA,;= = . Further, we find that CC, —244,— 
E 


a+b? 


2 bI 
Ta Then ! V,-- V, 1-1 (CC; + CCAA, + AA) (BCs + 
C.D.) -—! eta m 2ab ab ES zig) VEF = 


ea db 


i 3 abe Varn ° Vere 
Ta?b2 1 2 "m 
En TS " Analogously, Vat L^ =z nAA; (AB + AD) = 
a*+t pe 3 
i b2? 4 Ga2b® «tab? 


a UP . 
Vea’ Thus, Vasco= 3 = ate Vere 
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S Remark. The desired volume of the solid of rev- 
olution can be computed more easily if we take 
(| advantage of the second Guldin’s theorem, accord- 


ing to which V = S2xR, where S is the area of 
the figure revolving about the axis, and R the dis. 
tance from the centroid of this figure to the axiso 


c A revolution. In the example under consideration, 
ab 
S = ab and R = AA, = —— e] 
D x Vere 
B 


Example 5. Each side of the base of a 
regular triangular pyramid is equal to 4; 
and the altitude drawn from one of the ver- 
‘tices of the base to the opposite lateral face is equal to b. Find 
the volume of the pyramid. 

Solution. Let the quadrilateral SABC with its diagonals be the 
representation of the given pyramid (Fig. 152). This is a complete 
representation. Assuming the triangle ABC to be the representation 
of the regular triangle, we spend two parameters. Assuming 
to be the representation of the altitude of the pyramid, we also spond 
two parameters. We then construct SD, i.e. a median of the triangle 
SBC, that is, the representation of the slant height of a lateral face 
of the pyramid. Let AK be the representation of the perpendicular 
drawn from the vertex A of the given pyramid to the slant height 
of the opposite lateral face. It is not difficult to show that assuming 
the line segment AK to be the representation of the altitude ar 
from the vertex of the base to the opposite lateral face, we pair 
one more parameter. Thus, all the five parameters have been x Lad 
on the representation. However, the condition, according to hien 
AB, = a and AK, = b in the original, is not taken into account 
The fact that the indicated data are given in letters offers us some 
freedom. Assuming that on the constructed representation AB:AK = 
a:b, we spend one more parameter. But then the representation 
becomes metrically overdetermined. Nevertheless, with a certain 
relationship between a and b fulfilled (we shall get this relationship 
below), the constructed representation is true. 

Taking an arbitrary point K on the slant height SD, let us 
show that it is impossible to assume that AK is the representa- 


tion of the line segment AKo, which is perpendicular to the 
line segment § 


i SoD, in the original. Since, by the sense of s 
problem, the line segment AKo exists, we can compute from 


Fig. 152 


triangle S,4,D,, where AK — band Ain RES, that DKo:So o7 
3a* — 452 : š e 
Gear: Choosing various (permissible) values of a and 
various values of t 


of 
he ratio a:b, wi ious values 
the ratio DK: SK a:b, we shall get vario 


o that is, various positions of the point #0 
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a — 10, 3a2— 4b? 4 


Thus, given, for instance, aes we would get: —— >= 


1 

4p3—2a*? 14" 
For such concrete values of a and b, as we see, the position of 
the point K, is determined identically since D)Ko:SpK)= 11:14. 
This means that it is already impossible to represent the point Ko 
arbitrarily. 

Thus, let SABC be the given regular pyramid in which AB=a 
and AK —b. Find V, i.e. the volume of this pyramid. Since 


2/3 
Fa usar, where S,.anc=— i 2 to determine the volume 


it is sufficient to find the altitude SO. We get from the similarity of 


" -OD 
the right triangles SOD and ADK: BO" 208. , whence SO= AK? 5 


AK DK 


where AK=b, OD— 34D = vE, and DK=ŅV ADAK = 


V 335—455 20 b V3 r a3b 
———-. Thus, 80 = a Then J ET; IE 


By hypothesis, AK is the line segment drawn to the face SBC (just to 
the face, but not to the plane of the face!). It is clear that if the given 
Pyramid isso low that Z ASD=90°, then the points K and S 
Coincide, and, hence. the line segments AK and SA coincide. If 

he Pyramid is still lower, then the line segment drawn to the 
face SBC does not exist at all. Setting Z ASD=90°, we find 
de and AQ 5T 


from the right triangie ASD, where OD = 3 


—T5- 73 ra . ] 

that SO = y? ap ; 3H 5 Thus, for the line segment AK 

6 E 5 l 

to exist, it is necessary that the values of a and b satisfy the 

ZR ay t iv sstem of inequal- 
— a or the equivalent system q 

3 y 3—4 6 


Mequality: 


ities: V3 oL ve At the same time, it is clear that, by 
hypothesis, AK — AD, since AK is perpendicular to the face SBC, 
"hi a V3 ; 
While AD is a line inclined to this face. Then b< —5-—. This 
relationship between a and b has been already revealed above. Thus, 
H 747^ - suc 
if EE E e aV3 then the pyramid satisfying the conditions 
2 23 - 
of . a3b Aero t V 2 
the problem exists. Thus, V= "U«By sca ” where z < 
bgaa 


12n 


1286 
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Example 6. Prove that the volume of the 
solid generated by revolving a segment of a 
circle subtended by a chord whose length is 
equal to a about the diameter of this circle, 
which is parallel to the chord, is independent 
of the radius of the circle. 

Solution. Let us confine ourselves to. repre- 
senting not the solid of revolution, but only 
to the figure obtained as a section of the 
solid of revolution by the half-plane bounded 
by the axis of revolution. 

Let the segment CmD of the circle w he the 
representation of this section, and the diame- 


Bt ter AB of the circle be the representation of 
the axis of revolution (Fig. 153). The entire 
Fig. 153 representation is a plane figure, and. there- 


fore, the completeness of representation and 
counting of parameters are out of question here: on the represen- 
tation we construct a figure similar to the original. 

Thus, let the chord CD be equal to a, and let this chord be 
parallel to the axis of revolution AB. Let us prove that V. i.e 
the volume of the solid of revolution generated by revolving the 
segment CmD about the axis AB, is independent of OA. To this 
end. we construct CC, | AB and DD, 1. AB. Then V -V,—Va— 
2V, where V, is the volume of the ball whose radius is equal 
to OA, V, the volume of the cylinder whose base is a circle of 
radius DD, and whose altitude is equal to C,D,. and V3 the 
volume of the segment of the ball whose base isa circle of radius 
DD, and whose altitude is equal to OA—OD,. We set, for brev- 


ity, that OA-R. Then Vim aS, V,—aDDiC,D,— 


«CHEER a, ana vena (0444) =a (2—4) 
(R—-3(R—4))=a( -5) ($24). Thus, =i zR$— 
ux (e—an + (2 ++), and, after simplifi 


i ; > foe es . na t 
Cations, we get: V= z+ Since the expression = does no 


contain R, the required statement has been proved. j^ 
Tieurle T. A triangular Pyramid is cut by a plane into two p 
aedrons. Find the ratio of the volumes of the obtained polyhedron? 
if it is known that the cutting plane divides the edges meeting ^ 


PLEX id i from 
one vertex of the pyramid in the ratio 1:2, 1:2. 2:1 as measured fron 
this vertex. 125 is. 221 BS 


Sec. 14. Volumes 179 
Solution. Let the quadrilateral SABC S 
with its diagonals be the representation of P 
the given pyramid (Fig. 154). and let the 
triangle PQR be the representation of the c 
given section. This is a complete represen- 
lation, and not a single parameter is spent A 
on it. Q 
Let V be the volume of the pyramid B 
SABC, and V, the volume of the pyramid Fig. 154 


PAQR. We have: AQ:QB=1:2, AR:RC = Y—Y 
1:2, and. AP:PS — 2:1. Find the desired ratio T =e Taking an 
arbitrary point O in the plane ABC and joining it to the vertex S, 
we shall assume that SO is the representation of the altitude of the 
Pyramid SABC (two parameters are spent Hund). "Wa tia Sons 
AO and PW || SO. Then the point M lies on the straight line AO. 
o make the calculations look simpler, we set AB = a, AC = b, 
A ! =4b 

AS — c, SQ = H, and ZBAC = «a. Then dieque di vm 


and 4p — 3^ and we get from the similarity of the triangles 


APM and ASO: PM — E H. Now, compute V and Vy. We have: 
> 1 2 
V= i SaasoH = T abH sin and Vx Saaon y H = 
25 - jd 
gr 0H sing. Then V = V1 — iz abH sina. Thus, —— 
25 aa * 
16g WH sin « we 


Br 95H sin a 
PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 


800. The base of arallelepiped is a rhombus ABCD whose side is equal to 
fand the sete angle i equal [3 goe. Find the volume of the parallelepiped if the 
ateral edge is equal to a, and ZA,AB = 24,AD = 49 


01. E 2 [ , wine is . Each of the three plane an- 
gles ai Each edge of a parallele piped is equal to a = A Mdh valüme ob the 


Parallelepinat X of the parallelepiped: ts equal to 


+ The edges of a parallelepiped equal to 2 and b are mutually perpen 
Wo fe edge whose length is c forms an angle equal toa w a 
dges. Find the volume of the parallelepIpet: Me E 
Fing the wig area of one of the lateral faces of a triangular mx is a dp 
this fac plume of the prism if the distance from the opposite edg 
g S fa ce Is equal to 2a. . 
pales ha a te base of a right triangular prism is an isosceles triangle whose equal 
Dosito po 2 length a and form an angle equal to c The diagonal Dic e 
the Volume o nale makes an angle equal to p with another later s 
7 gular quad side of the base of which is equal to 
pe dges is equal to b, and 


* A regular " 
quadrangular prism, th 
: s acent lateral e Shis truncated prism. 


S tru 
Cac] heated so d r in; 15. 
of th o that each of its two adj e umed 


125 € other two edges is equal to c. Fin 
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. A cutting plane is passed through a side of the base of a regular triangu 
lar pote an Ebie a tothe plane ol Mhe hase and cuts off a pyramid whose 
" is equal to V. Find the area of the section. . e 
es ina regular quadrangular pyramid, the plane passing through a sis 
of the base and the midline of the opposite lateral face makes an Sn ease 
with the plane of the base. Find the volume of the pyramid if the side of th 
is equal to a. , ; 

à En The base of a pyramid is an isosceles triangle with the sides ves 
a (each) and the vertex angle a. The lateral faces of the pyramid form ang es voe 
of which is equal to 45° with the plane of the base. Find the volume of the p: 
mid. 

809. In a triangular pyramid, all the lateral edges and two edges of the cae 
are equal to a (cach). The angle between the equal sides of the base is equa 
2a, Find the volume of the pyramid. id is 

810. The area of the diagonal section of a regular quadrangular pyram thie 
equal to S. Each lateral edge makes an angle equal to « with the plane o 
base. Find the volume of the pyramid. » ihedral 

811. The altitude of a regular triangular pyramid is equal to M. The di ieu 
angle between the lateral faces is equal to q. Find the volume of the o : 

812. Each lateral edge of a regular quadrangular pyramid is equa lume 
The dihedral angle between two adjacent lateral faces equals q. Find the volu 
of the pyramid. : ne is 

813. Find the surface area of a regular triangular pyramid whose oha is 
equal to V, and the angle between each lateral face and the plane of the bas' 
equal to c. s aitoi; 

814. The base of a pyramid is a right triangle whose hypotenuse is eanan je 
and the acute angle is equal to œ. Each lateral edge of the pyramid is incelir 
at an angle f to the plane of the base. Find the volume of the pyramid. egulat 

815. The perpendicular dropped from the centroid of the base ofa MUS 
triangular pyramid to its lateral edge is equal to Z. Find the volume of the J RT 
i if the dihedral angle between the lateral face and the plane of the bas 
the pyramid is equal to a. : rilat 

816. The perpendicular dropped from the centroid of the base of a regula 
triangular pyramid to its lateral face is equal to 1. Find the volume of the ius 
mid if theangle between the lateral edge and the plane of the base is ed 
to p. ean Sezmial t8 

817. In a triangular pyramid, each of the lateral edges of which is eq thers 
b, one of the plane angles at the vertex is equal to 90°, and each of the two o 
equals 60°. Find the volume of the pyramid. usa 

818. In a triangular pyramid, the areas of two mutually perpendicula : 
are equal to P-and Q. the length of their common edge being equal to b. Fin 


volume of the pyramid. $ o pyra- 
, 819. The altitude of a pyramid whose base is a square lies outside the ling 
mid and is equal to H. Two opposite lateral faces are isosceles triangles m 


A sra- 
angles equal to æ and $ with the plane of the base. Find the volume of the pY 
mid. 


820. A cutting plane dr 
angular pyramid SABC pe 


l 


» faces 
s ithe 


tri; 
awn through the side AC of the base of a regulsy C 
rpendicular to the edge SB cuts off the pyramid Jat- 
Whose;volume is T= the volume of the pyramid SABC. Find the area of the 


eral surface of the pyramid SABC if AC — a. cD. 
821. The base of a quadrangular pyramid SABCD is a parallelogram AB n 
The lateral faces SA i 


raw 
t$ SAB and SBC are perpendicular to the plane of the base. Piel to 
through the midpoints of the edges AD and CD isa cutting plane parus gen" 
ao SB. Find the ratio of the volumes of the solids of revolution thu 
erated. 


icula" 
822. The base of a pyramid is a rect 


angle. Two lateral faces are perpend 
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to the plane of the base, and two others form angles equal to œ and f with it. 
Find the area of the base of the pyramid if its volume is equal to V. 

823. The base of a pyramid is a trapezoid, the lateral sides and the smaller 
base of which are equal to a (each), and the angle between the lateral side and 
the hase is equal to &. Each lateral edge is inclined at an angle equal to p to 
the plane of the base. Find the volume of the pyramid. 

824. The base of a pyramid is an isosceles trapezoid whose acute angle is equal 
to c, and the area is equal to S. Each lateral face of the pyramid forms an angle 
equal to f with the plane of the base. Find the volume of the pyramid. 

825. A triangle ABC in which AC = b, AB — c, and Z BAC = @ revolves 
about the axis, which passes through the vertex A outside the triangle and 
makes equal angles with the sides AC and AB, Find the volume of the solid of 
revolution thus generated. 

826. An isosceles trapezoid whose acute angle is equal to 45°, and whose lat- 
eral side is equal to the smaller base revolves about its lateral side. Find the 
volume of the solid of revolution thus generated if the lateral side of the trape- 
Zoid is equal to b. 

827. A right triangle revolves about the axis passing through the vertex of 
the right angle parallel to the hypotenuse. Find the volume of the solid of 
revolution thus generated if it is known that the area of the triangle is equal to 
S, and the perpendicular dropped from the vertex of the right angle to the hy- 
Potenuse is equal to half the length of one of the legs. y : 

828. Find the ratio of the volumes of the solids generated by revolving a tri- 
angle about its base and about a straight line parallel to the base and passing 
through the Vertex of the triangle. . 

829. Prove that the volumes of the solids generated by revolving a paral- 
lelogram about its adjacent sides are inversely proportional to these sides. 

. 830. A triangle with sides, the ratio of which is equal to a:b:c, revolves 
first about one of its sides, then about the other, and, finally, about the third. 
"ind the ratio of the volumes of the solids of revolution thus generated. 

831. When a. right triangle revolves about its legs and then about the hy- 

Potenuse, solids of revolution are generated whose volumes are equal to Tj, Vs, 
1 


and Y, respectively. Prove that — = p T p^ 
2 i m 
832. The sides of the base of a frustum of a regular quadrangular pyramid are 
equal to a and b (a > b). The angle formed by the plane of a lateral face and the 
Plane of the base is equal to æ. Find the volume of the pyramid. 
833. Taken on two skew lines are line segments whose lengths are equal to 
@ and b. Prove that the volume of the parallelepiped whose edges are represented 
eres segments is independent of the position of the segments on the given 
1 834. The radius of the base of a cone is equal to R. Two mutually perpendicular 
Clements divide the area of the lateral surface of the cone in the ratio 1:2. Find 
e volume of the cone. 


i 835. From a circle whose radius is equal to R a sector with central angle a 

as The sector is rolled up into a conical funnel. F ind the volume of the 
nel, 

Th 836. The base of a pyramid is a regular triangle whose side is equal to a. 


© perpendicular dropped from the midpoint of the smaller lateral edge to the 
. The foot of the altitude lying outside the 


Plane of the opposite face is equal tor 


Pyramid is equidistant from two vertices of the base {triangle), the distance from 
A ae vertex being half the distance from the first two. Find the volume of the 
Yramid, 

pl 837. Drawn in a cylinder parallel to its axis and at a distance a from it is a 
ane cutting off an arc c from the circle of the base. The area of the section is 


e 
Wal to S. Find the volume of the cylinder. 
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838. The area of the axial section of a sector of a sphere is one-third of the 
area of the great circle of the sphere. Find the ratio of the volume of this sector 
to the volume of the sphere. n 

839. In a regular quadrangular pyramid, the area of the section parallel to 
the base is one-third oi the area of the base. Find the ratio in which the volume 
of the pyramid is divided by this section. . : 

840. Given a cube ABCDA,B,C,D,. where M is the centroid of the face 
AA,B,B, N is the midpoint of the edge CC,. K lies on the edge DC. and DK = 


ic. The plane drawn through the points M, V, and K divides the cube into 


two polyhedrons. Find the ratio of their volumes. 

841. Given a cube ABCDA,B,C,D,, where M is the midpoint of the edge AA, 
and N is the midpoint of the edge A,B,. The plane drawn through the points J, 
N, and C divides the cube into two polyhedrons. Find the ratio of their volumes. 

842. A cutting plane is passed through the points P, Q, and 7t lying on the 
extensions of the respective edges AB, AA,, and AD of the cube 4BCDA,B,C,Di« 
where AP:BP = AQ:A,Q = AR:DR = 5:3. Find the ratio of the volumes 
thus obtained. 

843. Given a triangular prism ABCA,B,C,. Find the ratio in which the vol- 
ume of the prism is divided by the cutting plane intersecting the edges ABr 
B,C,. and BC at the respective points M, N, and K if B M:4A,B, = 1:2, 
Bı N:B,C, = 2:3, and BK:CB = 1:3. d 

844. Given a right triangular prism ABCA,B,C, in which AC:AA, = 3:4. 
Find the ratio in which the volume of the prism is divided by the plane drawn 
through the vertex A and intersecting the lateral edges BB, and CC, at the re- 
spective points M and N if BM = MB}, and AN is the bisector of the angle CA e 

845. A cutting plane is passed through the point JZ lying on the extension N 
the edge AB of a regular triangular prism ABCA,B,C,, the vertex B,. and ae 
anpami ki the edge AC. Find the ratio of the volumes thus obtained if AM: 

M = 2:1. 

846. A cutting plane is passed through the points M, V. and P of ye in 
spective edges A,B,, B,C,, and BC of the triangular prism ABCA,B,C). whi i 
41M = MB,, B,N:NC, = 2:1, and BP:PC = 1:2, Find theratio in whic 
the cutting plane divides the volume of the prism. —: 

847. A cutting plane is passed through the points A, L, and M of the mesper 
tive edges SA, SB, and SC of a triangular pyramid, where SK:KA = 2 4 
LB = 2:4, and the median SN of the face SBC is bisected by this plane. Fin 
the ratio in which the cutting plane divides the volume of the pyramid. lar 

848. A cutting plane is passed through the vertex A of the base of a triangula 
pyramid SABC, the point D, i.e. the midpoint of the median S K of the face SAB i 
and the point £ of the median SL of the face SAC such that SE:EL = 1:4 
Find the ratio in which the cutting plane divides the volume of the pyramid. h 

849. Given a regular quadrangular pyramid SABCD. Find the ratio in whic 
the volume of the pyramid is divided by the plane drawn through the points 4 
and B and the midpoint of the edge SC. ‘vides 
,, 890. A plane passing through one of the edges of a regular tetrahedron divite 
its volume in the ratio 3:5. Find the tangents of the angles into which the 
hedral angle of the tetrahedron is divided by this plane. p- 

851. Drawn through each edge of a tetrahedron is a plane parallel to the oF 
posite edge. Find the ratio of the volume of the parallelepiped thus obtained 
the volume of the tetrahedron. C 

852. Given a cube ABCDA,B,C,D,, where E is the midpoint of the edge DC: 
and F is the midpoint of the edge BB,. The volume of the pyramid A FED: 
what part of the volume of the cube? 
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SEC. 15. COMBINATIONS OF POLYHEDRONS 
AND CIRCULAR SOLIDS 


Prior to considering the examples given below, we should like 
to note that when solving problems involving a combination of 
geometrical figures, we sometimes have to simplify the relevant 
drawing. since it turns out to be too complicated. In some cases, 
it is sulficient to have only the representation of the component 
figures (as in most problems involving a combination of circular 
Solids), while in other cases, it is necessary to have only the repre- 
sentation of one of the figures of a combination. Sometimes, we have 
to represent one of the figures completely and the other partially. 
When solving some problems, it turns out to be expedient to 
Ped advantage of a pair of orthogonal projections of the combined 
igures, 

Example 1. A ball Q touches the base of a regular triangular pyra- 
mid SABC at the point B and its lateral edge SA. Find the radius 
of the ball if AB =a and SA = b (Fig. 155). 

Solution. Let the quadrilateral SABC with its diagonals be the 
representation of the given pyramid. This is a complete, metrically 
determined representation (make this sure independently). It is 
difficult to construct the representation of the ball, since its radius 
is unknown (as if we have a “vicious” circle: to construct the repre- 
sentation of the ball, it is necessary to know ils radius, while to find 
the radius, it is desirable to have the representation of the ball). 

et us try to solve the problem by means of the representation in 
which the centre of the ball is constructed, while the ball itself is 
hot. We construct the centre of the ball. Note, first of all, that if 
the centre of the ball is represented by the point P, then the distance 
from the point P to the point B, at which the ball Q touches the 
Plane of the base, will be equal to the radius of this ball. Thus, to 
compute the radius of the ball, there is no need to have its repre- 
Sentation. We construct the point P proceeding from the following 
Considerations. 

Since the ball Q touches the plane ABC 
at the point B, the point P lies on the perpen- 
dicular to the plane ABC erected at the point 
B. The altitude SO of the pyramid is already 
represented in the drawing. Through the point 
B we draw a straight line m parallel to SO. 

hen, since SO is perpendicular to the 
Plane ABC, the straight line m will also be 
Perpendicular to the plane ABC. Thus, the 
Point P lies on the straight line m, and the 
line segment PB is the radius of the ball Q. 
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If the ball touches the edge SA at some point D, then it is clear 
that AB = AD (as the lengths of the line segments of tangents drawn 
to the ball from one point). But AB = a, and, consequently, to 
construct the point D, we have to lay oif from the point 4 on the 
line segment SA such a line segment AD that AD — a. Taking 
advantage of the fact that the lengths of the edges AB and SA are 
given in general form, we take arbitrarily the point D on the straight 
line $4 and assume that AD — AB. (If a and b are given by con- 
crete numerical values, then, of course, it is impossible to take the 
point D arbitrarily. For instance, if a — 15 and b = 20, then 
AD:SA — 15:20, or AD:SA — 3:4, whence it is clear how to con- 
Struct the point D.) 

We then construct the line segment PD. Since the edge SA touches 
the ball Q, we have: PD | SA and PD is the radius of the ball Q, 
Le. PD = PB. To compute the length of the line segment PD, 
we carry out the following additional constructions: 

(1) Join the point S to the point P. 

(2) Draw OB, i.e. a median of the triangle ABC. 

(3) Draw PK parallel to OB. 

Setting PB=z, we set up an equation. Since SA=b and 
AD=a, we have: SD=h—a. We find from the right triangle 
SDP that SP?=(b—a)*+ 22, We find from the right triangle 
SBO that BO = £ v3 and S0- y —Ñ. Since m||SO and 


PK|OB, we have: OB—- PK = avs and PB=KO=«. Then 


SK= y =E, Now, we find from the right triangle SPK 


that SP?=SK*+ PK, or (b—a}4a= (y 5t) + 


/3i2 
(= 4 2) . Solving this equation, we get: «= 


V3 a(2b—a) As was 
2 V 3b? — a 
noted above, AD=AB, that is, AD=a. But SA- AD. Thus, 


according to the sense of the problem, bœa. Thus, PB= 
V 3a (2b—a) 


ZL—EL—— , where b š 
2y3e—s ’ dn 


, Remark. We draw the reader's attention to the fact that the inequality b 7d 
is obtained following the sense of the problem, but not from the formula deriv at 
for the desired quantity. From the formula obtained for PB we would find thé 


a and b must satisfy the inequalities of the system - 2 ray! (the inequali- 
N E. cas 

ties a > 0 ex > 0 are omitted as obvious ones). From this system we would 
get: b> ave 3 
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. However, this relationship turns out to be sufficient only for the existence 
of the pyramid itself: in the right triangle SAO the hypotenuse is greater than 


; f 
either of its legs. But for the ball touching SA to exist, the relationship b — ue 
isi ; 2 aY3 : 

is insufficient. Indeed, let b — 0.8a (in this case, b > — . As was mentioned 


above, 4D — a. Thus, AD will be greater than 54, that is, the ball will touch 
not the line segment SA, but its extension. 


Example 2. Given a cube ABCDA,B,C,D, whose edge is equal 
to a. A sphere Q is passed through the vertices A and C and the 
midpoints of the edges B,C, and C,D,. Find the radius of this sphere 
(Fig. 156). 

Solution. Let the figure ABCDA,B,C,D, be the representation 
of the given cube, and F, and Æ, be the midpoints of its edges B,C, 
and C,D,, respectively. This is a complete, metrically determined 
representation (make this sure independently). As in the preceding 
example, it is very difficult to construct the representation of the 
given sphere, since the length of the radius of the sphere is unknown. 
But the representation of the sphere itself is not so necessary: in 
fact, if the centre of this sphere and one of its points are shown on the 
Tepresentation (here, four such points are already shown), then, 
Probably, the length of the radius can be computed. 

Let us, first of all, look for the point M, i.e. the centre of the 
Sphere Q, Since the points A and C belong to the sphere Q, the point 
M belongs to the locus of points equidistant from the points A and C. 
t is easy to guess that this locus is represented by the diagonal plane 
BB,D,D. Analogously, the point M belongs to the diagonal plane 
4A,C,C. Thus, the point M belongs to the straight line OO, along 


Which the planes ACC, and BDD, intersect. Finally, the point M 
belongs to the plane c (for the sake of brevity, it is not shown in the 
E, at the point L, i.e. the 


Sure), which cuts the line segment C : 
Midpoint of the line segment CE,, the plane « being perpendicular 
to CE,. Since the planes « and DCC, have a common point L, these 
Planes intersect along the straight line l passing through the point L, 
and since CE, | a, we have: CE, L l. We now construct the point 
7, ie. the midpoint of the line segment CD, 
San then the line segment Ej. Since the re- 
Presentation on which the additional con- 
Structions are carried out is metrically deter- 
mined, it is impossible to draw the straight 
no l through the point L arbitrarily and to 
s that Z is perpendicular to CZ. At the 
ie time, thestraight line J intersects the 

t hé Segment ZE,. Let us denote the point of 
ir intersection by K. Then KLE, will 

* a right triangle similar to the triangle 
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CEE,. The similarity of these triangles implies that 


KE,:CE, = LE,:EE,, and since EE, — a and CE =F. we have: 
CE, =e 5 and LE, = ave, Thus. we find that if Z is perpendic- 


ular to CE,, then KE, = $ Using this equality, we construct 


the point K. We then construct OE and draw the straight ee k 
parallel to OE through the point A. The straight line k lies in ule 
plane OEK and intersects OO,. Let us denote the point of their 
intersection by M. Then, since MK is parallel to OE and OE is 
perpendicular to the plane DCC,, MK is perpendicular to the plane 

CC. . . 

Hence, CE, L LK and CE, L MK. Then CE, is perpendicular 
to the plane LKA. In other words, the plane LK coincides w it T 
the plane g. Thus, the point . lies in the plane æ, and, therefore, 
the point M is the centre of the sphere Q. p 1 

Let us find ME, ie. the radius of the sphere Q, We finc 


Taos aM 
from the right triangle MKE, that ME, =V M+ KE =——: 


8 
(We could find MC, i.e. the radius of the sphere Q, from the 


i f 3 ay 3 
right triangle MCO, where OM —a and OC — zm 
Example 3. A trihedral angle is formed by the planes c, p. anà y 
where @ | v, BL T, and Z 4f —2q. A Sphere X touches the p vem 
Y at the point B and intersects the planes œ and f) along the circles 
9; and 0, whose radii are equal to r. The distance from the Sgr ph 
Le. the centre of the sphere, to the point A, i.e. the vertex of 
trihedral angle, is equal to l. Find the radius of the sphere. — df 
Solution. To construct the three-dimensional representation z 
the combination of the sphere X and the trihedral angle «y !5 
a very difficult thing. For this pur 


F - the 
Pose, we are going to apply t 
method of orthogonal projection 


: icular 
ona pair of mutually perpendicular 
projection planes // and V, which will be chosen in the following 


way. Since the sphere touches the plane y at the point B, OB L i 
Since a | y and B 1. y. the line of intersection of the planes P 
and f is also perpendicular to the plene y. Let the planes œ and 
intersect along a Straight line AC. Then AC is perpendicular to Y 
and, Consequently OB, is Waralilel vo AC. Whe straight \imes ‘OB. w a 
AC Aem a certain Plane ©, and, since the straight line OB lies ‘ ot 
the plane c, g is Perpendicular to y. Let us take the plane Y HR 
horizontal projection plane and denote it by H (retaining the notat! 


j oce : ojec- 

used in descriptive geometry), and the plane g for the vertical pro] 

zion plane and denote it by Y. að 
Let us also note the following: since the circles €, and 03 
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congruent, the point O is equidistant from — c 
the planes ~ and p. and. consequently. V is 
the bisecting plane of the dihedral angle 
Reim by the planes æ and B, and the plane V 
itersects the sphere X along the circumfer- 
ence of the great circle. The pair of orthog- 
onal projections of the sphere X and the tri- 
hedral angle «Py is represented in Fig. 157. 
Thus, in the plane V we see the section 
of the sphere X by the plane o passing 
through the point O, i.e. the centre of the 
Sphere, and the vertex of the given trihedral 
angle, and, therefore. a'o’ = l. In the plane 
We see a true-size representation of the di- 
hedral angle ep. therefore, Z ogg = 2q and 
xum aii =. the line segment de is the 
Presentation of the horizontal projection : 
ol the circle ©, that is, de = 2r, and, finally. the desired radius 
of the sphere X is equal to the radius of the circles § and $'. i.e. 
te horizontal and vertical projections of the sphere X, respectively. 
i n the plane H we drop the perpendicular from the point of to az, 
ihe line segment of is the representation of the line segment OF 
Vieh is perpendicular to æ). Then df = r. For the sake of brevity, 
a us set the radius of the sphere X equal to x. Then the radii of the 
E. es $ and &’ are also equal to x, that is, od = c and o'b =z 
Then we find from the right triangle o'a'b' that ab" = n 
"x it is not difficult to note that ao = a'b'. Thus, ao "d. an Tz 
* Then, since Zaof = q. we find from the right triangle aof 
pat of = VE — a sing. and, consequently, we get 
Tom the " r 


ao sinq = V1 
ight triangle odf: 
=r + (2 — 2°) sin’ q. 
2 Solving this equation with respect to a2, we obtain: c 
Tm . TOM 
Rejecting at once the negative value of x, as it is 
om -— 
mi f FE ¢ 
Mom tween we gsm aa 
Lom ing va mind the sense 
St the | aring vn miw 


Q £ E 
Fertig; 


let us determine the constraints (be 


of t le solutions of the quadratic equatt 
Pir radiu Y 

sth. ct . 

have: E Since 2q is the angle between the planes @ 


S29 905 that is, 0° < q < 45°. 


QoS ish he found value of z 
(one gp 2blem) to be satisfied by r, l, and del bi an — 


ins a and p. we 
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Secondly, 
y «xao, m pe q—r—yn5n—s, 
ad. gu 
Substituting the value of z into this system and solving the 
^35 
obtained system of inequaiities, we get: r< v2 l cos q. 
y V3 

r<—lcos 9. 
, Where - 

0? — p< 45.. 

Remark. In the expression found for the value of z, the parameters r, Z, and p 

may seemingly attain any real values (the radicand is positive), however. the 


investigation carried out in accordance with the sense of the problem showe 
that this is by far not so. 


Thus, OB— V ER 


Example 4. The centre of the ball inscribed in a regular quadran- 
gular pyramid coincides with the centre of the ball circumscribed 
about this pyramid. Find the dihedral angle at the edge of the base 
of the pyramid. 

Solution. Let the figure SABCD be the representation of the 
regular quadrangular pyramid (Fig. 158). This is a complete repre- 
sentation, and its parametric number p=4. We construct SP, i.e. 
the slant height of the lateral face SAB, and OP, i.e. the projection 
of the slant height SP on the plane ABC. We shall assume that PK 
is the representation of the bisector of the angle SPO, that is, We 
shall assume the point K to be the representation of the centre of the 
inscribed ball Q. Thus, one more parameter is spent on the repre 
sentation, and the latter becomes metrically determined. Since, by 
the hypothesis, the point K is also the centre of the circumscribec 
ball Y, one should hold that AK and SK are the representations 0: 
two line segments congruent in the original, that is, AK — 5 pA 
There is no necessity to represent the balls Q and X. Thus, OR Fi 
the radius of the inscribed ball, AK is the radius of the circumscribec 
ball, and it is required to find the dihedral angle at the edge ^ 

of the pyramid, that is. the angle SA L le 

3 Since SP is the altitude of the tran 

SAB in which SA = SB, we have: SP 2-7 nt 

But OP is the projection of the line pu 

SP on the plane ABC. Then OP 18 p^ 

perpendicular to AB. Thus, Z SPO iS ole 
plane angle of the sought-for dihedral avs 

P SABO. Let us set, lor brevity- B ne 

D A Z SPO- xz and introduce an auxiliary du 
i rameter to facilitate all necessary oom y 

Fig. 158 tions, putting AB=a. We express gn 
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different ways. We find from the right triangle SOP that SO= 
Stans. Further, we find from the right triangle POK 


that OK — tan 7. and from the right triangle AOK that AO= 


9 


/ heen I- 
£V2 Then AK=V ALOK — 5. / 2+tan?+. But SK = 


2 


AK, that is, SK=4 y 2-E tant 4. Since SO=OK+SK, we 


have: SO 5 ( tan 5 + V2 r tan? 5 ]« Thus, > tans= 


a x m T Ug E 
* (tan yd V2 + tan? > ) , Whence tanz—tan >= V 2+ tan’ > ; 
2 g T 
sin m y 1-4- cos? —- 
: "M 2 2 
Since = is an acute angle, we have: E z 
i cos 7-C0S = cos -7 
x 


1 H T 4 
Further transformations yield: sin->=cos yı cos 


2 
M n " " T 23 
Squaring both sides of this equation sin* -5 —cos?z (14 cos i) 


[3 


r 


and denoting, for brevity, that cos? 5-— y, 


Passing to cos Ea 
—y=(2y— 1} (1+), which, after a number 


t 


We get the equation: 1 


of simplifications, is transformed to the equation: 4j — 2y — 0. 

Thus, we find that -— Yo= A, and y; —0. Rejecting 
the extraneous values y; and ys We get: cos phe 
xc. m V2 whence cosz— y 2—1, and, consequently, z— 


arccos (3—1). Thus, Z SABO =arecos (V3—1). 


PROBLEMS TO BE SOLVED WITHOUT ASSISTANCE 
853. The side of is A sphere whose radius is R touches 
s rhombus is equal to a. A sph i 
all the sides of the rhombus. The distance {rom the centre oi the sphere to the 
ane of the rhombus is equal to &. Find the area of the rhom se endum 
fom Given on the surface of a sphere of radius R are two equa anal S 
mi i chord is equal to a. Find the radii of these circles if their planes are 
Aly perpendicular, trig isse from 
95, A ball of radius R is inscribed in a pe Me emm rix is 
at an angle equal to œ. Find the volume 0 x : 
1^ 856. Inscribed in a hmnishere oi radius R is a frustum of a cone idera ps 
78et base coincides with the base of the hemisphere, and the genera Sn i 
i at an angle equal to æ to the plane of the base. Find the surface area o 
one 
837. Ina ri i l to Sı, and the area 
of -in a right ci ea of the base is equa! to 21; 
the lateral D deep eque. Me dina of the ball inscribed in the cone. 
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858. A ball is inscribed ina cone so that the radius of the circle of its alee 
with the cone is equal to R. A straight line passing through the centre of the 7 d 
and a point lying on the circle of tangency makes an angle equal to & with th 
plane of the base. Find the volume of the cone. Es 

859. Find the vertex angle in the axial section of a cone if it is known that 
it is possible to draw three pairwise perpendicular elements on its suriace. . 

860. Two equal cones with an angle equal to œ at the vertex of the axial va 
tion are arranged so that the axis of each of them is an element of the other. 
Find the angle between two elements along which the cones intersect. 


861. A plane parallel to the base of the cone and passing through the centre 
oi the ball inscribed in this cone divides the cone into two parts whose palumes 
are equal to each other. Find the angle between the generatrix of the cone ang 
the plane of its base. E nde 

862. A hemisphere is inscribed in an equilateral cone so that its great S f 
is found in the plane of the base of the cone. Find the ratio in which the circte T 
tangency divides the lateral surface of the hemisphere and the lateral surfac 
of the cone. 1 the 

863. Two balls are placed into a cone so that they touch each other anc à 
surface of the cone. The ratio of the radii of these balls is equal to min (m > "^ 
Find the angle at the vertex of the axial section of the cone. pall 

864. Prove that the ratio of the volume of a cone to the volume of the zs 
inscribed in it is equal to the ratio of the total surface area of the cone to the su 
face area of the ball. 


N , " " "m e 
865. Inscribed in a frustum of a cone is a ball whose volume is 13 of the volum 


of the cone. Find the angle between the generatrix of the cone and the plane of 
its lower base. i centre 
866. Inscribed in a hemisphere is a cone whose vertex coincides with the c one 
of a circle, which is the base of the hemisphere. The plane of the base of the c 5 e 
is parallel to the plane of the base of the hemisphere. A straight line jomn'ng the 
centre of the base of the cone to an arbitrary point on the great circle "n 
hemisphere makes an angle equal to œ with the plane of the base of the cone. 
the ratio of the volume of the hemisphere to the volume of the cone. dre 
867. A ball is inscribed in a cone. The line of their tangency divides the =A 
face area of the ball in the ratio m:n. Find the angle between the generati? 
of the cone and its axis. “oid 
868. Inscribed in a cube is a pyramid, one of whose vertices is the cent he 
of a face of the cube, the four others being the vertices of the opposite fact aesing 
cube. A ball is inscribed in the pyramid. In what ratio does the plane ee he 
through the centre of the ball parallel to the base of the pyramid divide 
volume of the cube? pase- 
869. A ball touches the lateral surface of a cone along the circle of ies Ge n 
The surface area of the ball is divided thereby into two parts, one of whic ‘cone 
times greater than the other. Find the angle hetween the generatrix of the 
and the plane of its base, 
870. Circumscribed about a cone is a triangular pyramid. The latera - 
of the cone is divided by the lines of tangency into parts whose areas are | 


another as 5:6:7. In what ratio is the lateral surface area of the pyramid 
vided by the same lines? 


871. Inscribed in a cone is 


equal 
of the 


;erte* 
E f the 


n a cylinder, the total surface area of which h 
to the lateral surface area of the cone. The angle between the elements 
Wi the oun qp SE ogia to 90°. Prove that the distance pm La o 
one to the upper base of the cxli is half the leng 
generatrix of the cone. piler Ga une) ta 1a lement 
e 
e 


872. Two cones have a common b xi i the e 
A 1 ase. In a common axial section, -olum 
of one of them is perpendicular to the opposite element of the other. The Y? 
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of one of the cones is half the v f i 
meso the s is ha olume of the other. Find the angle betw e 
generans of A larger cone and the plane of the bases of the Ges icula 
873. Drawn from a point taken on the surface of a ball hree e s 
the angle between each pai vhich i doque bec tiene 
t | ach pair of which is equal to œ. F. s 
if ie radius of the ball is equal to R. in PRSE EAE ETES SE VEI MAN 
of E The base of a pyramid is an isosceles triangle, each of the lateral sides 
a ue h is equal to a, the angle between them being equal to œ. Two lateral faces 
equi JerBendieular to the plane of the base. and the third face forms an angle 
q al to P with it. Find the radius of the ball inscribed in the pyramid. 
ami e A sphere is passed through the midpoints of the lateral edges of a cube 
= de bad one of its bases. What part of the volume of the cube lies inside the 
NL A ball is inscribed in a cube with edge a so that its surface touches all 
euis ges of the cube, Find the volume of the part of the ball enclosed inside the 
en tr. The edge of a cube is equal to a. Find the radius of two equal balls, which 
In be placed in the cube so that they cannot move inside the cube when the 
a ee is displaced. 
- p A ball is inscribed in a cube with edge a. Inscribed in one of the trihedral 
eae at the vertex of the cube is another ball, which touches the first ball. 
d the radius of the second ball. 
Ana A ball is passed through the vertices A, B. and D of the cube 
TET A,B,C,D, and the midpoint of the edge A,B,. Find the radius of the ball 
us edge of the cube is equal to a. 
ed ap, A ball touches three faces of a cube containin 
e s of this cube containing the opposite vertex. Find the edge of the cu 
radius of the ball is equal to R. 
and is passed 


881. A ball touches three faces of a cube containing one vertex 
he first one. Find the radius of the 


g one vertex and three 
be if 


t 
hrough the vertex of the cube opposite to t 
Bap the edge of the cube is equal to a. 
throu A ball touches three edges of a cube con 
gh the vertex of the cube opposite to the 


ball ; 
A the edge of the cube is equal to a. . 
53. A ball is passed through the midpoints of three edges of a cube contain- 


ae vertex and through the vertex of the cube opposite to the first one, Find 

us ge of the cube if the radius of the ball is equal to R. 

the EE A ball touches four edges of a cube belonging to one of its faces and to 
PPosite face, Find the ratio of the volume of the part of the ball lying out- 


taining one vertex and is passed 
first one. Find the radius of the 


the 


Side 
gis cube to the volume of the ball. . 

touches A ball is passed through the vertices of the lower base of a cube and 
* les the edges of its upper base. Find the ratio of the edge of the cube to the 


Ww of the ball. f 
its bas - A ball touches all the lateral edges of a regular quadrangular prism and 
the tots] Find the ratio of the surlace area of the ball lying outside the prism to 
al Surface area of the prism. 


+A ball is inscribed in a right p a right triangle in 


angle to the hypot- 
k Find the 


rism whose base is 
ertex of the right 
] to a with one of the legs. 


de AB of the base 
A ball is inscribed 
between the plane 


; I the prism. : 

Sap cs i regular prism ABCA,B,C,, drawn through the si 
Fi the yn So passing through the vertex C; of the other base. 

ABC, and qid C14 BB,A; (C, the vertex) Find the angle 
1 . Ci plane of the bas the prism. " j 
times the reumseri bed tthe base of the Seht parallelepiped whae C ism 

4 ume Fi t arallelep: . 
of the ball. Find the base angles * Find the radius of the 


al to 
at the vertices of the base. 


bal he ed 
touching E€ Of a regular tetrahedron is equ 
ing the lateral faces of the tetrahedron 
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891. The edge of a regular tetrahedron is equal to a. Find the p e 
ball touching the lateral faces of the tetrahedron at points lying on the sides 0 
ase. : : 
me Prove that if the vertices of the lower base of a right triangular prism 
lie on the surface of a ball. and the sides of the upper base touch this ball, then 
the prism is regular. ] 
893. A ball touches all the lateral faces of a triangular pyramid at the centros 
of the circles circumscribed about them. Each plane angle at the vertex at ite 
pyramid is equal to 2%. the sum of the lateral edges being equal to 3a. Find th 
radius of the ball. rli 
894. The altitude of a triangular pyramid is equal to H, and the sum ol d e 
nine plane angles at the vertices of the base is equal to æ. Find the radius Of i 
ball, which touches all the lateral faces at the points of intersection of the 
medians. ae 
895. The lateral surface of a triangular pyramid is equal to S, and the sm 
of its base is equal to a. A ball touches three edges of the base at their mi 
ad and intersects the lateral edges at their midpoints. Find the radius 0 
the ball. " 
896. Each of the plane angles at the vertex S of a pyramid is equal to 90 i 
Prove that the vertex $. i.e. the centre of the ball circumscribed about the py ee 
mid, and the point of intersection of the medians of the base ABC lie in or 
straight line. . ami 
897. A ball of radius R is inscribed in a pyramid, each face of the e 
being inclined at an angle equal to z. Find the volume of the pyramid if its ba 
is a rhombus whose acute angle is equal to B. . visas 
898. In a regular pyramid SABCD with vertex S, each side of the a 
equal to a, and the lateral edge is equal to b. The first sphere centred ato 
touches the planes SAD and SBC at points A and B, respectively, and the sep D 
sphere centred at O, touches the planes SAB and SCD at points B and C. 
spectively. Find the volume oi the pyramid A BO,O,. 
899. Find the radius of the ball inscribed in a regular quadrangular 


if the volume of the pyramid is equal to V, the angle between its two opp? 
faces being equal to a. 


pyramid 
site 


ngruent 
od 
to 


900. The base of a pyramid is an isosceles triangle, each q7 tie aoii t 
angles of which is equal to œ, the common side of these angles being E ts 
Each of the lateral faces of the pyramid is inclined at an angle equas mid. 
the plane of the base. Find the radius of the ball inscribed in tho p One 

901. Inscribed in a ball of radius R isa pyramid whose base is a sver lat- 
of the lateral edges is perpendicular to the plane of the base, and the larg of the 
eral edge forms an angle equal to 2 with il. Find the lateral surface area 
pyramid. 

902. In a regular quadrangular pyramid, the plane angle at the verte 
to æ, and the altitude of the pyramid is equal to H and serves as the diam m 
a ball. Find the length of the line of intersection of the surfaces of the Py 
and the ball, ing each 

903. Placed in a regular quadrangular pyramid are two balls toyata ase 
other and all the lateral faces of the pyramid. The lower ball also touches A smalt- 
of the pyramid. The ratio of the radius of the larger ball to the radius of the s 
€r ball is equal to n. Find the dihedral angles of the pyramid. ale at 
904. A ball is inscribed in a regular triangular pyramid, the plane es ball 
the vertex of which is equal to œ. Into what parts is the surface area 21 e 
divided by the plane passing through the points of tangency of the bass 
lateral faces of the pyramid? and thé 

905. A lateral edge of a regular quadrangular pyramid is equal to 2 scribed 
angle made by the lateral edge and the plane of the base is equal to 2. .- Situated 
in this pyramid is an equilateral cylinder so that one of its elements ÍS § 


tex is equal 
eter 0. 
ami 
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on the diagonal of the base of the pyramid, and the circle of the base touches two 
adjacent lateral faces of the pyramid. Find the radius of the base of the cylinder. 

, 906. Inscribed in a cylinder whose altitude is equal to H is a triangular pyra- 
mid. Two faces of the pyramid are perpendicular to the plane of its base, and two 
lateral edges make angles, each of which is equal to æ with the plane of the base. 
The angle between these edges is equal to f. Find the lateral surface area of 
the pyramid. D. 

907. Each edge of a regular tetrahedron is equal to a. A cylindrical surface 
passes through one of its edges and all of its vertices. Find the radius of the base 
of the cylinder. . uu" 

908. "The bases of a spherical segment and a cylinder coincide. The volume 
of the solid enclosed between their lateral surfaces is equal to 36x cm?, Find the 
altitude of the cylinder, which is equal to the altitude of the spherical segment. 

,, 909. Inscribed in a cone with radius of the base equal to R is a triangular prism 
With equal edges so that its base lies in the plane of the base of the cone. Find the 
Volume of the prism if the angle between the generatrix of the cone and the plane 
of its base is equal to a. E " . i 

910. Inscribed in a cube whose edge is equal to a is a right circular cone with 
the angle between the elements in the axial section equal to a. F ind the length 
of the generatrix and the radius of the base of the cone if its altitude lies on the 

lagonal of the cube. ee ` 

911. A cube ABCDA,B,C,D, is inscribed in a cone, the radius of the base of 
which is equal to R and the altitude is equal to R2. The base ABCD of the 
cube lies in the base of the cone, and the points A,, By, Ci, and D, are found on 
tts lateral surface. Find the area of the triangle 4,0, M, where J/ is the point 
of intersection of the straight line BD and the circle of the base. — = 1 

912. Two cones have concentric bases and a common altitude, which is equa 
to H. The difference between the angles formed by the elements and the p is 
equal to f, and the angle between the generatrix of the inner cone and the plane 
of the base is equal to &. Find the volume of the part of space contained between 

€ surfaces of the cones. 5 P 

913. The ides of an isosceles trapezoid touch a cylinder whose ont is per 
Pendicular to the parallel sides of the trapezoid. Find the angle between the p. ane 
= the trapezoid and the axis of the cylinder i Te oes of the trapezoid are equa 

a and b (a > b), its altitude being equal to A. , T 

914. uitia on a rectangular sheet of paper, one side of which is equal 


to a, are circles whose radii are 5 and P The distance between the centres of 


the circles is equal to 2a and the line of their centres is parallel to the base of 


the rect i is drawn to the circles. Find the dis- 
angle. A common internal tangent is drawn ; 
tance between, the points of tangency after the sheet has been rolled up to torm 
a circular cylindrical surface whose axis is perpendicular to the line of centres o 
€ circles." E 
915. Given a cub a regula drangular pyramid whose lateral edge 
i : Given a e and a regular quadrang 3 1 1 
th equal to b, The vertices of andi! the faces of the cube serve as the oe 
"s edges of the bases of the pyramid, and each edge of the opposite ace of is e 
"us intersects one of the lateral edges of the pyramid. Find the volume of the 
art of the cube situated outside the pyramid. ' 7 
91 ] to a a diagonal is drawn. The edges of the 


6. In a cul | lge i 1a 
cube cube whose edge is equ iagonal are bisected. The division 
Points yp verging at one end point of the Poe). are Bise 


Verti us obtained and the other end pU ot the diagonal! are taken for the 
ices of the pyramid. Find the volume of this pyramid. A 
pairs, The cles of a triangular pyramid emanating from the vertex A are 
Pairwise Perpendicular and equal to a, b, and c. Find the volume of the cube in- 
ribed in the pyramid so that one of its vertices coincides with the vertex A. 


13—01286 
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918. A lateral edge of a regular triangular pyramid is equal to 6 and forms 
an angle equal to æ with the plane of the. base. Inscribed in the pyramid is an 
equilateral cylinder so that its lower base lies in the plane of the base of the pyra- 
mid. Find the altitude of the cylinder. 

919. On a sheet of paper, which is a square PQML, a hole is cut, having the 
shape of an equilateral triangle ABC, so. that AB || PL and AB:PL = 1:2. 
Then the square is rolled up to form a circular cylindrical surface whose axis 1s 
perpendicular to the line segment AB. Find the ratio of the area of the square 
to}the area of the triangle ABC whose vertices lie on the cylindrical surface. 


SEC. 16. GREATEST AND LEAST VALUES 


When solving stereometric problems on finding greatest and least 
values, we shall stick to the same scheme, which was followed when 
solving similar planimetric problems (see Sec. 7, Chapter 1): 

Example 1. A cube is cut by a plane passing through one of its 

SR 
diagonals. Prove that the section forming an angle of arccos KË 
with the plane of the base has the least value. 

Solution. The quantity to be optimized is the area S of the section. 
Let the edge of the cube be equal to a (a known quantity), and B,KDL 
be a certain section (Fig. 159). We introduce an independent vari- 
able: C,K — z. According to the sense of the problem, it is clear 
that 0 x z < a are real limits within which a varies. 

We express the area S in terms of z and a. Note, first of all, 
that the obtained section is a parallelogram, since the lines of 
intersection of two parallel planes with a third plane are parallel 
to each other. The area of the parallelogram can he found by the 
formula B,K-KD-sin a, where a= Z B,KD. We find from the 
triangle B,C,K that BK=Ve+e, and we find from the 
triangle DKC that DK =V a?+-(a—z)*. By the Jaw of cosines, 
we get from the triangle B,AD: B,D? = B,K? + KD? — 
2B,K-KD-cos œ, that is, (a V 3) = (a-z?) + (d? + (@— 2))— 
2 VEF ya(a—sz) cosa, whence, after a number of, trans- 


formations, we get: cosa = ai ae Then sing = 
MEM Co Li. a a gs 
V 1—cos? a= {jeer _ = a Y wta a, 
V (@-- 2) (@+(a@—2)) —— y ei Vara 


Finally, we get: S=B,K-RD.sina=VereV e+ (a— 2) 25 
VERT ayay Dar 
Veto V aid (a— ap a y 2a? + 22?—2az. 
We have to find the least value of the function S(#)= 


ay 2a 2a2—Iax on [0, a]. The derivative S’=a 2:—8 ad 
V bat E 2a — 24 
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A E LM D 


Fig. 159 Fig. 160 


, In the present case, there are no points at which S’ does not exist, 
Since the denominator of the derivative vanishes nowhere (if by 
the hypothesis, a >>, then a? > az and 2a? + 22? — 2az > 0). 


The derivative S’ = 0 if 2c — a = 0, that is, for z = + 
To find the least value of the function, it remains to compute: 
the values of the function S (x) at the end points of the interval 
(0, a} and compare them with the value of the function at the 
" = aX 
Point v= We have: $(0) —a? Y 2, S (a) =a? y 2, and S (3) = 


“V8 ave 
LA The least value of the function S(x) equals ——. 


It is reached for iim. 


In the problem it is required to prove that the angle formed 
by the legt (by area) section and the plane of the base is equal 
to arccos P 
Sse: cos P, where p is the angle between the planes of the section 
and 


To prove this fact, we use the formula Shase= 


of the base, We have: a= * YS cos P, whence we find that 


c /&ü /& 
biam: YP rs , that is, p= arccos LE i 
y DXample 2. A 20-dm long log has the shape of a frustum of a onp 
ith diameters of the bases of 2 dm and 1 dm. It is required r on 
: Squared beam whose axis would coincide Leia axis of the 
nd whose volume would be the greatest possible. 
the } ution, The quantity to be optimized here is the nne d 
soem, that is, the volume of a rectangular parallelepiped wi 
1nUare base. ' 
secti an axial section of the cone, which is simultaneously à diagonal 
9n of the rectangular parallelepiped, we' get (Fig. 160) an equi 
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lateral trapezoid (an axial section of the frustum of the cone) in which 
a rectangle (the diagonal section of the rectangular parallelepiped) 
is inscribed. We denote by z the altitude of the parallelepiped, that 
is, the altitude of the rectangle in the axial section: KM =a, & 
varying within the limits of 0 < z < 20. 

Let us find the volume V of the rectangular parallelepiped. 
‘The line segment FK represents the diagonal of the base of the 
parallelepiped. We find FK. We have: FK =EM =AD—2MD= 
2—2MD. We draw CL perpendicular to AD. Then LD=AD— 
AL =1—0.5=0.5 dm. Since the triangles KMD and CLD are simi- 


KM MD . J MD , 

vo hae m 2 i eect, MES. rhe ; that 
Jar, we have: CL Lp l* os? whence we find 

MD -——., and, hence, FK=2—2MD=2—— 


40 " 2° 
The area of the square serving as the base of the rectangular 


parallelepiped can be found by the formula ER d2, where d is the 


F 7 rz? 

diagonal of the base, that is, d— FK. Hence, rm (2 —z) f 
Since the altitude of the parallelepiped is equal to z, we get the 
following result for the volume: vat (2-3) = 


20 
For the function Vay (2-5) e we have to find the great- 
est value on the interval (0, 20]. We have: tho derivative 


y 22(2—4) (4) 2+ (2-2) -(2 — 3) p -5). 
The derivative V' —0 for z—40 or for ca. The value 7=* 


does not belong to the interval under consideration. 


20 


0 40 
3 


E 10 
27 


v | 0 | 320 


The greatest value of the function equals T t 

2 u 

it now interpret the obtained result for this problem. A the 

ot beam of the greatest volume, we have to remove the upper ( to 
thinner) part of the log so as to make the length of the log ed"? 


1 re 
13 * dm and then from the log thus obtained to cut out a squ? 


: e ipod iP 
beam (its cross-section is determined by the square inscribed 


the upper base of the log, 134 -dm long). 
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Example 3. A regular quadrangular pyr- 
amid is circumscribed about a ball of ra- 
dius r. Find the least value of its lateral 
Surface area. 

Solution. Here, the quantity to be opti- 
mized is the lateral surface area S. We in- 
troduce an independent variable. Let us 
recall that the centre O of the inscribed ball 
lies on the altitude of the regular pyramid, 
namely, at the point of intersection of the 
altitude and the bisector OK of the angle 
between the slant height MK of the lateral Fig. 161 
face and the projection HK of the slant 
height on the plane of the base (Fig. 161),OH — r being the radius 
of the inscribed ball. We set ZOKH = z, x varying within the 
limits of 0 < z <$ 

We express S in terms of r and z. We find from the triangle 


OK that ITK—rcotz, we find from the triangle HKD that 
KD=HK =rcotx, and we find from the triangle MHK 


that MK — HK. tt, Then S = 48amcp = 4KD-MK = 


cos 2x cos 2° 
ár cot x zots =ð cote 
cos 2x cos 2x 


7 " t? 
We now find the least value of the function S= 4r? ed on 


the i " m ne 
nterval (0, 7-) . We have: 


1 1 2 
= 1-2 sin 2z cot? z 
rnm 2 cot «( Sz ) cos 2z -|-2 sin 2x 
=r cos? 2r 
8r? " cos 2x 

pH ES (cot xsin 22— =) . 

A The derivative S’ does not exist if cos 2z =0 or sin x=0 which 
is 

Dot fulfilled on the interval (0, i). 

The derivative S'=0 if cotz—0 which is not fulfilled on the 


i 4 
nterval ( i A] or if cot zsin2z— De =0. Let us solve this 
tri 4 E oa qM 

Sonometric equation. We have in succession: 


coscsin2r ^ CO0$27 |. 
sinz sin? z 


si 3 T - a 
1 "zcoszsin2z— cos2z — 0, sin?2z — 2;cos 2z = 0, 
— cos? 2 — 2 cos 2x = 0, cos? 22 + 2 cos 2x — 1 = 0, 


(cos 21),,9— —1 + y2. 


3t 


, 
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The only suitable value is cos2z— | 2— 1, whence it follows 


that z= arccos (Y 2— 1). 
To make sure that for the found value of x the function S (z) 


reaches the least value, we compute the one-sided limits of the 
function at the end points of the interval (0, +) 


x0 


lim S (z) Ed cuz; ^ T 99 


: " cot? g 
lim S(x) =4r? lim — — +00 
a ad cos 2x 
x i x> 7 +0 


Hence, at the obtained point, the function S (z) actually has the 


Br 
least value, Let us compute this value. We get: S = 4r? coss 
and cos2z— y 2—1. Si apio. 2.0, wehave: 

cos " V 2—1. Since 1+cot? z dur icum V 
Bis 2 ET RM 2 —3/ 9 1 st = 
cot eos 25 ie WE OF RH. Hence, S1east 


3 = 
an ae (Y3-- 4)". 


Returning to the original geometrical problem, we conclude that 
the least possible value of the lateral surface area of the regular 
quadrangular pyramid circumscribed about the ball of radius T 
is equal to 4r? (V2 + 4)% 

Example 4. An banal pyramid is inscribed in a ball. For MOM 
dihedral angle between a lateral face and the plane of the base of t 
pyramid will the volume of the pyramid be the greatest? he 

Solution. The quantity to be optimized is the volume V of ni 
pyramid. Let us introduce an independent variable. We roprese 

in Fig. 162 the nth part of the pyramid: ge 
is a lateral face and MO is the altitude. We ^ 
note the radius of the ball by R (an auxiliary va 
aes and set MB — z, z varying within t 
imits of 0 < z < 2R. 
We express V in terms of z and R and d 
advantage of the known formula for comput ar 
the circumscribed ball in the case of a regu 
pyramid: R — P. where b is a lateral edge: 
A f 2H p phen 
and H is the altitude of the pyramid. T 


e 
R=-57, whence H-. We find from i 
Fig. 162 triangle MBO that OB=V MEMO = 


M 


A 
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rt xis. n : 
y 2 -. Since AB is the side of a regular n-gon, we have: 


, 


ZI AOR == and, therefore, Saso = i AO -OB-sin = = 
4 
E 


» ri s: 2 7 i : 
(22— x ) sin-—, Hence, V= i Syas H = i ng (2 im) A: 


4R? n 
"ma": 
"I 3 nsin — 
gig. SL uie (a zt ) 
n 2R 12R 4R? j* 


: zê 
Let us find the greatest value of the function V=k (e-z) 


me" 
n sin — 
n 


T 
on the interval (0, 2R) m brevity, we set: k= wea), 


We have: 1’ =k (40°—G-) . We find from the equation py'-0 
ARE 
that 2,=0, x —R if iid mise y = Of these three 
€ o 
values only c=R ve belongs to the interval (0, 2R). We have: 


: " T : 
Him (2) = Jim V(a)- 0. Hence, for z=R Vt the function 
V 1619 sin 2 
V(x) reaches the greatest value equal to E, 

In the problem it is required to find the angle MDO for the 
pyramid having the greatest volume, where MD is the slant 
Sight of the lateral face. Setting ZMDO=9, we have: 

p 
2 {8 

Mo = Ak (s is sulstituted by its value R V x found 
above), We find from the triangle BDO tha 


t OD —OB cos Č = 


d x 5 so yi 

V s = di 2R V2 = Then tang=po = — . 

pz cos —- = 3 cos T. DO cos —- 
He 3 

Nee, @=arctan m i 
cos — 
n 
SISTANCE] 


PROBLEMS TO BE SOLVED WITHOUT AS 


tul ids in which the sum of the 
altitude rove th i a drangular pyramids in W j a 

tude and the a seo ien "pem ra the greatest Jue Ü ae i 
the Base whose lateral face makes an angle equal to 45° w 
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921. The area of the base of a rectangular paral- 
lelepiped is equal to 1 cm?, and the length of the di- 
agonal is equal to 2 cm. Find: (a) the greatest volume; 
(b) the greatest lateral surface area. iu 
922. The sum of the squares of the lengths of 5 
the edges of a regular triangular pyramid is equal to i 
Find the greatest value of the lateral surface area 0 
the pyramid. " E 
923. Tha base of a pyramid MABCD isa square, 
MB being the altitude of the pyramid. Find the voe 
j value of the length of the edge MD if the volume 
Fig. 163 the pyramid is equal to 9 cm’, . n ae 
924. Among regular n-gonal pyramids with s 
stant length of the lateral edge find the pyramid having the greatest YO ehe 
(compute the angle between a lateral face and the plane of the base o 
pyramid). ] face 
925. Among regular n-gonal pyramids with a constant area of the latera Pe 
find the pyramid having the greatest volume (compute the angle betwee 
lateral face and the plane of the base of the pyramid). inneular 
926. A little house is made of two right prisms with a square and a triangu oe 
base, the triangular base being a right isosceles triangle (Fig. 163). For ses i 
length of the side of the square will the volume of the house be the great 5 
it is known that the perimeter of the base of the house is equal to 24 eer 
927. Drawn in a triangular pyramid are sections parallel to two ona Ot the 
ing edges. Prove that the section passing through the midline of the base 
pyramid has the greatest area. . BC (AB = 
928. The base of a pyramid MABC is a right isosceles triangle 4 base, an 
BC). The faces MBC and MAB are perpendicular to the plane of t " section 
MC = 2V 2 om. For what altitude of the pyramid will the area of Em 
passing through the points B and M and bisecting AC be the gnat prism 
929. Drawn through the diagonal of the base of à regular quacrene ia great- 
is a section having at least one common point with another base. Find es pe 
est and the least area of such a section if the edges of the prism emanati g 
one vertex are equal to 3/2 cm, 3/2 cm, and 2 cm. inscribed 
_ 930. Prove that of all rectangular parallelepipeds with a square base Ins 
in a hemisphere, a cube has the greatest volume. ; d which 
931. Prove that of all pyramids whose base is an isosceles triangle an atest 
is inscribed in a cone of a given volume, a regular pyramid has the gr 
volume. ; hrough 
932. Find the greatest area of a section of a cone by a plane passing t i 


: I ; eis 
its vertex if the radius of the base of the cone is equal to R, and the altitud 
equal to H. 


» of 
‘he ae, ES cylinder is combined with a hemisphere. The volume the 


hus obtained is equal to V. For what radius of the hemisphere wil 
total surface area of the solid be the least? its sides 10% 
934. The perimeter of an isosceles triangle is 2p. What must be its ed 1 
the solid of revolution to have the greatest volume if this solid is genera base? 
revolving the triangle about (a) the base; (b) the altitude drawn to ihe ] fun 
935. A sector is cut from a given circle and is rolled up to form a conica 


pe 
nel. What central angle of the sector must be chosen for the volume of the fun 
to be the greatest? 


936. In a given cone inscribe a cyli à lume: 
: I ylinder of the greatest volume the 
UE Inscribed in a ball of radius H is a cylinder. What is the altitude p a 
cylinder having: (a) the greatest volume; (b) the greatest lateral surface j wil 
weet What altitude of a cone inscribed in a given ball of radius P dia cone 
n ph cone be the greatest; (b) will the lateral surface area © 
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939. Circumscribed about a ball of radius R is a cone. What is the altitude of 
the cone having: (a) the least volume; (b) the least lateral surface area? 

940. Find the altitude of the cone of the least volume circumscribed about a 
hemisphere of radius R. 

941. A cone of the greatest volume is inscribed in a given ball, and another 
ball is inscribed in the cone. Find the ratio of the volumes of the balls. 

942. Inscribed in a ball is a cone of the greatest volume, and inscribed in 
the cone is a cylinder of the greatest volume. Find the ratio of the altitude of the 
cylinder to the radius of the ball. 

. 943. Inscribed in a cone with a constant generatrix is a regular hexagonal 
prism, all the edges of which are equal. For what value of the angle between the 
Eeneratrix of the cone and the plane of the base will the lateral surface areazof 

€ prism be the greatest? EN 

_ 944. In a regular quadrangular pyramid, a cylinder is inscribed so that the 
Circle of its upper base touches all the lateral faces of the pyramid, and the lower 
ase lies in the plane of the base of the pyramid. What part of the altitude of 
the pyramid must the altitude of the cylinder be equal to for the volume of the 
Cylinder to be the greatest? : . 

945. Inscribed in a hemisphere of radius R is a regular triangular prism so 
that one of its bases lies in the plane of the great circle of the hemisphere, and 

e vertices of the other base belong to the surface of the hemisphere. For what 
altitude of the prism will the sum of the lengths of all of its edges be the greatest? 
" “ig Find the greatest volume of a regular hexagonal pyramid inscribed im 

all of radius R. set 
1 947. Circumscribed about a ball is a regular n-gonal pyramid with the least 
e da surface area. Find the angle of inclination of its lateral edges to the plane 

he base, k A n r 

948. Inscribed in a ball is a regular quadrangular pyramid, and inscribed in 
the Pyramid is a regular quadrangular prism so that one of the bases of the prism: 
165 in the plane of the base of the pyramid, and the vertices of the other base of 
ab prism belong to the lateral edges of the pyramid. The side of the base ee 

€ altitude of the prism are equal to 2a and a, respectively. Find the least ke 

t ie radius of the ball. For what altitude of the pyramid is this least value 

ained? 2 : u—! 

949. The base of a pyramid MABC is a right triangle ABC in which Z Cj=190", 
Deen T 60°, and AC cy cm. The edge MA is perpendicular to the plane " the 

ase, WA being equal to 3 cm. Inscribed in the pyramid MABC is a pyramic Ne i 
vertex A whose base is the section of the given pyramid by the plane parallel to. 

? edges MA and BC. What is the greatest volume of the inscribed pyramid? 
of .950. The altitude of a regular quadrangular pyramid is twice the siagone 

its base, the volume of the pyramid being equal to V. Under considerd ior 
a regular quadrangular prisms inscribed in the pyramid so that their Ea 
fa ECS are parallel to the diagonal of the base of the pyramid, one of when a E d 
jaces belongs to this base, and the vertices of the opposite lateral face lie on the 

ateral surf; mid. Find the greatest volume of the prism. 
ace of the pyramid. Find g um 1 to V, the angle 
etw ts The volume of a regular quadrangular pyramid is equa 30°" py " 
Sie cach lateral edge and the lane al he Pe PE efes dtr te Mos 

s ar prism is inscri i ;ramid so that o arena 
9n the dia ED r Noe ee pies mid, one of its lateral faces is parallel to 

d Setiat of the. base ol We Dy isf zi the lateral faces of the 

vase of the pyramid, the vertices of this face lying on the lateral fa 


T; i " . 
amid, Find the greatest volume of the prism. 


ANSWERS AND HINTS 
Chapter 1 


2. m,m Y 3, and 2m. 3. 56 cm and 42 cm. 4. 97/5 em and 8 y 10 cm. 
5 ab y 3 g, mn (m+n) 


ap 7 0 A 7. 10cm. 8 15 cm, 20 cm, and 25 cm. 
—n vi «n V3 z 
9. mank and imei) e . 10. arctan (Fna) =$. 11.7 + 
! nm V men 2 i 
arccos Ie Denote Z4—2z and [AB—c. Express the legs and then 


the bisectors of the angles of the triangle in terms of c and z. 12. Set. LACE 
ZACB-—« (CK the altitude, CM a median, and AC< BC), CK — s 
ZACB=<. Express the line segments AK, BK, and MK in terms of /, a 
and z.;Take advantage of the fact that 22K — BK —AK. See also Examp 


10 from Sec. 3. 15. 6 em. 16. VTO cm. 17, 9-—L- cm. 18. 7.2 cm 
3 SIEA 
19. l on 2sin (æ — 30°) 21 pires 
2sin (4 2) cos (15-55) cos & . 4 cos 
€ 


Mo 
/3 Pet Py), 
» and arccos ys 23. 2V3u pe t E 


. 


22, arccos r2 arccos V3 


24. Through the 


3 
ies on 
oint E draw tl ight line EF int F lies 9 
AG) sd Snake p w the straight line EF||AB (the po 


m 
necessary conclusions from considering the a 
i, qe MS . 
BEF. 35, z (V 5+1). 26. 4:2. Draw the midline in the triangle AD 


"- 4 

acosa rat i 

21. aa 28. arcsin V 24 "ani axes V 21 . 29. arctan 4$ 
sin (47+) 7 - 14 


2. qu , i À 
nm aresin 7- 34. 85". From the point M drop the perpendiculars / 
L, and MN to the sides AB. AC i PT. 
Lk ; AC, and BC, respectively, set — ^. go 
AM — Ek, e express MN as a reference lema ih terms Y k and 7 in "i 
ways. 37, 40? and 25°, 38, 4 cm, 6 cm, and 8 cm, or 26 cm, 4 YR 
$ cm; obtuse. 39. 0,75, 40. Right-angled. 41. p 5E, g. vo pe 
= j -FL : 

43. 10 cm. 44. 375 cm. 19 cm, and 11 cm. 45. arcsin V ac di 


no solution if 1< k Vab —2abcosa op jc consid 
SESZ 46, —A 709 5006080 — 4 459, 54. 


the 5 sina itra! 
rhe ee d zegular, an isosceles, and a right triangle. For an arbi e 
© advantage of the statement of Example 8 from Sec. 2. 55. AT 
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B 
C a c 
G 
B AA D C A k D 
Fig. 164 Fig. 165 


the triangles in the way shown in Fig. 164 and draw C'D|BC. Take 
advantage of the similarity of the triangles AC'D and ABC. 56. Denote the 
pugles by x, 2r, and 4x and, by means of the law of sines, express the 
pat ha sides of the triangle in terms of the smaller side. 57. 90°, 22°30’, and 
7?30'. Let CH, CD, and CM denote the altitude, angle bisector, and median 
of the triangle ABC, respectively. Setting ZC=4e and CH=h, take advan- 
tage of the fact that AT -- MH —BH — MH and express all the elements of 
this equality in terms of A and z. 58. A+B=90° or | A—B | — 90^. Express 
C and BD in terms of the altitude k and the angles A and B. 
Onsider two cases: A is an acute angle and A is an obtuse angle. 


“+ a—B 


2sin — B cos —5 
2 . Through the point K draw the straight line 


59. 
sin @ 

MP\AC (point M lies on AB and point P on BC) and set MK=KP=PC=a 
Xpress the line segment KC from the triangle KPC in terms of a, œ, and 
» and the line segment EK from the triangle MEK. 61. Rectangle; a—b. 

62. V 35 (m+n) and y 3(2m3--3mn-4-n?). 63. 17 cm, 10 cm, 21 cm, and 


V 85i em, o4, VEETIS, 65, 2V3 cos TEM gama 


sin & A(m4n) ° b+acosa 

i E 4— k? 

and baing Es arcsin EE and m—-arcsin —,5— 
epee 67. arccos 4s . 68. arcsin a p 


if Y 3 ku ion i /3 or kz 2. 69. De he sides of the 
E <2; n l Ikcy2or kz2. 9. Denote the s 

parallelogram; by PIC. ‘and the diagonals by d and kd. Using the for- 

fla relating the diagonals and sides, find the relation between a and d, and 
en make use of the4law of cosines twice. 70. Set < APB =a, ZADB=8 

To 203-120 (Vor sint a cos a+) sin? a). 

Prove that tan (a-+-B)=1. 71.V à--5?4-2b (V a sin? a. cos o - 

E nd the obtuse pi me RT side and the smaller diagonal, take 

vantage of the law of sines, then find the diagonal, using the law of cosines 


d. cav sd. ae ami 
72, arccos (^F) (m7). ang NEAEER IT L Denote the 
si 2pq (n? 4- m?) 2pg (n?+ m?) 
un of the parallelogram by pz and gz, and the diagonals by my and ny. 
ud Ke advantage of ihe formula relating the sides and diagonals of the 
arallelogram, then apply the law of cosines for expressing oae of the diago- 
nals i ; 2+k : 2k i 
Soph, terms of the sides. 73. 3 arccos 97 and 'x—3 acidi ar ss 
son i TR =a, AB=b, and AC=d (Fig. ^ 
Draw t o solution if <2. Let pear DC. Express AK and CK from 


v the : i iangle 4 
the isos angle bisector CK in the triangle ADC. Pop Derive the rela- 


Sceles triangle ACK in terms of a, 
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AK M D 
Fig. 166 Fig. 167 


tionship T2 cosz from the similarity of [the triangles ABC and CKD. 
Applying the theorem on an angle; bisector to the triangle ACD, derive the rela- 


2 
tionship d— 2a cos z— b. Adding the condition of the problem dy (arb) to 
the cbtained relationships, eliminate a, b, and d from the equalities and get the 


s E k--2 . " ac 
relationship cos At 78. 15 cm. 79. 16 cm. 80.2 cm. 81. cut 


i b 
E and pirum 82. 14 cm, 12.5 cm, 29.4 cm, and 16.9 cm. 83. A cot. 


84. 1.5. 85. arctan (x). so. Ste | g7, From the regular 
triangle AOD establish that KD is perpendicular to AC and then KP= 
0.5CD. Draw a similar conclusion for MP. 88. AC? = AD? + CD? — 


AB ^ AD CD AD 
MF. 90. z . See the hint to the preceding problem. 91, 40 cm. Prove 
that AKB and CED are right angles and that the median of the trapezoid 
lies on KE (see Problem 76). 92. 49 V2 


2ab 


cm. Find the line segment OX from 
the right triangle OCD. In the triangle OAB draw OP | AP and, considering 
the angles thus formed, prove that CM—AM and OM=EM. 96. a . 
a 

87 9 em 9V3 em, and 18 em. 98. 2 VE and © y ET 


99. 4/2 cm and 18 cm. 100. areco 25, E 


one of the angles i 

sand th i and take 
advantage of Thecrem 9 frem Sec. 4. 105. Draw the digeenal A tek Hé 
midpoint lies on the given line Segment. 106. 22/7. 107. 150° and 90°- 
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M 


"d 


Fig. 168 Fig. 169 


108. arctan 4. Compute the tangents of the angles BAO, OAD, ODA, and 
ODC and, by means of them, find the tangent of the angle M. 
109. arctan + . Introduce the following notation: AB —2z, BC=3z, and BD— 


4 V 2z. Express AD from the triangle ABD in terms of z, using the law of 
cosines, ascertain that the angle BAD is obtuse, find this angle by the law 


of sines, 110. MUN Denote ZBAE—«, ZKAD-B, 4EAK=z, 
m a 

AD=a, and AB —ma. Express the line segments BE and KD and then tan a 

and tan f in terms of a and m, and take advantage of the fact that 


tan c=cot (a-p). 115. 36°, 60°, 108°, and 156°. 116. 24 cm. 117. $05 V3). 


418. 2y 7r. 119, WERTH HF 420. an $12 V5. 124. 30 om. 
273 
tao, ttsing jo, 2asinacos(B—o) ip gp, 124. Take advantage 


1—sing ` nf , 
of the similarity of the triangles ABC and ABD. 125. Draw the cnord AP 
parallel to CD and take advantage of the fact that AC=PD. 126. Set 
04—0B-— n, Z AOM =a (Fig. 168) and, using the law of cosine», express 


20 
angie BOM, 127. => cm 


AM from the triangle OAM and BM from the tri 3 


and FË om, Prove that ZBAC=90°. Draw a common internal tangent. 


128. SH. (8—3 V 3— /7) and R (ay3—y71—2. Set B= and 
4 . 4 é 
Apply the law of cosines for OB in the triangle 0,0,B (Fig. 169). 
12 2 V 98 —((b —a) cosa — a}. Denote 0:K — x (Fig. 170); po O;P parallel 
9 AB, and ia 0,0,P in which 4/0,0,P—« express T im 
, from the triangle 0:01 oa (V 3-8 — a? 


terms of o, b, and a. 135. 36°, 36°, and 108°. 136. h3 


" 2 
197. 36 cm and 48 cm. 138, 12a cm. 139. 3 V5 cm. 140. arccos y. 


i4, V Æp —3Jabcosy 442, btan? S. 143. Tf k<2, then 
2 sin y E 2 
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Fig. 170 Fig. 171 
— — j= V1 — 2k " 
arccos HR , àrccos erea and a— 2 arccos 3 
= frac- 
444. Applying the formulas p—. 2 9—6 ang t, transform the 


x A- 
tion + to the form Sn 605 A-A 


fact 
ke advantage of the 
i sin D4 Then take ady 


is 
Prove that the A 
me point of the circle about a side of t triangles 
=BM and prove that the a e 
» Use the statement of the preceding pe ilie 
K=a,and Z KCB —. Using 
aw of sines, ous AK, KC, AB, and KB in 
the connection 


B : he 
angle ABC, then the point AI is taken on fhet 
arc AB, MK | AC, MF | AB, and MDI BC. Taking advantage of AKF 
that it'is possible to circum about the quadrilaterals M- 
and MFBD, prove that ZAFK-— Z DFD, 15 . Ci 


e 
Circumscribe a circle about th 
triangle ABC and extend the angle bi 


C 
: 152. Prove that Z ABH = Z OB 
(Fig. 171). Then take advantage of the fa 

BDE are similar (D and E are t 


altitudes) and that the n 
(+13) em. Take advantage ol jp 
and apply the law of cosines to the triangle 
5 V AE .. "MET 
155. 420". 155. » carota, T E zm) I 
2arctan VEFET -k1 
— cle. 


2 


—Bps 


154, SRYS 


and ~ 


aC. 
+ 457, arccos = 159. 12 em. 160.— Fe 
i E * 
n A em, 4 y 3 cm, and à cm. 162, VFF, 163. ? ~~ 
sin Bein pm 169 2 em snd 3 em, qot 30°, 20°, and 120°, 167. a (x—B—W) 


LII ME MT 


35 
70, > i i 
1 35 4; 9m. Determine the kind of the triangle. 171, £ 


V3 m- 
and 420°; va em and —3— s 


3 Let M be 
7° 
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the centroid, CM and DE intersect at P. Take 
advantage of the fact that MP-PC = PE-DP. 
172. a°+-b* = 2c*. Take advantage of the result obtained 
in the preceding problem and apply the formula 
for expressing the median me in terms of the sides 
of the triangle. 173. 2 cm and 4 cm. Take advan- 
tage of the fact that the perimeter of the triangle 
BDE is independent of the choice of the point of 
tangency and apply the law of cosines to the tri- 


angle BDE. 174. s4 cm. Prove that the triangles 
DEC and ABC are similar, then DE—EC —15 cm. 


Take advantage of the facts that the centre of 
the circle lies at the point of intersection of AD and the perpendicular drawn 


175. Bb cotB. Take advan- 


to DE through its midpoin; and that sin a=t. 
tage of the facts that the line segment BH (H the orthocentre) is the diam- 
eter of the circle and that BH — 20K (see Example 8 from Sec. 2), where. O 
is the centre of the circle circumscribed about the triangle ABC, and OK is 


5 
the perpendicular from the point O to AC. 177, 10 = em. 


178. VEF abeo a 179. SR 180, 25cos-L-. 1481. arccos E " 
2sin 24 5 4 k 
ecd 4sin S 2 B cos mh 
— dms E « (a) [Let 
%—arecos —— if kz4. 182. EAN] » 183. (a) 1 one 


p. y, and 6 with the sides. Express a and b, 
the radius of the circle, and the angles c, 
B, v, and 0 by the law of sines. 184. Let the altitudes, BD, AF, and CE 
Intersect at the point H. Circumscribe a circle about the'quadrilateral AEHD 
ànd prove that AC-CD-— CE-CH —abcosC. In a similar way, prove that 
BD-BH=accos B, AF-AH —bc cos A and then apply the law ,of cosines to 


each of the sides a, b, and c. 185. 15 cm and 20 cm. Circumscribe a circle 
about the given triangle. 186. 17 cm. Apply the Pythagorean theorem to the 
triangle OKM (Fig. 172). 187. 2 cm and 2 cm. Take advantage of the fact 
that the perimeter of the triangle AMP is independent o! the choice of the 

of cosines to the triangle AMP. 


Point of tangency and apply the law 
188. arcsin z3 y ae if k> y 2. Denote the radiusof the in- 


scribed circle by r, and the acute angle of the trapezoid by z. Express _the 
Sides of the tro pesii, the diagonal, and then the radius of the circumscribe 
Circle in terms of p and x. 189. 2 V 4tan?a-9. Prove that EM is a 


Median of the triangle CED, and, therefore, — EM= CD. 


190. ome Prove that EH is perpendicular to AB. 
V254-36tana ` 
65 
191, Provo that sin Z (44- B) <0. 


ze 
lines 4p ; int K lyi left of AB (Fig. 173) 
d t the point K lying to the left of AB (Fig. , 

and the dinate Cust inseribed in the Loan MM Find the angles 
cm. 195. VTO cm. 


9f the triangle. ODC. 193. 12 V5 cm. 194. 275 


1 
of the diagonals form angles &, 
c and m, dı and d, in terms of 


This means that the straight 
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a 
i Rsin-5- 2 
2 mE 
(V1 —1).197. —=~ . 198, Fa 199. FR V 44sin a 
sin( RUE: ) 


R 
196. > 


R (y3 / 5-sinta). 
in cos œ. 200. 3 . 201. FZ (V3 cos a+ V3+s 
ab a a 7 
202, Z va . 203. 3 cm. 204. È tan? F205. 4R sin? cos. 206. §0.6a 
3 3 / A -2ar Y 3 Y3 
—Ay2 /3 +r—V 4rt--2ar V 3 . 
ay, SAVE Quo oam, SV Ur = era 
b b E ane. 
209. = tan tan? (4-4). 210. —————_-. 241. 4R cos 7 sin* 8 


4 sin æ cos*5- E dtes 
212. Let the circles circumscribed about the triangles ADM and BDK i 
sect at the point P. 


— 80? and 

Bearing in mind that ZDAM + £DPM — 490. 

£DBK-- ZDPK—180, prove that ZMCK 4 Z MPK — 180°. jn terms 

Express the radius of the inscribed circle, as a reference element, les O,PH 
‘of the known linear elements and Z AOB= 2z from the two eri gt J 

and O,MB, where P is the midpoint of KH, and M is the midpoin 

7 š of 

ae n(Y ipes $ o) tas. espes 06 in rt a 
R and æ and apply the law of cosines to the triangle ODC (Fig. 2) 

which OD=R, CD—z, and ZOCD=150°. 215, 2rtan + px 

Apply the law of cosines to the triangle OAO,, where O and 01 am 


centres of the circles. 216. tan? < 


21. 8 V r-aresin a —r—a cot 7 |* 
sin=> 
2 A 
See the hint to the preceding proble 
"Es d ^. 
sin 5- (0 cos —5-— V Ar3 —B sin S. s alix 2) 
247 2 2 5 : 


ine 
Find the cosi" 
cos? S 
og? -2— 


and 
of the angle 040, and apply the law of cosines to the triangle OAQ1 (Qa 


4 
K A = 


Fig. 173 


Fig. 174 


Answers and Hints 209 


b —2 V bc cosa 
O, are the centres of the circles). 218. re hosa Take advantage 
of the facts that AM?=AC-AB (Fig. 175) and that AM —AD-J-DM. 
2— qa? 2 A. 
219. DE b—a amd mei ae 2ab cos a. 
2b sing 
that OC? — OD.OE. Apply the laws of sines and cosines to the triangles OEC, 
ODC, and CED, 223. 360 cm?. 224. (a) 9 cm*; (b) 3cm?; (c) 12 cm?. 225. 4 cm?. 


. Take advantage of the fact 


3 3 0 /3 1 TI td 
226. (3425/3), 207, 2901 3-, ms Leg) it icas yZ. 
229. m? cos? em. cot æ. 230. m sin f (V Emsi p+ m cos p). 
: qi Lene. 
i E / 3 cos a +sin a á 2 
231. sin (a —p) 2v 4 ions 
2cosasinp ^ 232. sinc 233. (a) em aty 
Dad 9a 
sin (a — y) tan 3 sin c sin y 
à : (0) sin (~+ y) 


2sin («+ 7) ' 


234, Hein VTE pb. 235. 2 va . 236. Express the sides of 
the triangle in terms of R and the angles A, B, and C (using the law- of 
Sines) and prove that sin A sin B sin cat. 237. ab V3. Express the area 
of the triangle in two ways: by Hero's formula and the formula S= pr. 
238. (Vs, + V 3,)*- Introduce the notation: BQ—z, CQ=y and take advan- 


; zy)? S 
tage of the facts that Sage (ZHL) and that -57 


239, (V 514- sey sy. See the hint to the preceding problem. 
240. c. Determine the kind of the triangle. 241. 200 cm*. Let AK and CM 


be the i ; D the altitude of the triangle 
perpendiculars to the tangent, and BD | a i A 
ABC. Establish from the similarity of the triangles ABD and BMC that 


of the triangles AKB and BDC that 


u^ 


A H 
w= , and from the similarity 
BD 
-= 


=Z 2n abe Taking advantage of the fact that 
AB ` * mke}nkb4+ mna * : j 

Sozr=Supr+ Suen Spp, express Sper in terms of m, n, and k and 
> Sines of the angles of the triangle 

angl Then express the sines of the E 

tere of the triangle ABC in 

43 E of its area and sides. 

of the Cos g cos f cos y. Taking advantage 

and p? fact that the triangles ABC 

Tom EA are similar (see Example 11 B 

b cos p; ec, 3), ascertain that FD= 

ing ad analogously, DE =c cos y. Tak- 

Zi p avantage of the fact that ZABE— 

ple 3 m,Z4DE = ZFCA (see Exam- 


FD irom Sec. 1), express the angle = 
9 In terms of the angle BAC. 4 D M P 
zu, SVE i 
4 + Introduce the notation: Fig. 175 


1401286 
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AC=b and BC=a. Applying the law of cosines to the triangles ABC. ACD, 


Qa? +b? = 12, ] - . 
and BCD, get the system: indc 245. 3 1/2. See the hint to the 


preceding problem. 246. = cm?. See Example 5 from Sec. 4. 247. 210 cm?. 
Let OP | AC (OP —10 cm), BH be the altitude of the triangle ABC, and 
OK L BH. From the triangle BHD find that BH —20 cm. Then in the trian- 


gle OBK, BK—10 cm and ZOBK=ZBDH,; from this triangle find the 
radius of the circle, then AP, AC, and, using the formula CD-AD=BD?*, 


— by? si " 
fnd CD. 249, (€—P 5h *— 250, ar, 251. 435 eme, 252, 48 cm’. 
ders 
253, SVS 254. 147 emê. 255. 126 cmi. 256, 1476 eme. 297. 336 cm? 
258. 108 cm*. 259. 25 VB cm*, 200. 150 emè, 204. 4 e*t) tan e. 
"e 
4sin ath cos = z 


H 
262. 2R? sin 2a sin? a. 263. ssinasinp . 264. 3 sin B cos («— v). 


265. Draw the altitude BH and bring into coincidence the point M with the 

point H. 266. (a--b)*. Prove that S40p— Scop and take advantage of the 

fact that Spoc MC 267. 20 cm?. The straight lines divide the rhom- 
Scop OD a 

bus into nine parts, four of which are triangles. Denote the area of the 

small triangle by z, show that the area of the quadrilateral adjacent to the 

side is equal to 3z, and express the area of the triangle ABN in terms of 


Sab '/ ab 
the area of the rhombus. 268. RE See Example 7 from Sec. 3. 


269. 70 cm?. Take advantage of the fact that San a . 270. 40 cm*. 
cop 
Denote KD by z (P and M are the points of contact of the circle with AD 


and AB, respectively). Taking advantage of the fact that PD2=CD-KD, 
express the line segments PD, OP, and MK in terms of z. 271. 20 cm? and 
10.4 cm?. Introduce the notation: AB—z, BC=2r, and ZABM=a. Apply 
the law of cosines to AM (in the triangle ABM) and CM (in the triangle 
BMC), and then use the formula sin?@-+-cos?a—1. 272. 49-+2c% 


273. 926 cm?. 274. 2a? (V 3—1). 275. 3. 276. 289 (V 8 + 1) cm’. 
211 R? r3 37 

. -y (8 3—9). 278. pz. 279. 11 cm?. Introduce the notation: BF =» 
AF-—2z, BK=y, CK=3y, and compare the areas of the triangles BKF 


784 2 x /34—418 
and ABC. 280. ypg. 281. (V3 — a). om. EV arma 
283. (a) (a + b) Gr ee E S à po s a—b. na?b? -— 

a 2 ] z (&*— b?) arccos app Q0 Guy 
=a 5 - a? 2 " a . 
7M. qg B V3-a). 285. 5- (n2. 286. (a) Eaa y e VIM! 
(b)g? G —2 YJ (à — a; ©) ut - n)- 


= 2 =, 
287. R? (a-sin a). 288, M 289. 10R2 (v52) E = eV: 


(n—3V 3) (44. V7 
2. SEV) 292. Prove that CD? = 4C. BC- 
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bs 
293. FZ cot P (B —sin B cos (2a-++-f)). Take advantage of the fact that the circle 


passes through the point C. 294. Le = 
2 i-+tan?a 


The “star” is the difference between the n-gon with vertices at the centres of 


na? cos? & an z 
cot d = 
mi Feina) ( ot a+ 2 ) where a am 


; an E 
cot a-+a \; where o = — 
2 j n’ 


the circles and n sectors. 295. 


See the hint to the preceding problem. 301. 75 cm. 302. 2 ys cot = " 


2ab cos. -T- : ——————H$ 
303. (a » ab sin y " / q? sin & -+ 2ah cos o -- 2ah 
e a--b i (b) c ; 3M. V ^ sina 
305, V 2 " a—b? P V 28 sinc sin sin y 
NEST 306. arctan —7.—. 307. Como 0 8 
TV 145 
5 


308. 120° and V3cm. 309. cm. 310. Introduce the notation: b= 


@+d and c—q.L oq, express the area S in terms of a and d, using Hero's 


f b 
Oormula, and then take advantage of the formulas R = 4- and r— E 


"hs y AERE. . Let the altitude of the trapezoid be divided by the line 


2 
se Ms , b 1 a+b mi 
Ement x into the parts h and kh (k > 1). Then +z kh= -7—3 (k+1) b 


r— e 
md b L . From this system find z. 312. 14.4 cm. Take ad- 


y a—b “kri ] 
oinage of the similarity of the triangles AKD and CKM, where K is the 


j SOIL of intersection of AM and CD. 313. 4.5 cm. See Example 11 from 


| N 
dic 314. 24 em, See Example 11 from Sec. 3. 315. 4 cm. See Example 4 
Pa Sec. 4. 316, 2V SSES Introduce the notation; AC = € andi 
Ba Vasi Si ^C l 
th E Express the ire of the triangle ABC in terms of z and y. Prove 
hat |! i i ; 
f ue ye, 317. 8.25 cm. Find the radius of the circumscribed salo and 
EE T a SYE om 
26 Vantage of the statement of Example 8 from Sec. 2. 318. —g— €» 
V3 l 
(37 cm, and 10/3 cm. Prove that a:bic = 4:13:15. and introduce the 
T 43 
“tation: jane 3 d troduce am 
= @=42, b—13r, and c = 157, 319. MÀ . Intr 
1--6c0s —- 


auxi]; ^ 
iliary Parameter AC=b then BC = 3b. Apply the method of areas: 


acDo4 g 7 D; D le 13 from 
DCB— S4ck-LSgcp. 320. Vi a py 9. See Examp 


Sec H 
Se 3n, Save See Example 13 from Sec. 4, 323, The triangles 
5 . oa z sider 
nosy met POR are symmetric with respect to the point M: Pah ds un- 
9wn, then With respect to the midpoin be constructed, 
* € triangle with sides e, b, 8n 
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a <m< , Where m is the length of the 
given median. 325. Ascertain that the point 
of intersection of the medians of the triangle is 
the centre of symmetry carrying the triangle ABC 
into the constructed triangle. 326. Consider the 
symmetry with respect to the point P. 327. Take 
advantage of the fact that the point of intersection 
of the diagonals of a parallelogram is its centre 
of symmetry. 328. Draw a straight line through 
the centre of symmetry of the parallelogram. 
329. Take advantage of the facts that the centre of the 
circle is its centre of symmetry and that the corre- 
sponding lines incentralsymmetry are parallel. 330. The 


-h 


Py centre of the circle is the centre of symmetry of the cir- 
cumscribed hexagon. 331. Ascertain that the point O 
Fig. 176 of intersection of the diagonals AD and BE is the 


centre of symmetry of the hexagon A BCDEF. Further, 
Sacoa = Sagar, Sacoz = Ssorr, and Saro4 = Saone. Adding these 


equalities termwise, find that SAACE = 4s ancozr. 332. Let the point A’ 


be symmetric with respect to the point A, M being theicentre of symmetry 
(Fig. 176). Then the angle BKA'jis known (K is the point of intersection of straight 
lines BX and 1). Hence, on the line segment A’B, where A’ = Zm (A), construct 
a segment containing the angle equal to 180° — a, K being the point of inter- 
section of the arc of the segment and the straight line Z. The problem has two s0- 
lutions. 333. The desired straight line m is passed through the points symmetric 
with respect to the point M and belonging to the sides of the angle ABC. To 
prove this fact, establish that the area of the triangle cut off by a certain straight 
line ! containing the point M and different from the straight line m is greater 
than the area of the triangle cut off by the straight line m. 334. Take advantage 
of the Symmetry whose centre coincides with the centre of the circle. 335. The 
midpoint of the side BC (point M) is the centre of symmetry of the parallelogram 
BXCY (Fig. 177), Therefore, the transformation carrying z into y is a symmetry 
with respect to the centre M, or, which is the same, a homothetic transforma- 
; " = 
tion H, with centre M and the ratio of similitude k, = —1. Since XY = AZ, 
ation carrying Y into Z is a homothet- 
he point of intersection of the straight 


i : itude ka = 2, The composition of these 
Homothetio transformations H°M, is a certain homothetic transformation 
e ratio of similitude k = f... = —2. Let us find its centre 0. Since 


T, (M) = M, H (M) = H, (M)oH, (M) = H, ( 


ly, OA = 
M) — A. s B ] “a 
~2031. This ) Consequently, 04 


gram inscribed in the given quat? 
x Ty a ine parallelogram, He Pi 
i ; respectively (Fig. 178). Obviously», 
bated, eee and the image of ME a ibo lumiatey with 
he symmetry with E the point of intersection of MK and the imag 


LM, and B to MN, Si espect to the centre O. Let the point A belong t9, 
i e Tos (4) = B = i that 
is the point of AB and TE (D) — C, this means 


intersection of ga “and the image of ML 
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Fig. 177 Fig. 178 Fig. 179 


Remark. In this problem it is supposed that the vertices of the desired paral- 
lelogram may belong to the sides of the quadrilateral or to their extensions. 
337. Let us denote BC = a and AC = b, then, by the hypothesis, a > b. Let us 
dwell on two methods of solution of this problem. First Method. Construct the 
point D symmetric with respect to the point C, M being the centre of symmetry 
(the midpoint of the side AB), and join the point D to the vertex A (Fig. 179). 
The constructed triangle ADM is symmetric with respect to the triangle BC M, 
M being the centre of symmetry. Consequently, AD = BC = a and ZBCM = 
ZADM = f. Thus, the triangle ACD is obtained, which contains the angles œ 
and f we are interested in, the opposite sides AD and AC being respectively 
equal to a and b. According to the hypothesis, a > b, and, therefore, & > B. 
Second Method. Join the midpoint Æ of the side AC to the point M to form the 
triangle CE M with sides EM — 4 and CE = d The angles of the triangle CE M, 
Which are opposite to these sides, are equal to « and B, respectively. This can 
Je readily proved, using the midline of the triangle. 338. (a) Take one vertex 
9n the axis of symmetry, two others not on the axis and construct the vertices 
Symmetric to them; (b) a pentagon having two axes of symmetry isa regular one. 
39. Take advantage of axial symmetry, carrying one straight line into the other. 
0. Construct the image of the smaller side, using the symmetry with respect. 
to the bisector of the angle opposite to the given side. 341. After having used the 


Symmetry with respect to the middle erpendicular drawn to the third side, the 
Problem is reducen to constructing a Veimgle given two sides and the included 
ingle. 343. See Fig. 180. 344. It is possible to carry out the proof by contradic- 
ion. If a straight line containing the diagonal of the pentagon serves as its axis 
of Symmetry, then two and only two vertices of the polygon lie on this axis (since 
e pentagon is convex). The remaining three vertices must be equally distrib- 
uted on each of the half-planes with boundary J. But it is impossible for three 
Yertices, Consequently, such a pentagon does not exist. 345. The solution is 
Similar to that of the preceding problem. 346. Construct an auxiliary triangle 
given two sides and the included angle and then use the symmetry with respect 
:9 the middle perpendicular to the third side. Either the given angle or that ad- 
Jacent to it is taken. 347. See the hint to Problem 346. 348. (a) Construct any 
te ameter of one circle and a perpendicular diameter of the other circle; (b) ex- 
end the diameter AB of the smaller circle to intersect the greater circle at the 
Point C. Construct the axes of symmetry of the line segments AC and BC. 
ae The composition of axial symmetries Sr ° 59? Spis asymmetry with axis I 
g dS.oS.oS (4) — 4. Consequently, $1 (4) = A, that is, A belongs to l. 
por truet the straight line J, taking into account that Z(p, d) = (l, r). Any 
int of the straight line Z can serve as the vertex A. 350. Through the centre of 
v circle draw three straight lines perpendicular to the given ones. Take ad- 
line ee of the result obtained in the preceding problem. 351. Let the straight 
ally ot intersect the straight line CO at the point H^, and let C be diametric- 
OPposite to C (Fig. 181). The rays CH and CO are symmetric about CM, 
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B 
i AN 
a < 4 
E cS 
NL 
B D 
Fig. 180 Fig. 181 Fig. 182 


rilaterals. Since ô (AD) = AD and ô (0) = 0, ô is an identical transformation, 
Sq o Sp 


and the axis of symmetry by I. Then S; (A) = D, Sı (B) = C, and Sı (AB) = 
DC. Hence, Sp (AB) = DC and S; (AC) = 


, and N the midpoint of the chord CD. Since AO a 
OB and AM = MB, OM is the axis of symmetry of the points A and B, whence 
it follows that OM LAB. Similarly, ON is the axis of symmetry of the polat 4 
and D, and ON | CD. Taking into account that AB || CD, find that OM || ON, 
and, therefore, OM = ON. 358. Let d 
centre of the circles F, and F5. The circles F, and F, intersect at A and B, an 
the circles F, and Plat C and D i 


whichis the intersection of the circles 


set id Gat the triangles 
I 0 
lies below the strai Dt Inc m. tiie s 


AOD and AKM are similar (they 
hence, / AK M = 60°. If the pol he 
analogously that ZAKM = 120°. r to 
that the angle AKM is equal eithe 
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60? or to 120? belongs to the required locus F. Finally, get that the locus F rep- 
resents two straight lines passing through the point K at angles of 60° and 120° 
to the straight line AO, or, which is the same, at angles of 30° and 150° to the 
given straight line 1. 362. Let A be the given point, Z the given straight line, A’ 
the point symmetric with respect to A about J, and m the straight line passing 
through A’ and parallel to J. It is easy to see that the sought-for locus F of 
points is symmetric about the straight line AA’, and, therefore, consider only 
the half-plane lying to the right of AA’ (excluding this straight line). Let C be 
a point belonging to the locus / and lying above the straight line m, and let B 
be the second vertex of the regular triangle ABC. Then the circle of radius AB 
with centre at B is passed through the points A, A’, and C. Hence it follows at 
once that ZAA’C = 30°. And if the point C lies below the straight line m, then 
ZAA'C — 150°. It is also clear that there is only one point A’ belonging to the 
locus F on the straight line m. Thus, the points of the locus F, which are situated 
in the half-plane to the right of AA’, lie on two rays emanating from the point A’ 
and making angles of 30° and 150° with AA’. Prove that this pair of rays is the 
right-hand half of the sought-for set of points F. Finally, get that the locus F 
represents two straight lines passing through the point A’ at angles of 30° and 
150° to the straight line AA’, or, which is the same, at angles of 60° and 120° to 
the given straight line Z. 363. Construct the point M’ corresponding to the point 
M after rotating it about O through an angle of 90°. The distance from the point 
O to M'N is equal to half the length of the side of the square. 364. Construct the 
image of one ol the circles after rotating it about the point O, the centre of rota- 
tion through an angle of 60°. The point of intersection of the second of the given 
circles and the constructed one is the second vertex of the triangle. 365. Construct 
the chord of the circle of the given length and the circle concentric to the given 
one and passing through the given point. Consider the rotation about the centre 
of the circles in which the point of intersection of the constructed chord and cir- 
cle corresponds to the given point. 366. The rotation about the centre of the tri- 
angla through an angle of 120° carries M into N, N into P, and P into M; MN = 
T, 367. The rotation about the centre of the square through an angle of 90° 


pa 
" x 10 : 
carries P into Q, Q into R, R into S, and S into}; P T 370. The line 


Segments AD and AE can be laid off in two ways. In one case, the condition of 
the problem is not fulfilled, In the other case, there is a circle passing through 
he points B, C, D, and E (its centre lies on the axis of symmetry lof the “but- 
tery” DEABC). 371. Let O be the point of intersection of the diagonals AC 
and BD of the square ABCD, MN and KL the intersections of the square and 
the given straight lines (the points M, N, K, and L belong respectively to the 
Sides AB, CD, BC, and AD of the square). Then RỌ” (AB) — AD. The image of 
the point M is a point M’ of the line segment AD such that £ MOM 90 i 
at is, the point L. Analogously, RY (N) = K. Consequently, RO (MN) = 
KL, and, therefore, MN = KL. 372. To prove the equality of the line segments, 
s Is necessary to find a motion in which one of the segments goes 
Since the angle between the straight lines containing the indicate 
ments is equal to 60°, it is only natural to consider tl 
Truce the rotation about the point O through an ang 
nto itself, it is appropriate to consi t 
is rotation, the point A goes into B, B into C, C into A, 7 
denen CA into AB. The point Æ belongiak to AC goes into oe 
lon S.D to 4 Pi : int F belongin| 
longing te A (Fig 488); the t S PON 8 120?). Consequently, EF goes 
mee MN. Hence, EF = MN. 373. Let PKL be the desired triangle (Fig. 184). 
phen the points K and L ‘are equidistant from the point P, belong to the straight 
Ines @ and b, respectively, and are seen from the point]? atian angle of 60°. Since 
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Fig. 183 


the point L is the image of the point. K when rotating the point f ME s 
angle of 60°, it belongs to the image of the straight line a in the indicated TO a 
tion (that is, the point Z is a common point of the straight line a^— B (a) a 


one point of intersection with the straight line a^ and no more than one poime 
of intersection with the straight line a” = RP (a). 374. Perpendicularity 


note that the points M and B are equidistant from the point A, and 2 MAB = 
90°. Analogously, AC = AP, and Z.CAP = 90°. Hence, the rotation about the 
point A through an angle of 90° clockwise carries the point M into the point B, 
and the point C into the point P. 375. Consider the rotation of the plane about. 
the point M through an angle of 90°. 376. Consider the composition of two rota- 


7 E » -> 
tions, RD’ and RE”, Geta carry T_, in which the point D goes into F, and DF = 
AC 


AC. But Z FDE = 45°, and, therefore, the desired angle is also equal to 45°. 
378. Let 7_, (B) = B’, and E be the midpoint of the line segment AB’. Through 
cb 


the points 4, B, C, and D draw straight lines parallel to BE, 379. Let BC |l 
AD. Consider the image ofthe diagonal AC in the carry T_,. 380. Let BC || AD. 


A 
Consider the images of the line segments AB and CD in the carries T_, and T_,- 


BM CM 
Prove that the bisector of the angle of the obtained triangle is at the same time 


a median (Fig. 185). 381. Consider the carry T—,. Constructing the corresponding 
AC 
point L for the point K, find that AK || CL, ¿KCL = 90° 
ZA KC = 90°, 382, Carrying the later 
tance determined by the base of the tr 
tude of the triangle 
logram OABC to iiy straight li als 
i 1 1 € distance of the point of intersection of the diagonals 
to this straight line, 384. Construct an auxiliary circle, which is equal to ma 
à i sed through the point M (Fig. 186). Not 
pud = 2R and MO, = R, 386. Let AD and BC be the bases of the trapezoid 
> M the midpoint of the line segment BC, and N the midpoint of the line 
Segment AD. In the translation T_, the point B goes into the point M, and the 
A n i BM 
Point 4 into the point A,. In the translation T_, the point C goes into the point 
M, and the point D into the point D,. Then Agi AN —AA,— AN — BM (D 
b [AL ND, — ND. — MC (2). Addi Equalities (1) and 
GI, find that AY WD, MC O. A DEP quU (D d 
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M 


Fig. 186 


AiN + ND, = A,D,, and, hence, A,D, = AD — BC (3). Since A,N = ND, 
MN is a median of the formed right triangle A, D,. Therefore, MN = y4N + 


ND,. Taking into account Equality (3), find that MN 14D; -i (AD — 
BC). 387. Denote the vertices of the trapezoid by A, B, C, and D (AC = 13 cm, 
BD = 20cm, and AD + BC = 21cm). Then $Apcp— = (AD + BC) h, where k 
is the altitude of the trapezoid. Consider the translation 7_,. This translation 
Carries the point B into the point C, and the point D into the point D’. The area 


of the triangle ACD’ is equal to L4 DA. But AD’ =AD + DD' = AD + BC, 
ind. therefore, the area of the trapezoid ABCD is also equal to the area of the 
tiangle ACD’, 388. Denote the centres of the given circles by 0, and Qs. Then 

e translation 7 _, carries the circle with centre O, into the circle with centre: 


O, T x O103 : : A — 
e. In this translation the point A goes into the point C, and the point B into 
the point D. | emen pq — BD — 0,0, — d. 389. Suppose the desired: 
Quadrilateral ABCD is constructed (Fig. 187). Carry out the translation TX 


of the side DA and the translation 7— of the side CB. Now, emanating from 


the poin i ‘ ¿nown length. It is 
tN a , NM, and NB, of known length. It is 
N are three line segments NA;, 7 pd d pied T h 


easy to show that M is the midpoint of the line seg 
of the line segments AA, and BB, are equal to DC. these line segments being: 


Parallel to D i Bi llelogram. The 
i C. Therefore, the quadrilateral A AB,B is a para grar 
Point M is the midpoint of its diagonal AB. Therefore, M belongs to the diagonal 


12; and is its mi int. , in the trian le NA,B, the sides NA, NB,, and. 
Ls median p a are Twn. To construct this triangle, 
ont the point M, symmetric with respect to N, M being the centre of sy ee : 

id p ously, A,N, = NB,. The triangle VN,A, can be constructed by three known 
stipe’: that is, VA, = DA, AN, = NB, = CB, and NN; = 2NM. Now con- 
i mE the required quadrilateral. Divide the line segment A N, by the point M 

? two equal parts. Construct the point B, symmetric with respect to the pont 
df being the centre of symmetry. Construct the triangles 4; MA and BM. i 

Aree sides, Carrying the line segment AA, by Tox and the line segmen 
dadrilateral ABCD. It is 


Bp à 
^ u by T_, , get all the four vertices of the desired qu 
iffi n H : 
cae difficult to show the uniqueness of the solution. 391. Consider the general 
ting, 45 triangle ABC is irregular, and, hence, the points O, H, and M br js 
* The homothetic transformation with centre M and the ratio of similitude 
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Fig. 188 Fig. 189 


diit carries the triangle ABC into the triangle A'B'C' whose vertices are 
2 


i i i i ides of these 
midpoints of the sides of the given triangle. The corresponding si. i 
Wi eit ae 4 m a he a 
itudes A' 41, B'B;, and C'C, o C', PE 
pe pot TES the sides of the triangle ABC drawn re mnei mid- 
points. Hence, in the indicated homothetic transformation, the poin het 
tersection of the altitudes of the triangle goes into the centre O of the yd 
eumscribed about the triangle ABC. Hence it follows that the pornn (tae 
centre of the homothetic transformation), H, and O (the correspond ing po 


i 1 iH 
in the homothetic transformation) lie in one straight line, and MO = — MH, 
Tr z= ; = Eu- 

"whence OM = ly. If ABC is a regular triangle, then O = M = H, and 


ler's line is indeterminate, 392. Let KD be the desired line segmento, that is, 


KM:MD = 4:2 (Pig, 188). 


" PZ ies 
Then the homothetic transformation H,” carrie 
the point D into the point 


K. Since D belongs to BC, K belongs to B’C’, where 
$ d B'C'. 
BC’ = inj (BC), Consequently, K is the point of intersection of BA an 
On constructi 


; ; f 
ng the point K, find on BC the point D, which is the preimage 9 


the point K in the homothetic tran 
touching each other at the point 
Consider the homothetic transfor 
mation carries the point A into t 


sformation Hm? . 393. Two circles n and 0s 
M are homothetic with respect to this Poor 
mation which carries R into S. This trans the 
he point C (Fig. 189), and the point B et 

f homothety, find that AB l| CD. 394., Je ix 
le o with centre O and radius r and the circ 


k : ec- 
dius r,, and a the secant intersecting the circles for the $ 
ond time at the points A and A, (Fi i 


Since 0,4, 


these line segments 


are parallel. 395, Denote the Point of intersection of the strai? p 
lines MP and N y X, the point of intersection of the straight lines Moy 
and NS by Y, and the Point of intersection of the straight lines PR and Q ions 
Z. It is easy to note that the Composition of the homothetic transformat 
HW. P) and HP» R) 


p ansformation HOUR), HQI, P) denoting 
the homothetic trans tre X carrying the point M into the pol? 


is: q homothetic tr 
formation with cen 
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g. 192 


[o 
Fig. 191 Pig. 192 Fig. 193 


P. But if the composition of two homothetic transformations is a homothetic 
transformation, then the centres of all the three homothetic transformations 
belong to one straight line, that is, Y belongs to ZX. The second part of the prob- 
lem is solved in a similar way. 396. Consider the homothetic transformation H 4 
carrying the circle œ into the circle œ. In this case, the points Af and N go into 
the respective points M, and P, (N, is the point of intersection of the circle o 
and the straight line A.V, and P, is the point of intersection of the circle o and 
the straight line A P). Then the straight line V,P,, as the image of the straight 
line NP, is parallel to it in the homothetic transformation. By virtue of the par- 
allelism of the straight) lines MQ and M,P,, the ares MN, and QP, are 
equal, and, hence, the corresponding inscribed angles MAN, and QAP, are 
also equal, thatis, ZMAN = ZQAP. 397. Let M be a common end 


point of the linesegments, Ay, Az, As, ... points of the straight line, which 
are other end points of these line segments, and Mı, Mə, and M; points dividing 
the line s»zments MAn Más, MA ... in the given ratio A, i.e. MP 
A.M, AM. E MM, _ MM: _ MMs ea aie 
Anar aa «+A, Show that “WA, MA tA, 

MA, MM-- Midi Midi. 4.15, then MM, i . Analog- 
MM, ~ MM, Ua, MA, IFA 

1 1 1 
i 14A 1+4 14A 
ously, HUE 3 „etc. Consider Hy + Hm (41) 9 Mi, H qt (Aq) = 


MA; IFA f PP SUR 
Ms, étc. Taking p consideration that the image of a straight line in 
a homothetic transformation is a straight line, find that the points Mi, Mp, 
M, ete, belong to one straight line. 413. Let DA inters»ct CB at the point O 


— 

Fig. 191). Then OD = aO À, and 0C= «OB. By hypothesis, AN||CM, and, 
> > = > a — 

hence, 0M —824 and ON =fOC. Consequently, OD = 7g OM, and ON — 


€ — 


POB. Hence, DMI WB. 415. K is the midpoint of the chord AC, therefore, 
ORL OP TA (Fig. 192), and L is the midpoint of the chord BD, hence, OL = 
TOR. ob, aud OM = 4 (0-08 -0C-- 0D. Hence, LM=0M—0L= 
T 0106, Thus, OK LA, and, henze, the quadrilateral OKML is a 


> 
Parallelogram. 416, Let CC, b» a m2diaa of the triangle ABC, then CC, = 
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[Fig. 194 


1— — — 1 — — — — 

«(CA CB) and |CC,|= 7 |CA+-CB|. Since CA and CB are noncollinear, 
— — => =y 4 

ICA--CB| < |CA| + ICB]. Hence, CC; “T (CA+ CB). 417. It is known that 
— — — — 

MA +MB+iC= 0, and, hence, OM = + (04 -- 08-00, O being an arbi- 


UAR di ag the plene, Since OA, 73 and o6 are noncollinear vectors, 
ioin <+ (041 + JOB] 4- OC |). Hence, ou « - 3 (04-4-OB--0C). 418. By 
— 
hypothesis, . ABCD and nd 4B1C1D, are pnl. therefore, AC, = 4B, + 
AD, and AC— AB C3 " m 5100); Bae the second veut equality "o from 
the first: AC; — AC AB, — — AB-L 4D; — AD. Conse uently, CC, — BB, +DDy, 
whence CC; < BB,-- DD;. 419. Let Ay, Bo, C, em D, be the. midpoints of 
the line segments AA), BB, CC, and DD, respectively (Fig. x Wed Then f. for 
an div point O in the plane 0d, + (04-- 04), 0B 0B,— EXC OB By» 


— 

OC, x ehe. and OD, = 4 (0b + 0D). Hence, AB, = OBo— 
— = — > i e 
ds 058—904 02, 03 = (AB + A.B), DiC = 00, — 0D, = 


z0- -0D406,-0D)-. (Be Bey sy hypothesis, ABCD and A,B1C1)3 


are parallelograms, therefore, AB =D and AB, — Di, consequently» 


AoB, =D, Co, and th 
particular ies oF pe ApBoCoDy is a parallelogram. The req uired 


utual arrangement of the given paral elo- 
grams are shown in Fig. 194b and c, 420, Let = B ER DS and 0 
B 


Rp an 
Qc SA 
. => — — 
be an arbitrary point in the plane. E =k, whence OP— 04 Lk, ands 
pey = ee R 
5 y PB OB — OP 
—5 OA+-kOB OB kOe OD. 
hence, OP — k41  - Analogously, 00 = CET Hh k 


* 


Epi OR= GFA 
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Fig. 195 Fig. 196 
-> -> Ru ns E 
+k => 
and 0S = ODT KOs It is easy to note that PQ=SR. Indeed, PQ—0Q— 
D NEC = cx. R boh 1 = k > 
= EET Ob 0A ppr OC — OB) = ppr A+ FET BC and 

mh. TE de 1 -=> = p — = 41> ko 
SR=OR—OS = FEET (06-00) + ppr OD—OA)= yp DC ij 4D 


— — — —r > oo 
But AB— DC and BC=AD, therefore, PQ=SR, and, consequently, PQRS is 
a parallelogram. 421. Denote the points of intersection of the medians of the tri- 
angles ABC and AyByC1 by G and Gy. Let AG||BiC1, BGI|AiC1, and CG||A;B,. 
> —- — —- =p — => 
Then, by hypothesis, GA —5(018,— 06101), GB = p (101—614), and GC— 
ETÀ 3d — — — 
Y(G:4: — G,B,). Adding these equalities termwise, we get: GA + GB--GC = 


E — > - 
GiAy (9 —)-E GB, — 9-601 (HM). But GA+GB+GC —0, and, there- 
E > 

fore, G4; (y—w) + GB (A=) -+G161 (u — 9) = 9. On the other hand, 

> =œ — {> => 

G14,+6,B,+6,C,=0. Hence, find that h=y=p. Thus, X (GA — GB) = 

374 Exp = 1— — 

CA, --G,B, — 26,013 (6:4, 6,5)— —36,C,, i.e. 4 BA= —36,0,, whence 

it follows that BAI|G,C,. 422. Let An Bi, Ci, and D, be the respective 

Points of a ol the medians of the triangles BCD, CDA, DAB, and 
41 — — o> — 

ABC; OA, = + 0B + OG + Ob), OB, - 4 06 + 0D + 04), 001 = 


1 e — — — 


— 1 — —- —- 
3 (OD +0A+0B), and 0D, =- (04-- OB +00) (1). If Mand M, are the 
Tespective points of intersection of the midlines of the quadrilaterals ABCD and 


ed 
ABSC,D,, then Ont = (A-+0B-+06-+0D). Taking into account Equali- 


—X — 
tY (D, we get: Oi, = (04-0 4-06 -0D) which proves that Mi-—M. 


423. Lot " GS os E ^s. 195 
: R be the midpoint of ML and it is given that'd ||OR (Fig. ). 
Prove, for fnsknes, that in this case c ||OZ, where E is the midpoint of NP. 


= — — =F —— o> > —- 
Then, OP —mOQL, ON —n0M, and NPJ|JOR, i.e. OP—ON =k (OM--OL). Sub- 
Sti i > "n n 
tituting the values of OP and ON into the last equality, obtain: mOL — 
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OM. Si tors OL and 
nOM =kOM --XOL, ie. (Fi—E)UL-(QubnjOM. She uie wears OR. du 


i k. Then 
oar are noncollinear, m k= 0 and k+n=0, i.e. kis kand n 


OP =KOL and ON = = hOM. Consider the vector r (ON + OP), collinear with 


OE. ON -+OP = Consequently, OE|MZ. 
— —kOM 4- FOL — k(OL—OM)—kML. quent] ! 

Similarly, dt 1 is also possible to prove the indicated property a Ry 

straight lines. 424. Let the straight lines m, and 1; intersect ai th ep 


— — 4.4 à 
(Fig. 196). Prove that Kr. KC, SC,— SK, PE: 2 SA E SB, an 


1 1 SB. SB= mSB -- 
SK= SA, - AB, + 4ABK= + B+ EE — y SB--m8B— 
— — — 1 — 
AS pst u sc. On the other hand, Hm SBo-- BgAo-- AK = uw SB+ 
2 > > 4— — 4 1— sb . i ae 
A z SA—gSA+nSA=nSA +7 SB -+5 SC. Then mSB+- 3 
pects 2 2 2 
1 SA-4 ib 135 SB. + 5A=nsA+ ls, whence- 
$5€—n15A-c > SB+ 3 56, or mSB+ 5 Ft» i 
! 1 1L (SA--$B + SC). The KC,— 
n= zand E Therefore, SE ers isis SC). n K 
XY +s EET —-y SC, and, hence, KC ISC, that- 


t of 
is, the straight line n is m". through the poin : 
intersection of "the straight lines 1, and mi. 425. See EE enue 
of Problem 424, 426, First prove that in any | quadr 


MN =+ (CD 32), where M and N are the respective midpoints of 


CB and DA, MN= =MC+CD+ DN and MN = = MB BA LAN. _Adding these 


equalities and taking into account that M+ nb = 0, DN AN = 0, get: 
1 
MN= ES (CD + BA). 


MN — 


It the vectors CD and BA are noncollinear, then. 


Lensa, which is readily proved, using the 


property of the 
sides of a triangle, 


Consequently, CD||DA, that is, the 
ABCD is a trapezoid or 


04; 04+ 6B, og. 


given quadrilateral 
a parallelogram, 427. AA,-+ BB+ c= 0. Therefore» 
-0C,—OC — o. 

the medians of the triangle ABC, then 
04,--0B, LOC, — = 


If O is the point of intersection of 
E a ee i atly, 

04-L0B-- OC — 0, and, conseque: 

0. Hence it follows th. 

the medians of the triangle A,B,C. 

through an angle of Wn , Ag 

—> 
goes into CB-L BB, —CB,, 
429. Let D be the midpoi 


; f 
at O is the point of intersection 9 


428, Chis AA AC. When rotated 


a 
2A goes into CB and AC into BB», that is, CAgs 
whence it follows that CA LCB, and _Cha=0Pr 
nt of C;C; (Fig. 197), and cp — + C+ p 


When rotated through an angle of 90° 


NES e 
» the vectors CÓ, and CC; go into th 
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C; 


^ A Ay Bi 
Fig. 197 Fig. 198 


vectors CA and —CB, B, respectively. Consequently, this rotation carries the 
sum of the vectors ET p into tbe v vector cå- CB, that is, into the 
vector BA. Therefore, (CC; CC) L BA and ICC, +C; |= | BA IN whence 
the statement of the problem follows. 430. Prove that the vector PR is c ob- 
tained | by Totdting the vector 59 through an angle of 90? (Fig. 198). sQ- 
SL--Lk.- XQ, or sQ- SL EM 7 (DC -- AB)-- KO. Rotate each vector of the 


right- hand side of the last equality through an angle of 90°. ' Then SL g goes. 
into LD = 3 Ab, + pé into MR, + AB into PN, P XQ into e 


+ (ab +B0) MH-MR- 


PRA. NM-+MR= PR. Hence, PR is obtained by rotating | 50 through o. 
MA MB _ MC--MD 
Consequently, PRLSQ and PR=SQ. 431. Since i —  —À 


Mat i+ Me iib 0, ie. itd =— (A+ M94 M6) Then Ü—AMA-- 
ie and Pu Y that M 
i MA+MB-+MC= —MD, ic. $—.— MD. This means tha 
"A Midpoint of the tis segment DV. Express the area of the quadrilat- 
"spl in the following ways: (2) o) Sra A ade OSA = 
Syr i M S Suav = SMAD + SMBC- ] = 
43347, d Seb Swap Y Syne = Sapcp. Thus, Sapo’ SMAUY | uo 

L and BK be medians of du ‘rangle ABC, and M the m o 


Then $0 goes into + E 1 D RA PER I BC=PN+ 


LI 


intersection of AL and BK, then KL- AB (1). Further, KL=KM + 
e st o dE 

Mr = mE 

1L (2), From Equalities (1) and (2) it follows that KM--ML—- AB. 


hence, 2K + 2Mi = AB, but ait Lb AB, and, therefore, 2K 24 2ML— 


AM. z - MTB, or (AM —2MI)-üfB— 2KM)=0. The vectors AM —2ML and 
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AL. BK. there- 
MB—2KM are respectively collinear with the vectors AL and BK, 


— — 7 ME ES 
tore, AM—2ML=0 and MB—2KM —0, ie. AM — 2ML and MB =< 2KM, 
, AM —2 


Al MEI l the points 
hence, AAL La ang IMEL o) 433, First of all, prove that 
MB |KM| . . . a, 
M, N, Ec B belong to one and the same straight line. To this en 
, 


NG WN=MA+AN, MA= 
prove that the vectors AL and NB are collinear, MN=MA+AN, MA 


41> 
mE. d 2, €- cx 1— 4E 1 TA eset AB ub 
3 DÀ, AX LG. Dy, ary FDA + AB — qr DA pm 

> > > - 4 > 1 aT > AB 
3 DÀ- 4 GAB 1D), NB—NA--AB— AB g4B—., AD— |e 
1— — v 


-5 DA, and NB— X GAB L DA. Hence, NB=5MN, and, consequently, the 
"vectors NB and MN are collinear, 


The point N divides the line segment 
MB in the ratio 4:5, 434. In vector 


language, the problem requires to prove 
- — xd. P 
the fact that MO=0N, where O is the point of intersection of the Pu 
segments whose end points are the midpoints of the opposite sides o di- 
quadrilateral ABCD, and M and W are the midpoints of the | i 
ne m. > 1 — MO = 
agonals BD and AC, MO=MP+-PO, but MP = — DA, and, hence, 


-— 
EYES" (1). Further, ON —OR-. RN, RN 2 Da, and, consequently, 


_> 41> — 
ON —- DA+OR (2). Comparing Equalities (1) and (2) a 


nd bearing in mind 

-> > — — ie 

that PO=OR, get: MO=ON. 435, If the line segments 44, and JB, li 

— 

then in the case when A14, — BjB, there p 

y many solutions, that is, it is sufficient to take on the straight lin 

— — 
any segment C1C, such that C10,— 4 


145. And 
— — : cist 
such that 414: Æ BABs, then the required points C, and Cz do not agit 
‘obviously. Now Suppose, for definiteness, that A4 is not part 
el tol and that 4; is the point of intersection of the shrang: 

lines 4,4, and lı. On the straight line B, RB, Construct two points ich 
and M, such that By By:ByM = A,A 1:2 245, and denote by B; the one for wittes 
the following Condition is fulfilled: if A; lies between two other points, ht 
à + 142, then B, between two Other points on the SEHE 
line B,B;. Now, join the Points B, and A, and, through the points By à 


arallel to 4, ,: their Points C, and C, of intersec- 


9n straight tines parallel to lh, 
infinite] 


if the given line segments are 


2) Ca 
raight line 7 are just the required points, Indeed, aA 
Bib, A,Ay Crha = 
p dri whence, by means of a derived Proportion, get: "Eds 
1418 


had," Then the angles 410,4, and AsC5A5 are congruent as the correspond- 
ing angles of Similar triangles 


Ca. 
s i ArCrdy and ACaAa, so that 41C; || oC 
EM Onsider the solution o this problem using the “vector method (Fig. 159 
Y the property of the Sum of the vectors Tepresented by a closed polygo 
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. O0 = — e o  o— 
line, obtain: 41Bs-F- ByBy-+- B1Ca-4- C2C y+ CyAg+ Ad — 0. Using the asso- 


Bis: — 
ciative and commutative properties of addition of vectors, get: BəBı+ 
aW am —- —- —- — — — — ——* 
CsC44- Aoli (Ay Ba++ BC+ C143) 0. Since 4485 — AB, ByCy= BC, C142— 
= => — — 

CA, and AB-- BC--CA-— 0, the sum of the vectors in brackets is also equal 


pu — — — 
to a null vector. Therefore, BaBı 4- CsC1-- 454, —0, but then B42, — C103— 
Adı. It is clear that any of the three given vectors can be represented as 
the dilierence of two others. If these vectors are noncollinear, then the re- 
quired triangle exists. But two of the three given vectors cannot be collinear, 
since then the third vector will also be collinear with them (as the sum of 
two collinear vectors). But the case is possible when all the three vectors 
are collinear. Indeed, if the vertex A1, e.g. of the third parallelogram, is rep- 
resented by any point of the straight line parallel to CiCs then get 


— o> 


(Fig. 30): SB, = BB+ BB, = AA+ CC = (Chido + AeA) + (COr+ C102) = 


y m3 smi — -> -— — —- — 
(A+ C, Cs) (A54 + CC.) = AA+ Ci Co. Thus, ByBy= 454, C; Cs, and the 
required triangle does not exist. Thus, the construction of this triangle is 
possible when the vectors corresponding to the given line segments are non- 
Collinear, Consider the solution of the preceding problem (on the possibility 


of constructing a triangle) by the method of translation. Let BBa, CiCs, 
Ene E i 
and A,A, be noncollinear vectors. Carry out the translation T of the trian- 


gle CC,C, (Fig. 20 sn CC. goes into ABa, CC into Ads, and C, C» into 
ENS idt dur rd BBE CC. ABa | BsBy and AB, = B2By. By tran- 
Sitivity of the relations of parallelism and equality. obtain: CC; || AB, and 
CC, —AB,. But then C,Cs goes into ABa. On carrying out the translation 

Sh of the triangle BB, Bs, finally get: B» goes into Aj, By into Bs, Cz into 


By, and C, into Ay. Thus, the sides of the triangle 4154s are equal to the 
28 B. 
ain ; 2 y/ suns: 


line segments ByB,, CoCy, and 4s4l;. 543. (a) jy 


2 4 E T 
wy 2 (i+ sin $) y E . 544. arccos m. 949. bT T- 546. The least 
Value is equal to h and ‘the greatest to ha. 547. The diagonal is the altitude 
s 550. (a) 6000 cm*; (b) 108 cm?. 


of the tria 5 £3 30 em. 0 
251. irap] dil aes 32 cm2. 552. (a) 45 cm% (b) 36.125 cm. 
53. (a), (b) AC — BC. 554. (a), (b) The central angle of the sector is equal 


15—01586 
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/33--8R?— 3 - " 
to 2. 555. "SE 536. Ss. 357. [RE V3. 358. First Meth- 
od. Let in the triangle ABC, AC=b and 2B=f. Denote — BAC— r. ex- 
press AB and BC in terms of b, z, and f, and double the length of the median 
to construct a parallelogram. Second Method (geometrical). Circumscribe 
a circle about the triangle ABC and prove that the median BM of an arbi- 
trary triangle is smaller (and in the case of an obtuse angle, larger) than the 
median B,M of the isosceles triangle AB,C. 559. Let AP and CK be perpen- 
dicular to 1. Denote Z PBA—z. After completing computations, prove that 


2V5 » 
PB-— BK. 560. (a) TF (b) 3 V 3r. Denote half the angle at the base of 
y 27 


the triangle by z. 561. F cm?, Let PKME be an inscribed trapezoid, the 
point E lying on BC, and the point M on CD. The triangles PAK and ECM 
are similar. Taking advantage of this fact, introduce the notation: CM —2z 
and CE=8z. 562. 100°. See Example 4 from Sec. 7. 

Chapter 2 


631. 60°. 632, 60°. 633. 115° and 35°. 634. 30°. 635. 2arecos ( LO | 


» cos p 
: "m" . V6 61/34 à 
636. arcsin 3 637. arcsin ~g- 638. 90°. 639. arcsin ss + 640. 30° and 
54 . _4ab V 39 /15 /3 
TEA F arcsin 15073 py - 642. arctan ve . 643. arcsin 5 
VS 4 V 65 [TS /T 
644. arcsin z+ 645. arcsin - 2 - 646. arcsin A and arcsin E = 
. V3 2V35 Fan 
647. arcsin Cg - 648. arcsin n . 649. eos 2] 30 


15 


sin 


P R T e 
650. arcsin ( cos ) : 691.75- (2 V 3— V 2). 652. 60°. 653, The first line segment 
forms angles of 120°, 90°, and 60° with the second, third, and fourth line segments 
respectively, the second line segment angles of 120° and 90° with the third 
and fourth respectively, and the third line segment an angle of 1209 with 
the fourth. To find the angle ABiC. (Fig. 202), construct ADı, D,Cs, and 
BıDı. Since AD, || B,C», the points A, By, C5, and D, lie in one 'and the same 
plane. Consequently, ZABiC4— 7 AB,D,4- ZDjBiCs. In order to find the 
angle between the straight lines BA, and CD}, take advantage of the paral- 


lelism of the Straight lines BA, and CD}. 654. 45°, 657. arccos: Let CM 
i ! 1 5: 
be a median of the triangle ABC (Fig. 203). In the plane CEM, through the 
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f. 


-2 


]9, 


vi 


S 


\ 


A B 
Fig. 203 Fig. 204 


point O draw the straight line OK || CE. Then the angle AOK is equal to 
the angle between the straight lines AD and CE. The angle AOK can be 
found by computing the sides of the triangle AOK. It is advisable to take 
5y 102 
AB=a as an auxiliary parameter. 658. arceos =. First Method. Let 
CM be a median of the triangle ABC (Fig. 204). In the plane CEM, through 
the point O draw the straight line OK || CE. Then the angle KOD is equal 
to the sought-for angle between the straight lines OD and CE. The angle 
D can be found by computing the sides of the triangle KOD. Second 
Method, Since AS | AC, AS | AB, AB L AC, and AB— AC— AS, it is pos- 
Sible to introduce a rectangular Cartesian coordinate system, by setting 
Xm — == = Or 2— — i. 
:—5i 


AC=i, AB=j, and AS=k. Then 0D—04A--AD— 3 FA--AD = 


gop = E 1 ; R 
sitet k, and GEÉ-CRELBE-—Sirpek. 659. arccos (sinc sin p — 
i 


cos æ cos B cos y). 660. 45° and 60°. 661. arccos > 


— 


= 
. Setting DC=i, DA=j, 


— => => => 1 mad a on 
and DD, =k, find that DP— DA--AP —j4-5 k, QC=DC+y Citak. 
/3 /10 ya 
662, arccos 1-3, 663, arccos A . 664. arctan V19. In the face SAB, 
gh i ight li SK (Fig. 205). Then the de- 
i th t ht line MF || SK (Fig. 205) 
faod angle aaa DM Fonz. Setting AB=a as an auxiliary parameter, 
Nd the’ sides FD and MF of the triangle DMF and then find tana. 
-1) . In the plane APQ, 


" F3 
a arctan r3 . 666. — 667. arccos ( 7 . 
Tough the poi aw the straight line DR || AQ (Fig. 206). Then the 
ingle BDR onal do ie ele hates the rays DB and AQ. To agen 
*» 13 angle, find the sides of the triangle BDR. Taking ey a as an auxil- 
"Y parameter, find in the triangle BDR that DR=a V2 and BR=a ur 
a 
here BM = E 


Thee: 
he side BD can be found from the right triangle BDM, w 


an ^& " A 
d Du.» Then BD=a V2, and, further, by the law of cosines, 


18s 
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M 


1 — 
find the angle BDR. 668. arccos TT: Decompose the vectors BP and OL 


— > — 
along the vectors i— OC, j— OD, and k=OS of the rectangular Cartesian 


-— — 
basis and then find the cosine of the angle between the vectors BP and OL. 
Also proceed in a different way. In the plane SBD, through the point O draw 
the straight line OM || BP. Then ZLOM is equal to the sought-for angle. 
To determine this angle, find the sides LM, OL, and OM of the triangle 


LOM and then apply the law of cosines. 669. arccos (— 


— — —- > 
Decompose the vectors KB and CD along the vectors i= MA, j- MD, and 


> 
k=MB of the rectangular Cartesian basis, where the point M isthe midpoint gr 


n ai E 
the diagonal AC of the square ABCD, 670. arecos + . 671, arccos ( E > ) ‘ 
In the plane SBC, through the point S draw the strai i | and 

BC, g 7 aight line li| BD, à 
through the point D the straight line m [| SB. Let the straight lines J and m 
intersect at the point K. Then ZKSO is equal to the desired angle. To deter- 
mine the angle KSO, find the sides KO, SK, and SO of the triangle KSO 
and then apply the law of cosines. 672. arccos (sin œ sin B). 673. 4,8 cm. 

VY —à3 sina sin 


4A. ————————tà 42. 2 ATI EAT 
6. Tamaan] s 90. 5. 676, Yl 677. R ana EO 
" ab ah Sent quai V2 
WB agr: 69. ae. 99. ap CESSIT oy, +5 
= me O i 
682, 23 3 quy, RV cos 2a 


sin g . 684. Veo a, 685. V 22.5 ems 


? Cutting the pyramid along the edges SA, SB, and 
triangle S's'$" oping the lateral faces, as is Mw in Pig. 207, get the 
unchanged, 77 = ra Since, when rotated, the size of the angle rena" 

( ie 2 ,£? = 44, and, consequently, 43-- ZBAC+ M 
the point B li Point A lies on the side S'S".  AnalogoUs y. 
S'S’, In "the terme’ Side S'S", and the point C on, the Si l 
therefore, the tri,censle S'S"$'", AB, AC, and BC are midlines, aC; 

our congruent M es iy SAB. SBC. SAC, and ABC are the images 4 

as is shown in Fig. 208, Een Place the given pyramid in the parallelePip^is 
: 758, and, on having proved that this parallelepipe 
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LS 


Fig. 208 


rectangular, find the desired distances. 690. 609. 691. 90°. 692, 45°. 
(sin B cos æ), where © < a < 90°. 


693. arccos (col? q). 694. arccos 


2V3 cosa —c CoS 
2 . [2 . " — cos p cos y 
695. arcsin ( 3 sina) . 696. &,=arecos CORAN. fi = 
8 sin fp sin y à 
" cos B — cos cos cos y — co S 
arccos  £0SsB—eosacosY and yı = arccos cos y— cosa cosh. 
v sina sin y sin « sin ĝ $ 
697. aresin ETE. — ggg , [sine NA 
. afesin =a l ETT g re i 
3a . 698. aresin|ounpg/- 699. arcsin | 75 sina } - 


2y 6 
700. arctan 3 From the point A drop the perpendicular KL to the 
plane ABC, and then from the point L the perpendicular LA to the median 
Se and join the point M to the point K. The angle KML is the plane 
angle of the required dihedral angle. To determine the angle KM, find the legs 
: /9?1 17 
KL and ML ot the right triangle KML. 701. arctan —5— - 702. arceos az. 


)- 704. 3», 60°, 120°, 


and 60°. — 705. 


703. 2 arctan ( 


sinc 
1 1—2 cosa V 12-3 cos? a 
arctan (+ tan a) . 706. arccos 3+ 707. Zansi =y 
7 " = ; i 
09. arccos 1—605 710. 45°. From the point L drop the perpendic 


ular LN 3-+cosa * ` . . é 
" N to the plane ABCD, and then from the point N the perpendicular 
LM to the straight line FK. and join the point L to the point V. The angle 
MN is the plane angle of the dihedral angle. To determine the 


desired 
MN of the right triangle LMN. 


ia LMN, find the legs LN and ^ 
4809 
11, arccos (—cos?a). 712. 180 743. arccos (cot ass cot «) " 
n 
4 ae 
14, arcsin (cot IMP. cot a ) 715. tan © = 
n 
AN eon. . 746. areas. In the plane 


VES 
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ABC,D,, through the point A draw a straight line parallel to the straight 
line BD, and denote the point of its intersection with the straight line C1Dj 
by D; (Fig. 209). The angle CAD, is the desired angle. It can be determined 
in the following way. Setting, for instance, AB—a as an auxiliary parame- 
ter, find the sides CDs, AC, and AD; of the triangle CAD, and then apply 
243V2 
arccos 8 . 
3 /88 
719. arcos SV 2—2 720. arcsin SE Drop the perpendicular CP 
from the point C to the plane SAB. Then the line segment DP is the pro- 
jection of CP on the plane SAB, and, consequently, Z CDP isthe desired angle. 
To determine the angle CDP, proceed in the following way. Setting AB=4 
as an auxiliary parameter, find any two sides of the triangle CDP. 


the law of cosines to this triangle. 717. 


y3 V6 
721. arccos -—7— and arccos S + 722. arccos (- prp 
vi a ab V2 
723. 2 arctan - T24. a, q^ and g^ 72 "aw 2S oue m 
- 5a? V3 S ? sin 29 
7H. aE. TM 3 793,5... a ET TW 
= ee Rey cea me 
ay; | 7e? VT Ta? V 118 py 13 
731. i WE Y. que — H3 qm oU 
s eV 51 1 : 
(ode EE j«e— 35 BD-MK, where MK | BD, The construction 
MK .LBD can be fulfilled i 
plane SAC. through the pi 


i in the 
ollowing manner (Fig. 210): (1) in t 

rpendi OM || SA; (2) in the plane SAC, s 
the perpendicular cr 54 "D; y YA to AC: (3) from the poine 


e ‘a Li 

5) joi A 9 BD: (4) throu h the point N draw NK|I¢ 
6) join the points M The length of chen segment MK can be 
found from the Tight triangle Myg 736, E V3cosa V 14-3 cos & 
i . — aM 


2 ^ 
737. — t eosa tan fj 


/3 H) 
7 3eo3a + 7898. By ys "Um T 
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b 24H ?y3 2 V3 
740. : rf DI , Wherea < —3— cota 
? sin? 2o 2 V3 ?y3 
(6 beet sed, a Ke . ae = : oe t 3 


sin? (4 +B) E 
The required section can be constructed as follows (Fig. 211): 
(1) construct the median CM of the triangle AA,C (obviously, then 
CM LAA); (2) find the point Os of intersection of the straight 
lines CM and 0OO;; (3) in the plane BB,D,D, through the point Os 
draw the straight line NK || BD; (4) the quadrilateral CKMN is the 


desired section. 746. > V sin (60°--a) sin (60—a@), where 0° < œ <45°. 


7 23 ^ 6n4-: 2 y3 m+- 3n 
747, £ V3 ( Sf Sat3m  @ ¥3 ( d LÀ ) 5 
í n 1 y E ) LP rS 14 V A pes here 


a< H V 6 (H the altitude of the pyramid). 748. T Since AC — BC —a and 


AB=a Y 3 (Fig. 212), ZACB—9, and in the right triangle SAC, SC= 
a V3, and in the right triangle SAB, SB=2a. The required section can be 
constructed in the following way: (1) construct CD, a median of the triangle 
ABC; (2) draw the straight line AL||CD (obviously, then AB.L KL and SBLKL); 
(3) construct AP, a median of the triangle SAB; (4) in the plane SAB, 
through the point Z draw the straight line ZN || AP; (5) in the plane SAC, 
from the point A drop the perpendicular AF to the edge SC (for the con- 
Struction it is possible to find that CF:CS =1:3); (6) in the plane SBC, 
through the point V draw the straight line VM || PF; (7) join the points M 
and K. The quadrilateral KLNM is the desired section. 749. arctan A. 
DAT Y2 752 Vb 

9 751. arctan 3 92. arctan ic 


15 
190. arctan 


tan B 


nc vw 50. 219 
2sin« 


753. arctan [Ex tan æ) . 754. arccos (tan œ). 755. 
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5 V5 . 
757. arctan SY13 ss. V6. 790. 112 


758. arctan 


Y? 
am 


a V ae 


761. wen sin? 24 cosa " oe f 5:95. 
1 ao aa 762. ES I 763. 4@ sina y cos 2% 
z " 4V 3 H? sin B 
764. d? V 2 sin 2B cos (45? — 4). 165. m 
oi y cosa 
- 6 H? cot a sin (45° q) / 58 cos o 4 mna 
766. ET E OP SID Stee). y cos g no 5g. 
S " 167, Mm oc 68. 
2cos —- 
169. 96 cm*, 144 cm, 48 cm’, and 288 em?, 779, Sina V/Scos , 
: ; 5 
" f 25 V 3sin& 
Tu. ot x 2 172 a (1+sina+ cosd) 
8 ; (5 LAC ins cos œ 
sin xx] 
2H?c -p E 4 
773 wu eos (FHE) cos (2-5) Ly * 
sina sinB -< 174. re 
"he -Lei ln ee 
775, Á(i--sin a) V Sin (x + B sin (a—8) 145 1+2sine 
sin 2a sin B x06, T s, RIS “Tg sino 
98,5. IVb , A " n 
cosg ` 780. “3 78 arcos —— , 782, ona? 3, 783. 2707 CUY- 
2 
; c— 2? cos? & " 
784. 2 (a+b) V EFT, 785. 2 agg. Ax? (2+cosa+2sin a) 
TES 4 Guy) 00 ms 
. 3. 788, 1(9+4 y 3) - 2 eo 
A 7 —3 ——. 78. eya z90. V+! 


791.92 (4. ] BY os E NES 
a (1s Viray). 792, 120°, 793. ( Ys; ES 79, È sing, Let SO be 
cos 
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mid (Fig. 213). From the vertex S drop the perpen- 
dicular SN to the edge AB and the perpendicular SL to the edge BC. Then 
draw the straight lines NO and LO and denote their points of intersection 
with the sides CD and AD by M and K, respectively. Then ¢SNO= 
ZSLO— 48MO— ZSKO—q and ASON = ASOL— ASOM = ASOK. that is, 
ON=0L=0M=0KĶ, and, consequently, the point O is equidistant from 


the altitude of the pyra 


F 


d? sin 2« cos? —- MÀ 
; 7Q5 = 4, ay 3 LY 1-s3snia 
the sides of the base. 795. . 196. (A+ V 1+3sin? a). 
cos p 3 cos & 
ae - 3 
797. 245--2a V AD:— a. 798. ab (V 2--1). 799. By three times. 800. >: 
801. sina /sin3dasina. 802. abc V —cos 2a. 803. am?. 
a 
a? sin = sin & si 
804. 2 & e)ul Ee. a» Set 
04 EX V cos ( y q) à D «). 805. D x 
H ——r — 
80. V3y/ aco 80 S V3 gg, Amuna 
sin? @ cosa 2 2 cos? (45°—5) 
3 ; " COEM [7 28 S 
809. T sin 5 V sin (eo | 7 ) sin (0° 5 ) . 810. 3 aaa 
H3 y 3 sin ( $ + av) sin (+ 30°) " cos + cos q 
811. = - = . 82. ——i — . 
cos? E sin? -T- 
3 y o y5 a3 
813. V a V3 cosa) $ 814. En sin 2« tan p. 
tan? a cos æ E 
. B(4+tan? a) V 124-3tan? . ppV84ü--4tan? ) V 174 tan? B 
5. ee 810. 2 . 
8 tan? a cn p 3v3 
4 5 2PQ H’ sin? (a — B) 920. 3V2 i 
817. q^ V3. 818. A 8l. p adNp z œ 
Ep- Ü d a 
821. 4: V mus 823. = acos? -> tan B. 
4. 581. 822. uncunp' 3 3 
1 abe (b+c) sin a cos - 1 » js 
824. stang V S sin a. 825. 3 . 820. * ab? (52-3 V 2). 
4 FUSE z V. b Vp € a— b? 
827, 20g / ŽS, 828, 1:2. 830. yes qe 8h tea X 


27 S — Ó 
x fz y at qi fi e Á /3 - fa). 


837, aS " are 

& QE e^ 3y 341 S40. 97:191. gal. 25:4. 

qo, Sim - bu 839. ——BHB—- La ae 

8 '"ÀT. 843. 7,29. 844. 7:17. 845, 13:23. S40 707 ' 

48, |. 3 5 V2 E wf, S52. 5:24. 
114. 849, 3:5. 850. LE and ŽA. 83 m 


1 aR? tan? o. tan 20 


. 854. y £x , where a « 2R. 855. —3 


85 
53, 2o V REL 
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Fig. 215 


where 90 “<a@<112°30'. 856. 7U0(1--c0s?2&.--2 sin a sin 2x). 857. ] / 


ge ae 
Ed aR? cot bet 2 ) 


i) 860. 2arccos 


. 859. arccos (- 


861. arccos (/2— 1). 862. 1:1 and 9:7. 863. 2aresin 77. , 865. 60°. 
i = ^ 1 
866, Ar tr 807. arcsin "=". 868. Vi. s6. 2arctan ——. 
cos 2q tan œ ncm Vn 
" EM. 
870. cot 40°:cot 30°:cot 20°. 872. arctan /2. 873. 2R V icu sim -7 
(Fig. 214). 


Sine SA=SB=SC and ZASB= 7 BsC— LCSA=a, SABC is 
[2 
8 regular triangular Pyramid. Let SC =z, Then CD= vSin-y + 
E Y, a 
BC = 2x sin 5, 4AD— V3zsin-, and AP == AD == Virsin 5. 
874. a sino : 


e +7 RUD 
Be a E Inn ym « 876. aw aa? (15—8 V 2) 
2 (sim & cot $1) 12 


» 4 -z > a(2— V3 ^ 
877. -y 03—15). 878, =r EE Lu both balls touch the faces having 
& common vertex D (Fig. 215). Then the points O the centres of these 
balls, lie on the diagonal B,D of the cube. Since the latter ball touches bo 
the upper and lower bases, Q,M —. 2. and O,L— Mp — aV2 . Setting: 
for brevity, ON : 


2 
zc get from the similarity of the triangles OKD and o,bP 
that O.K= x V3 and, 


further, ÖD = zV3. 879. E ay 

1 x p 
880. £ ji 1 3 f: N ai dw 
;3R--V2) get. 3 4(9— V3). 882. aG Vaa V5). 883. = 
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T 


pen UR 


to 


DN 
AC 


Fig. 216 Fig. 217 


884. 17:125. Let the ball touch the upper base of the cube at the point 7 
and the edges AB, BC, CD, and DA of the lower base. The points of contact 
of the ball and the edges are the midpoints of these edges. Consider the 
section of the ball and cube by the plane 7PQ, where P is the midpoint of 
the edge AB, and Q is the midpoint of the edge CD (Fig. 216). This section 
passes through the point O, i.e. the centre of the ball. Introduce an aux- 
iliary parameter O7 — R and set, for brevity, the length of the edge of the 


cube to be equal to x. Then from the triangle OMQ, zh. There are five 


segments of the ball outside the cube: one under the base of the cube and 
four (equal to one another) at the lateral faces of the cube. 885. 8:Y AL. 
Consider the section of the ball and cube by the plane ORS passing through 
the points R and S, i.e. the midpoints of two opposite edges of the upper 
base of the cube, and the point O, i.e. the centre of the ball (Fig. 217). (The 
points P and Q, i.e. the midpoints of two opposite edges of the lower base, 
*hang", since the radius of the ball is longer than half the length of the 
edge of the cube.) Introduce an auxiliary parameter, setting the length of the 
edge of the cube equal to a. Then MF =a 2. Further, consider the triangles 


m M 
OKF and OMS. 886. ta 1 $—06). 887. : 


V 2sin 2a cos + cos (45° = 5) 
6 SU aV2 aV6 
888. 2 arctan +: 889. arcsin = and x—aresin =~ - 890. ——. 891.——. 


5 a—a 

2V 3H tan z lin =a 

Soo. ee c cane IM IET RET 
2y/3—4 sin? o. 9 tani... 


a 
cot? —- tan @ 


896. 1:1 and 9:7. 897. -FR ——dáuz 895; 2m 2m 
prev 
1 a APER a 1 a 5R2 
899. J tan (45° — +) y ov tan. 900. + tan Z tan D. ott. 2y 9px 
Y TRE T / 
cosg (sin ety E cos? a) 5-02; SEM + Boge the edgeoi 
á 45° cos -5 
t / ni-1 
the base, arccos — =, and at the lateral edge, 2arctan V 2n 
n+2Z S 
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Fig. 219 


a : IQ 
904. — $) (Fig. 218). Let 


FL=c, then OL—z too. Find from the triangle WNK (in which the base 
o i- 
circle of the cylinder is inscribed) that LK =< cot -5 : and from the tri 


angle SAO that AO=bcosa. Then AL—bcosc—z, but AL-— LK, that is, 
2a—f 
x 


29,-- 
H? sin 2t B. cos 3V3 
= . 907, —g——7 


a 2 
bcosg—z = z cot—- - 906. aa ra 
Consider the section of the tetrahedron by the plane passing through te 
vertices A, B and the point F, i.e. the midpoint of the edge SC (Fig. Se 


Ver aV2 
In the triangle ABF, AB=a. Then AF =Br=— y j and DF =+; 


1 . in of 
Since the triangle ABF is inscribed in a > inn 
Intersection of the perpendiculars drawn to the midpoints of its si 
ind from the similarity of the triangles FMO and 


(M is the midpoint of the side BF) that a = ur gos. 6 Cm 
OR? tan c /3 ay 8 
909. : . 910. 1— av: " ay 
43+ 3 E = and m 3 
4(V3+tan a) cos + V 3 sin £ -— 4 


Consider the diagonal section of 
Cone inscribed in the cube ( 


1: Since the cone does not touch the edges of the cube). It is clear 


ight 
BBy=a, BD=aV'3, and BiD—aV3. Let PQ—z, Then from the Ti 
, 2 
triangle B, po, BiQ—zcot A, and from the similarity of the triangle 


rd the 
the cube. It is also an axial section of 


e 
Fig. 220) (the point JJ does not lie on the edge 


2V5 " sin P 
DPQ and DBB,, JU DO ¢ RVG aH? sin (2a — P) S10" , 
"OWET gg i 4 > Bes 3 sin? a sin? (4 — D) 
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Fig. 221 


/ ah 
913. arccos ue 014 (Fig. 221). Since BC — B0, - 0105 4- 
Q.C— & , 20 4, ü : à 

C= 73d =e and AD=a, BC=AD, i.e. the circles o; and 6$ 
touch the lateral sides of the rectangle. It fosa from the similarity of the 

" QM 74 a 

é J 7 ————— f. d aM =-= 
triangles OMP and OMN that Onl DN whence OM PE But 
ON = aa, then £0.J/N =30?, and, consequently, after constructing the 

4 

straight line AN || BC and the straight line PK || AB, find in the triangle 

£3 

ay 3 


PNK that ZPNK=30°. Further, O,M——. then PM=—Z— and 


"m " 
MN = 2 l a te, Pyet L 3 and from the triangle PKN, KN=5, 

+ á 

£3 [E 543 

" s_al 3 " iy 5 5a ( abe y 

whence PK $c 915. Boo 916. i$ 917. aan) 
Vsi 2 

ois, 2V 2sin2a gig, 875. (Fig. 222a, b). Introduce an auxil- 


Gsin +a) A Veeri 


Q 
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iary parameter, setting PL—2a. Then AB=a. Since the square PQML is 
rolled up to form a cylinder, 210P — 2a, whence 0p—- , and, consequently, 


2, 
AB = =, When the square is rolled up, the length of the line segment 


CD remains unchanged, i.e. CD —-*. v3 . Further, from the triangle CFD, 


PS /5 a 
CF = V EFA. 921. (a) V 2 em*; (b) 6 em?. 922. Py 2.. 923. 3V/ 3 cm. 


- 925. arctan VŽ. 926. 8 m. 928. 2 cm. 929. 3/3 em? 


and 12 cm’, 932. RH if RH and 3r 


if RI H. 933. t e 
á * dT 
934. (a) +, 3p . and 3 (b) B. 3, and 935. 2x y x. 
936. ind, where is the altitude of the cylinder, and H is the altitude 
2 3 T 
of the cone. 937. (a) id ; (b) R V3. 938. (a), (b) ==. 939. (a) 4R; 
- - T 4 
(b RV2. 940. R3. 941. = (3—1). 942. 3" 943. 45°. 944. + 
, RVB 32V3 —— 
9. D. ae, dac R3. 947, arctan n (cos = T VIV) à 
9 à 
948. R= and H=3a. 949. 16 V3 


16 1 
a 3. — ——V. 
em 950. SI V. 951. 13 V. 
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